Mathematica 11.3 Integration Test Results

Test results for the 306 problemsin "4.5.1.3 (d sin)*n (a+b sec)*m.m"
Problem 6: Result more than twice size of optimal antiderivative.
JCsc[c+dx1 (a+asec[c+dx]) dx

Optimal (type 3, 30leaves, 6 steps):
alog[l-Cos[c+dx]] alog[Cos[c+dx]]

d d
Result (type 3, 65 leaves):

aLog[C°5[§+d7X]] alog[Cos[c+dx]] aLOg[Sin[§+d7X]] alog[Sin[c+dx]]
- - + +

d d d d

Problem 14: Result more than twice size of optimal antiderivative.

JCsc[c+dx12 (a+asec[c+dx]) dx

Optimal (type 3, 37 leaves, 7 steps):

aArcTanh[Sin[c+dx]] aCot[c+dx] aCsc[c+dx]

d d d

Result (type 3, 106 leaves):
aCot[%(c+dxH acCot[c+dx] aLog[Cos[%(c+dx)]—Sin[§(c+dx>H

- - - +

2d d d
aLog[Cos[% (c+dx)] +Sin[§ (c+dx)]] aTan[% (c+dx) ]

d 2d

Problem 15: Result more than twice size of optimal antiderivative.

JCsc[c+dx}4 (a+asec[c+dx]) dx

Optimal (type 3, 69 leaves, 8 steps):

aArcTanh[Sin[c+dx]] aCot[c+dx] aCot[c+dx]® aCsc[c+dx] aCsc[c+dx]3

d d 3d d 3d

Result (type 3, 190 leaves):
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7acCot| > (c+dX)] 2acotic+dx]

12d 3d
aCot[i (c+dx)] Csc[i (c+dx)]2 ~aCot[c+dx] Cscc+dx]®
24d 3d
aLog[Cos[i (c+dx)] —Sin[% (c+dx)]] aLog[Cos[% (c+dx)] +Sin[i (c+dx)]]
N _
d d

7aTan[% (c+dx) ] _aSec[% (c+dx)]2Tan[§ (c+dx)]

12d 24d

Problem 16: Result more than twice size of optimal antiderivative.

JCsc[c+dx]6 (a+asec[c+dx]) dx

Optimal (type 3, 101 leaves, 8 steps):
aArcTanh[Sin[c+dx]] aCot[c+dx] 2aCot[c+dx]3

d d 3d
aCot[c+dx]®> aCsc[c+dx] aCsc[c+dx]® aCsc[c+dx]®

5d d 3d 5d

Result (type 3, 272leaves):

149aCot[§(c+dx>] 8acCot[c+dx] 29aCot[i<c+dx)]Csc[i(c+dx)]2

240d 15d 480 d
aCot[% (c+dx)] CSC[% <c+dx)]4 4aCot[c+dx]Csc[c+dx]2
160d 15d
aCot[c+dx] Csc[c+dx]* aLog[Cos[% (crdx)] —Sin[i (c+dx)]]

- +

5d d
aLog[Cos[i (c+dx)] +Sin[§ (c+dx)]] 7149aTan[§ (c+dx)]

d 240d
29aSec[§ (c+dx)]2Tan[§ (c+dx)] aSec[i <c+dx)]4Tan[§ (c+dx) ]

480d l60d

Problem 17: Result more than twice size of optimal antiderivative.

JCsc[c+dx}8 (a+asec[c+dx]) dx

Optimal (type 3, 131 leaves, 8steps):

aArcTanh[Sin[c+dx]] aCot[c+dx] aCot[c+dx]® 3aCot[c+dx]®
d d d 5d
aCot[c+dx]’ aCsc[c+dx] aCsc[c+dx]®> aCsc[c+dx]®> aCsc[c+dx]’

7d d 3d 5d 7d
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Result (type 3, 354 leaves):

72161aC0tE (c+dx” 716aCot[c+dx} 7481aCot[i (c+dx)} Csc[i <c+dx)]2

3360d 35d 6720d
3aCot[% (c+dx) ] Csc[% (c+dx)]4 aCot{% (c+dx)] Csc[% (c+dx>]6

280 d 896 d
8aCot[c+dx] Csc[c+dx]?2 6aCot[c+dx]Csc[c+dx]* aCot[c+dx]Csc[c+dx]®

35d 35d 7d
aLog[Cos[i (c+dx)] —Sin[i (c+dx)]] aLog[CosE (c+dx)] +Sin[i (c+dx)]]

+ —

d d
2161aTan[§ (c+dx)] 481aSec[§ (c+dx”2Tan[i (c+dx)]

3360d 6720d
3aSec[§ (c+dx)]4Tan[% (c+dx)] aSec[% (c+dx)}6Tan[i (c+dx)]

280d 896 d

Problem 18: Result more than twice size of optimal antiderivative.

JCsc[c+dx116 (a+asec[c+dx])dx

Optimal (type 3, 165leaves, 8 steps):
aArcTanh[Sin[c+dx]] aCot[c+dx] 4aCot[c+dx]3> 6aCot[c+dx]> 4aCot[c+dx]’

d d 3d 5d 7d
aCot[c+dx]® aCsc[c+dx] aCsc[c+dx]®> aCsc[c+dx]® aCsc[c+dx]’ aCsc[c+dx]°

9d d 3d 5d 7d 9d

Result (type 3, 436 leaves):
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53089aCot{§ (c+dx)] 128 a Cot [C + d x] 12769aCot[§ (c+dx)] Csc[% (c+dx)}2

80640d 315d 161280d
751aCot[§ (c+dx)] Csc[% (c+dx)]4 71aCot[% (c+dx)] Csc[i (c+dx)}6

53760d 32256d

aCot[% (c+dx)] CSC[% <c+dx)]8 64 aCot[c+dx] Csc[c+dx]?2
4608 d ) 315 d )
l6aCot[c+dx] Csc[c+dx]* 8aCot[c+dx]Csc[c+dx]®
105 d ) 63d

aCot[c+dx] Csc[c+dx]8 aLog[Cos[% (crdx)] —Sin[i (c+dx)]]

9d d
aLog[Cos[i (c+dx)] +Sin[§ (c+dx)]] 53089aTan[i (c+dx)]

d 80640 d
12769aSec[§ (c+dx”2Tan[i (c+dx)] 751aSec[§ (c+dx”4Tan[i (c+dx)]

161280 d 53760d
71aSec[i (c+dx)]6Tan[§ (c+dx)] aSec[i <c+dx)]8Tan[i (c+dx)]

32256d 4608 d

Problem 26: Result more than twice size of optimal antiderivative.

JCsc[c+dx15 (a+aSec[c+dx1)2dlx

Optimal (type 3, 115leaves, 5steps):

a* 5a° 17 a? Log[1-Cos[c+dx]]
_ _ + _
4d(a-aCos[c+dx])®> 4d(a-aCos[c+dx]) 8d
2a%log[Cos[c+dx]] a%log[l+Cos[c+dx]] a?Secl[c+dx]
- +
d 8d d

Result (type 3, 598 leaves):
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_5Cos[c+dx]2Csc[§+dTX]ZSec[§+%"]4 (a+asec[c+dx])? )
32d
Cos[c+dx]2Csc[§+%]4Sec[§+%]4 (a+aSec[c+dx])? 7
64d
Cos[c+dx]2Log[Cos{§+d—H Sec{§+d7x}4 (a+aSec[c+dx])2 )
16d
Cos[c+dx]2Log[Cos[c+dx]] Sec[§+d7x]4 (a+aSec[c+dx])2
2d '
17Cos[c+dx12Log[Sin[§+dTXH Sec[§+d7x]4 (a+aSec[c+dx1)2 )
16d

dx

Cos[c+dx]2Sec[c] Sec[§+T]4 (a+asec[c+dx])?

¥
4d

Cos[c+dx]2Sec| +L]4 (a+aSec[c+dx])?sin[ X

<
2

4d (Cos[i] —Sin[i]

Cos[c+dx]25ec[§+d7]4 (a+aSec[c+dx])ZSin[d7X] )
4d (Cos[i] +Sin[§]) (Cos[§+d7x} +Sln[§+d7x])
xCos[c+dXJZSec[£+d—X}4 (a+aSec[c+dx])?
2 2
[fECOt[E] L (8+9Cos[c]) cSc[E] Sec[i] Sec[c] ,lTan[E} _ Tan[c]
32 2 32 2 2 32 2 2

Problem 27: Result more than twice size of optimal antiderivative.

JCsc[c+dx17 (a+aSec[c+dx1)2dlx

Optimal (type 3, 160 leaves, 5 steps):

a’ 3a4

124 (a-acCos[c+dx])® 8d(a-aCos[c+dx])?

23 a° a3 9a?log[l1-Cos[c+dx]]

+ + -
16d (a-aCos[c+dx]) 16d (a+aCos[c+dx]) 4d
2a%log[Cos[c+dx]] a%log[l+Cos[c+dx]] a?Sec[c+dx]

- +
d 4d d

Result (type 3, 697 leaves):
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_23Cos[c+dx}2Csc[§+"T"]ZSec[iﬂf}4 (a+asec[c+dx])? )
128 d
3Cos[c+dx]2Csc[§+%}4Sec[§+d7x]4 (a+asec[c+dx])? 7
128d
Cos[c+dx]2Csc[§+‘17"]65ec[§+%"]4 (a+aSec[c+dx])2 )
384d
Cos[c+dx]2Log[Cos[§+deH Sec[§+d7x}4 (a+aSec[c+dx])2 )
8d
Cos[c+dx]2Log[Cos[c+dx]] Sec[§+dTX]4 (a+aSec[c+dx])2
2d "
9Cos[c+dx]2Log[Sin[§+d?XH Sec[§+%"}4 (a+asSec[c+dx])? )
8d

Cos[c+dx]2Sec[c] Sec{§+d7x]4 (a+aSec[c+dx1)2

+

4d

Cos[c+dx]25ec[§+d7"]6 (a+asec[c+dx])?

+

Cos[c+dx]2Sec| +d—]4 (a+aSec[c+dx})ZSin[dX]

<
2

4d (Cos[ ]7Sin[§]

< dx dx
2 2 2
COS[C+dX]ZSEC[§+d7]4 (a+aSec[c+dx})ZSin[d7X]
N
4d (Cos[i] +Sin[§]) (Cos[§+%"} +Sln[§+d7"])
xCos[c+dx}ZSec[£+d—X}4 (a+asSec[c+dx])?
2 2

(fiCot[E] L (4+5Cos[c]) Csc[g] Sec[E] Sec[c] - LTan[E} _ Tan[c]
16 2 16 2 2 16 2 2

Problem 32: Result more than twice size of optimal antiderivative.

J(a+a$ec[c+dx])ZSin[c+dx]2d]x

Optimal (type 3, 73 leaves, 9steps):

a?x 2a?ArcTanh[Sin[c+dx]] 2a?Sin[c+dx] a?Cos[c+dx]Sin[c+dx] a?Tan[c+dXx]

- + - - +

2 d d 2d d

Result (type 3, 243 leaves):
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ia2 <1+Cos[c+dx])25ec[ <c+dx)]4

16

N |

_ZX_8Log[Cos[i (c+dx) ] —Sin[i (c+dx)]] +8Log[Cos[i (c+dx) ] +Sin[§ (c+dx)]] )

d d
8 Cos[d x] Sin[c] 7Cos[2dx] Sin[2c] 78Cos[c] Sin[d x] B
d d d
Cos[2c] Sin[2dx] 451"[%]
+ +
d d (Cos[i] —Sin[i]) (Cos[% (c+dx)] —Sin[% (c+dx)])
2

ISTIRRS
(

d (Cos[i] +Sin[§]) (Cos[i c+dx” +Sin[% (c+dx)])

Problem 33: Result more than twice size of optimal antiderivative.

2

JCSC[C+C|X]2 (a+asec[c+dx])*dx

Optimal (type 3, 57 leaves, 11 steps):

2a?ArcTanh[Sin[c+dx]] 2a?Cot[c+dx] 2a?Csc[c+dx] a?Tan[c+dXx]
- - +

d d d d

Result (type 3, 401 leaves):

—iCos[c+dx]2Log[Cos[£+de} —Sin[£+dl}] Sec[EerfX]4 (a+aSec[c+dx})2+
2d 2 2 2 2 2 2
iCos[c+dx]2Log[Cos[£+d—x} +Sin[£+d—XH Sec[£+d—x]4 (a+asec[c+dx])?+
2d 2 2 2 2 2 2
iCos[c+dx]2Csc[£} Csc[£+d—x] Sec[£+d—x]4 (a+aSec[c+dx})ZSin{d—x} +

2 2 2 2 2 2
COS[C+dX]ZSEC[§+d7X]4 (a+aSec[c+dx1)ZSin[d7X] )
4d (Cos[i] 7Sin[§]) (Cos[iﬂ%} 7Sin[§+d7"])

Cos[c+dx]%Sec|

4d (Cos[i] +Sin[§]) (Cos[

Problem 34: Result more than twice size of optimal antiderivative.
JCSC[C+C|X]4 (a+aSec[c+dx])2dlx

Optimal (type 3, 87 leaves, 8 steps):

2a?ArcTanh[Sin[c+dx]] 1@a%?Tan[c+dx] 2a?Tan[c +dx] a*Tan[c +dx]
+

d 3d d(1-Cosfc+dx]) 3d(a-aCos[c+dx])?

Result (type 3, 228 leaves):
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ia2 <1+Cos[c+dx])25ec[1 (c+dx)]4

24d 2

—Cot[g] Csc[1 (c+dx)]2— (-8+7Cos[c+dx]) Csc[i] Csc[1 (c+dx)]3sin[d—x} +
2 2 2 2 2

6

—2Log[Cos[§ (c+dx)] —Sin[% (c+dx)]] +2Log[Cos[§ (c+dx)] +Sin[§ (c+dx)]]+

Sin[dx}/ (Cos[g]—sin[g]] (Cos[§]+sin[§})
Cos[%(c+dx”—sin[§(c+dx)] Cos[%(c+dx”+sin[§(c+dx)] )])

Problem 35: Result more than twice size of optimal antiderivative.

JCsc[c+dx}6 (a+aSec[c+dx])2d1x

Optimal (type 3, 129leaves, 12 steps):
2a?ArcTanh[Sin[c+dx]] 4a?Cot[c+dx] 5a?Cot[c+dx]® 2a%Cot[c+dx]>

d d 3d 5d

2a2Csc[c+dx] 2a?Csc[c+dx]® 2a?Csc[c+dx]®> a?Tan[c+dx]
- - +

d 3d 5d d

Result (type 3, 317 leaves):

a2Cos[c +dx] Sec[l (c+dx”4 (1+sec[c+dx])?
7680 d 2

-3840 Cos [c + d X] Log[Cos[1 (c+dx)] —Sin[l (c+dx)]]+
2 2

3840 Cos[cC +d X] Log[Cos[1 (c+dx)] +Sin[l (c+dx)]]+Cscr2c] Csc[1 (c+dx)}4
2 2

2
Csc[c+dx] (3205in[2 c] -596Sin[dx] +864Sin[2dx] +216Sin[c-dXx] -

416 Sin[c+dx] +624Sin[2 (c+dx) | -416Sin[3 (c+dx) | +164Sin[4 (c+dx)] -
596 Sin[2c+dx] -680Sin[3 c+dx] +894Sin[c+2dx] +2245in[2 (c+2dx) ] +
894Sin[3c+2dx] +480Sin[4c+2dx] -776Sin[c+3dx] -596Sin[2c+3dXx] -

596 Sin[4c+3dx] -120Sin[5c+3dx] +149Sin[3c+4dX] +149Sin[5c+4dx})

Problem 36: Result more than twice size of optimal antiderivative.

stc[c+dx}8 (a+asec[c+dx])?dx

Optimal (type 3, 163 leaves, 12 steps):
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2a2ArcTanh[Sin[c+dx]] 5a?Cot[c+dx]
d d
3a2Cot[c+dx]® 7a?Cot[c+dx]> 2a?Cot[c+dx]’ 2a?Csc[c+dx]
d 5d 7d d
2a2Csc[c+dx]® 2a%Csc[c+dx]> 2a?Csc[c+dx]’ a%Tan[c+dx]
- - +
3d 5d 7d d

Result (type 3, 428 leaves):

a%Cos[c+dx] Sec| (c+dx>]4 (1+sec[c+dx])?

N |

13762560d

-6881280 Cos [c+dx] Log[Cos|~ (c+dx)]-Sin[= (c+dx)]] +

N [FR N
N [P N R

6881280 Cos [c +d x] Log[Cos|[— (c+dx)]+Sin[= (c+dx)]] -

1
32Cscl2¢] Csc| = (c+dx)] Csclc+dx]® (~9856Sin[2c] + 17288 Sin[d X] -
2

29056 Sin[2d x] - 7264 Sin[c -d x] + 14208 Sin[c+dx] -19536Sin[2 (c+dx) | +

7104 Sin([3 (c+dx) | +7184Sin[4 (c+dx) ] -7184Sin[5 (c+dx) | +1776Sin[6 (c+dx) ] +
17288Sin[2c+dx] +20384Sin[3c+dx] -23771Sin[c+2dx] +7104Sin[2 <c+2dx)] -
23771Sin[3c+2dx] -8960Sin[4c+2dx] +19984Sin[c+3dx] +8644Sin[2c+3dx] +
8644 Sin[4c+3dx] -6160Sin[5c+3dx] +8644Sin[3c+4dx] +8644Sin[5c+4dXx] +
6720Sin[6c+4dx] -12144Sin[3c+5dx] -8644Sin[4c+5dx] - 8644Sin[6c+5dx] -

1680 Sin[7c+5dx] +3456Sin[4c+6dx] +2161Sin[5¢c+6dx] +2161Sin[7c+6dx])

Problem 37: Result more than twice size of optimal antiderivative.

JCsc[c+dx}19 (a+asec[c+dx])*dx

Optimal (type 3, 201 leaves, 12 steps):

2a%ArcTanh[Sin[c+dx]] 6a%Cot[c+dx] 14a?Cot[c+dx]3 16a?Cot[c+dx]”
d ) d ) 3d . 5d .
9a%Cot[c+dx]7 2a%Cot[c+dx]® 2a?Csc[c+dx] 2a?Csc[c+dx]?3
7d ) 9d ) d . 3d .
2a%Csc[c+dx]®> 2a%Csc[c+dx]? 2a%Csc[c+dx]® a?Tan[c+dXx]
5d ) 7d ) 9d ! d

Result (type 3, 1050 leaves):
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) c dx;2 c dx,a 2
- 6899 Cos[c +dx]?Cot[—] Csc[—+ — | Sec[—+ —] (a+asec[c+dx])*-
80640 d 2 2 2 2 2
C c dx-,a c dx,a
193 Cos[c+dx]2Cot|[—] Csc[—+—] Sec[—+-—] (a+aSec[c+dx])
13440d 2 2 2 2 2

C c dx.e c dx.a 2
71Cos[c+dx]*Cot|—| Csc[—+—] Sec[—+-—] (a+aSec[c+dx])*-
32256d 2 2 2 2 2

Cos[c+dx]2Cot[§] Csc[§+ dTX}gSec[i

C

2_

]4(a+aSec[c+dx1)2 1

4608 d 2d

Cos[c+dx]2Log[Cos[£+ d—X} —Sin[£+ d—XH Sec|
2

x}4 (a+aSec[c+dx])2+L
2 2 2

€, gx

2 2 2d
< dx}4(a+a5ec[c+dx])2+ !
2

X

c dx . ;C dx
Cos[c+dx]?Log[Cos[—+ —| +Sin[—+ —]] Sec — Le1o50d
2 2 2 2 161280

2

(@]

123041 Cos[c +dx]2Csc|—] Csc[£+dfx] Sec| ]4 (a+aSec[c+dx])ZSin[d—X] +
2 2 2

N
w NN

c c
6899 Cos[c +dx]?Csc|[—] Csc[—
80640 d 2 2

193Cos[c+dx]2Csc[£} Csc[£+d—}55ec[—+d—x}4 (a+aSec[c+dx])251n[d_X] N
1344ed 2 2 2 2 2 2
71Cos[c+dx12Csc[£] Csc[£+d—x]7Sec{£+d—X]4 <a+aSec[c+dx1>ZSin{d_X} N
32256d 2 2 2 2 2 2
Cos[c+dx]2Csc[£] Csc:[E de]QSec[S+de]4 (a+aSec[c+dx})ZSin[d—X} +
4608 d 2 2 2 2 2 2

803Cos[c+dx]25ec[§} Sec[§+d7x]5 (a+aSec[c+dx])ZSin[d7X}

+d—X]4 <a+aSec[c+dx})ZSin[d—X} +
2 2

+

7680 d
49Cos[c+dx}25ec[§] Sec[§+d7x]7 (a+aSec[c+dx])ZSin[dTX]
7680 d "

Cos[c+dx]25ec[§] Sec[iﬂ%}g (a+aSec[c+dx])ZSin[d7"]

+

2560d

Cos[c +dx] Sec[c] Sec[§+dz—x]4 <a+aSec[c+dx})ZSin[dx}

+

4d

49Cos[c+dx}25ec[i+d7x]6 <a+aSec[c+dx}>2Tan[ﬂ

+

7680 d

Cos[c+dx]2Sec[§+d7x]8 (a+aSec[c+dx1)2Tan[§}

2560 d

Problem 46: Result more than twice size of optimal antiderivative.

JCsc[c+dx]7 (a+asec[c+dx])?dx

Optimal (type 3, 157 leaves, 5steps):
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a® 7 a®

6d (a-aCos[c+dx])> 78d (a-aCos[c+dx])?

31a* 111 a3 Log[1-Cos[c+dx]] 7a3Llog[Cos[c+dx]]
8d<a—aCos[c+dx]>Jr 16d ) d :
alog[l+Cos[c+dx]] 3a*Sec[c+dx] a3Sec[c+dx]?

16d : d ' 2d

Result (type 3, 799 leaves):

31Cos[c+dx13‘Csc[§+dT"]ZSec[%erTX}6 (a+aSec[c+dx])3

128 d
7Cos[c+dx]3Csc[§ %"}45ec[§+‘12—"]6<a+aSec[c+dx})37
256 d
Cos[c+dx]3 Csc[i dTX]sSec[§+d7X]6(a+aSec[c+dx])3+
384d
Cos[c+dx]3Log[Cos[§ dZXHSec[i %}6(a+a5ec[c+dx])3_
64d
7Cos[c+dx]3Log[Cos[c+dx]]Sec[i ‘17"]6<a+a5ec[c+dx})3 1
8d +64d
111Cos[c+dx}3Log[Sin[£+d—XHSec[£+d—x}6(a+aSec[c+dx])3+
2 2 2 2
3Cos[c+dx]3Sec[c]Sec{§+d?x}6(a+aSec[c+dx])3+
8d
Cos[c+dx]3Sec[§ dTX] (a+asec[c+dx])

32d (Cos[ <+ ] -sin[ <+ &X])°

<
2

3Cos[c+dx]3Sec[§ 7x}5 (a+aSec[c+dx]

8d (Cos[i] —Sin[ﬂ

Cos[c+dx]3Sec[§ TX

32d (COS[ +dx] +Sin[§+dx})2

c
2

3Cos[c+dx]3Sec[§

2
8d(Cos[§]+Sln ) (Cos [< dx]+sin[§+%"])

xCos[c+dx]3Sec[S d—x} (a+asec[c+dx])?
2 2
(7£C t[ = } i(56+55Cos[c])Csc[£} Sec[E}Sec[chr Tan[£}77Tan[]
128 2 128 2 2 128 2 8
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Problem 51: Result more than twice size of optimal antiderivative.

J(a+a5ec[c+dx])BSin[c+dx]2d1x

Optimal (type 3, 98 leaves, 11 steps):
5a3ArcTanh([Sin[c+dx]] 3a®Sin[c+dx]

+ —

2 2d d

a’Cos[c+dx] Sin[c+dx] 3a’Tan[c+dx] a*>Sec[c+dx] Tan[c+dx]
+ +

2d d 2d

5a3x

Result (type 3, 300leaves):

10 Log[Cos[ (c+dx)|-sin[t (c+dx
ia3<1+C°5[C+dx])35€¢[1(C+dx)]6 ~10x - [os( | l} 3 )H+
32 5

10Log[CosE (c+dx)] +Sin[i (c+dx)]]

12Cos[dx] Sin[c] Cos[2dx] Sin[2c]

d d d
12Cos[c] Sin[dx] Cos[2c] Sin[2d X] 1

+ +

d d d(cOs[%(c+dx)}—sin[%(c+dx)])z

125in[ <]

d (Cos[i] —Sin[i]) (Cos[% (c+dx)] —Sin[i (c+dx)])

1

+

d (Cos[i (c+dx)]+sin[> (c+dx)])2

12 sin[ 2X]

d (Cos[ ]+Sin[§]) (Cos[i (c+dx)] +Sin[§ (c+dx)])

<
2

Problem 52: Result more than twice size of optimal antiderivative.

JCsc[c+dx]2 (a+asec[c+dx])?dx

Optimal (type 3, 80leaves, 9steps):

9 a® ArcTanh[Sin[c +dx]] 4a%Sin[c+dx] 3a3Tan[c+dx] a3Sec[c+dx] Tan[c+dXx]
- + +

2d d(1-Cos[c+dx]) d 2d

Result (type 3, 244 leaves):
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1 1 6
—a® <1+Cos[c+dx])35ec[f (c+dx)]
32d 2

—18Log[Cos{% (c+dx)] —Sin[i (c+dx)]] +18Log[Cos[§ (c+dx) | +Sin[% (c+dx)]]+

c 1 in 9%, 1 _
16cSc[2}CSc[2 (c+dx)]sin] N ] (cOs[i(udx)]—Sin[f(C+dX)])2

1

+

(Cos[i (c+dx)] +Sin[i (c+dx ])2

(125in[dx}>/ (Cos[%} —Sin[g]) (Cos[g} +Sin[§])

(Cos[i (c+dx)] 7Sin[§ (c+dx)]

Problem 53: Result more than twice size of optimal antiderivative.

JCsc[c+dx}4 (a+aSec[c+dx])3dlx

Optimal (type 3, 110leaves, 11 steps):

11 a3 ArcTanh[Sin[c +d x] ] 2a3Sin[c+dx]
2d _3d(17Cos[c+dx])2_
17 a3 Sin[c +d x] 3a3Tan[c+dx] a3Sec[c+dx] Tan[c +dXx]
3d<1—Cos[c+dx})+ d : 2d

Result (type 3, 678 leaves):



14 | Mathematica 11.3 Integration Test Results for 4.5.1.3 (d sin)”n (a+b sec)”m.nb

f]ZSec[EerfX]G <a+aSec[c+dx}>3—i
2 2 2 16d
c

1 3 C
-——Cos[c+dx] Cot[f] Csc
24.d 2

+

a —

11Cos[c+dx]3Log[Cos[£+—] —Sin[£+d—XH Sec[—+d—x]6 (a+asec[c+dx])®+
2

2 2 2 2 2
C

1 3 d x c dx [
——11Cos[c+dx]>Log[Cos|
16d

N

2 2 2 2 2

i17Cos[c+dx}3Csc[£} Csc[£+dfx} Sec|
2 2 2

+d—x}6 (a+aSec[c+dx])3Sin[dX
24d 2

N |0

iCos[c+dx}3C5c[£] Csc[£+dfx]35ec[£+dfx]6 <a+aSec[c+dx}>3Sin[
24d 2 2 2 2 2

2

a

ax
2

+dx] —Sin{§+d7x})2

Cos[c+dx]3Sec|<+

< ® (a+asec[c+dx])?
2

+

324 [Cos[$

3Cos[c+dx]3Sec[ + }6(a+a5ec[c+dx] 3Sin[d’(]

) —

)

<
2

8d (Cos[i] —Sin[i
d

3

Cos[c+dx]3Sec| <+

<
2

324 [Cos|

C
=+
2

3Cos[c+dx]3Sec|

T

8d (Cos[i] +Sin[§} (Cos[

Problem 54: Result more than twice size of optimal antiderivative.
JCSC[C+dX}6 (a+aSec[c+dx})3d1x
Optimal (type 3, 165leaves, 10 steps):

13 a3 ArcTanh[Sin[c+dx]] 152aTan[c+dx] 13a*>Sec[c+dx] Tan[c +dXx]
+ +
2d 15d 2d

— ] +sin[ =+ —]] Sec[—+d—x}6 (a+aSec[c+dx])3+

a®Sec[c+dx] Tan[c+dx] 1la°Sec[c+dx] Tan[c+dx] 76a®Sec[c+dx] Tan[c+dX]

5d (a-aCos[c+dx])> 15d (a-aCos[c+dx])? 15d (a®-a*Cos[c+dx])

Result (type 3, 353 leaves):
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—;ag’(1+Cos[c+dx])3Sec[1<c+dx)]6
30720d 2
Sec[c+dx]2(24960Cos[c+dx]2 Log[Cos[1<c+dx)]—Sin[l(c+dx)H—
2 2
Log[Cos[l(c+dx)]+Sin[l(c+dx>H)+Csc[£}Csc[l(c+dxHSSec[c]
2 2 2
. dx . 3dx . dx . dx
(-1235 Sin[—] +38@5Sin]| | +4329sin|c- 7} -1989 Sin[c + 7} -
2 2
. dx . 3dx . 3dx . 3dx
3575Sin[2c+ —| +475Sin[c+ | +2005Sin[2c+ A | +2275sin[3c+ » | -
2 2
. 5dx . 5dx . 5dx . 5dx
2673 Sin|c+ A | +1@5Sin[2 ¢+ A | -1593sin[3c+ A | -975sin[4c+ A |+
. 7dx . 7 dx . 7dx . 7dx
1325Sin[2c+ A | -255Sin[3c+ A | +875sin[4c+ A | +195Sin[5 ¢+ A ] -

. 9dx . 9dx X 9dx
304Sin[3c+ | +90sin[4c+ A | -214sin[5¢c+ A
2

]

|

Problem 55: Result more than twice size of optimal antiderivative.

JCsc[c+dx18 (a+aSec[c+dx1)3dlx

Optimal (type 3, 192 leaves, 17 steps):
15 a3 ArcTanh[Sin[c+dx]] 13a®Cot[c+dx] 7a*Cot[c+dx]3

2d d d
3a3Cot[c+dx]® 4a*Cot[c+dx]’ 15a3Csc[c+dx] 5a3Csc[c+dx]3
d ) 7d ) 2d ) 2d )
3a3Csc[c+dx]® 15a3Csc[c+dx]?7 a3Csc[c+dx]’Sec[c+dx]? 3a’Tan[c+dXx]
2d ) 144 : 2d : d

Result (type 3, 430leaves):

a®Cos[c +dx] Sec| (c+dx)]6 (1+sec[c+dx])?

1
917504 d 2
[C

-860160 Cos[c+dx]?Log[Cos |~ (c+dx) ] -Sin[= (c+dx)]|] +

(C+dX)H—

(c+dxH6Csc[c+dx} (5264 sin[2c] - 9580 Sin[d x] + 8480 Sin[2dx] +

N RN R
N[R N R

860160 Cos [c +dx]?Log[Cos|[~ (c+dx) ] +Sin]

8Csc[2c] Csc|

N |-

2776 Sin[c - dx] - 6080 Sin[c +dx] + 8816 Sin[2 (c+dx)| -79@4Sin[3 (c+dX) | +

4864 Sin[4 (c+dx)| -1824Sin[5 (c+dx)| +304Sin[6 (c+dx) ]| -9580Sin[2c+dX] -
10024 Sin[3 c+dx] +13891Sin[c+2dx] +7720Sin[2 (c+2dx) | +13891Sin[3c+2dx] +
10080 Sin[4c+2dx] -10060Sin[c+3dx] -12454Sin[2c +3dXx] -

12454Sin[4c+3dx] -6580Sin[5¢c+3dx] +7664Sin[3c+4dx] +7664Sin[5¢c+4dx] +
2520Sin[6c+4dx] -3420Sin[3c+5dx] -2874Sin[4c+5dx] - 2874Sin[6c+5dXx] -

420Sin[7c+5dx] +640Sin[4c+6dx] +479Sin[5c+6dx] +4795in[7c+6dx] |
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Problem 56: Result more than twice size of optimal antiderivative.

JCsc[c+dx}19 <a+aSec[c+dx]>3d1x

Optimal (type 3, 232leaves, 17 steps):
17 a® ArcTanh[Sin[c+dx]] 16a3Cot[c+dx] 34a3Cot[c+dx]3

2d d 3d
36a3Cot[c+dx]> 19a3Cot[c+dx]’ 4a3Cot[c+dx]® 17a®Csc[c+dx]
5d 7d 9d 2d
17a3Csc[c+dx]3® 17a3Csc[c+dx]°> 17a3Csc[c+dx]’
6d lod 14d
17a3Csc[c+dx]® a®Csc[c+dx]°Sec[c+dx]? 3a3Tan[c+dx]
+ +
18d 2d d

Result (type 3, 1000 leaves):
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3 C c dx;2 c dx;s 3
- 9833 Cos[c +dx]3Cot[—] Csc[—+ — ]| Sec[—+ —] (a+asec[c+dx])” -
80640 d 2 2 2 2 2
3 C c dx.a c dxge 3
979 Cos[c+dx]3Cot[—] Csc[—+ —] Sec[—+-—] (a+aSec[c+dx])’-
53760d 2 2 2 2 2
5Cos[c+dx]3Cot[£]Csc[£+d—x]65ec[£+d—x}6(a+aSec[c+dx])3—
2016 d 2 2 2 2 2
Cos[c+dx]3Cot[§]Csc[§+d7x}85ec[§+d7x]6(a+aSec[c+dx1)3_ 1
4608 d 16d
17Cos[c+dx]3Log[Cos[£+d—X]—Sin[£+d—XHSec[£+d—x]6(a+aSec[c+dx}>3+
2 2 2 2 2 2 16d
17Cos[c+dx]3Log[Cos[£+d—X]+Sin[£+d—XHSec{£+d—X]6(a+aSec[c+dx1>3+#
2 2 2 2 2 2 161280d
197147Cos[c+dx]3Csc[£]Csc[£+d—x]5ec[£+d—x]6(a+aSec[c+dx})3Sin[d—X]+
2 2 2 2 2
9833Cos[c+dx]3Csc[£]Csc[£+d—x]35ec[£+d—x]6(a+aSec[c+dx})3Sin[d—X}+
80640 d 2 2 2 2 2 2
979Cos[c+dx]3Csc[£}Csc[—+—}55e [£+d—x}6(a+aSec[c+dx])3Sin[d—X]+
53760d 2 2 2 2 2 2
5Cos[c+dx]3Csc[£]Csc[£+d—x]75ec[£+d—x}6(a+aSec[c+dx])3Sin[d—x}+
2016d 2 2 2 2 2 2
Cos[c+dx]3Csc[£]Csc[£+dfx]95ec[g+dfx]6(a+aSec[c+dx})3Sin[d—X}f
4608 d 2 2 2 2 2 2
35Cos[c+dx}35ec[§]Sec[§+d7x}7(a+aSec[c+dx])3Sin[d7X] 7
1536d
Cos[c+dx]3Sec[§]Sec[§+d7x}9(a+aSec[c+dx])3Sin[de] )
1536 d
Cos[c+dx] Sec[c]Sec[ier?X]s<a+aSec[c+dx])3Sin[dx] 1
16d +16d
Cos[c+dx]25ec[c1Sec[£+dfx]6(a+aSec[c+dx])3(Sin[c]+6$in[dx])—
2 2

Cos[c+dx]3Sec[§+dT"]8 (a+aSec[c+dx})3Tan[ﬂ

1536d

Problem 70: Result more than twice size of optimal antiderivative.

Csclc+dx]?
J dx

a+aSec[c+dx]

Optimal (type 3, 55leaves, 7 steps):

Cot[c+dx]® Cot[c+dx]®> Csclc+dx]®
+

3ad 5ad 5ad

Result (type 3, 116 leaves):
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- ((csclc] Csclc+dx]?>Sec[c+dx] (240Sin[c] -96Sin[dx] -54Sin[c+dx] -
18sin[2 (c+dx) | +18Sin[3 (c+dx) | +9Sin[4 (c+dx) | -32Sin[c+2dx] +
32Sin[2c+3dx] +16Sin[3c+4dx])) /(96@ad (1+Sec[c+dx])))

Problem 71: Result more than twice size of optimal antiderivative.

Csc[c+dx]®
J dx

a+aSec[c+dx]

Optimal (type 3, 73 leaves, 7 steps):
Cot[c+dx]® 2Cot[c+dx]> Cot[c+dx]’ Csc[c+dx]’
+ +

3ad 5ad 7ad 7ad

Result (type 3, 158 leaves):
1
53768ad (1+Sec[c+dx])
(-896@Sin[c] + 2560 Sin[d x] + 1500 Sin[c +d x] +375Sin[2 (c+dx) | -750Sin[3 (c+dXx) ]| -

300 Sin[4 (c+dx) | +150Sin[5 (c+dx) | +75Sin[6 (c+dx) | +640Sin[c+2dx] -
1286 Sin(2c+3dx] -512Sin[3c+4dx] + 256 Sin[4c+5dx] +128Sin[5c+6dx])

Csc[c] Csc[c+dx]®>Sec[c+dx]

Problem 72: Result more than twice size of optimal antiderivative.

Csc[c+dx]8
J dx

a+aSec[c+dx]

Optimal (type 3, 91 leaves, 7 steps):

Cot[c+dx]® 3Cot[c+dx]®> 3Cot[c+dx]’ Cot[c+dx]® Csclc+dx]®
+ + +

3ad 5ad 7ad 9ad 9ad

Result (type 3, 200 leaves):
1

5160960 ad (1+Sec[c+dx])

Csc[c] Csc[c+dx]7Sec[c +dx] (6451205in[c] -143360Sin[dx] -85750Sin[c+dx] -
17156 Sin[2 (c+dx) | +51450Sin[3 (c+dx) | +17150Sin[4 (c+dx)] -
17156 Sin[5 (c+dx) | - 73580 Sin[6 (c+dx) | +2458Sin[7 (c+dx) | +
1225Sin(8 (c+dx) ] -28672Sin[c+2dx] +86016Sin[2c+3dx] +28672Sin[3c+4dx] -
28672Sin[4c+5dx] -12288Sin[5¢c+6dx] +4096Sin[6c +7d X] +20485in[7c+8dx})

Problem 73: Result more than twice size of optimal antiderivative.

Csc[c+dx]?
J dx

a+aSec[c+dx]

Optimal (type 3, 109 leaves, 7 steps):
Cot[c+dx]3® 4Cot[c+dx]®> 6Cot[c+dx]’ 4Cot[c+dx]® Cot[c+dx]'¥™ Csc[c+dx]?
+ + + +

3ad 5ad 7ad 9ad 11ad 11ad
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Result (type 3, 242leaves):
1
454164480 ad (1+Sec[c+dx])

Csc[c] Csc[c+dx]%Sec[c+dx] (—4541644SSin[c] +8257536Sin[dx] +5000940 Sin[c +d x] +
833490 Sin|[2 (c+dx)] -3333960Sin[3 (c+dx) | -952568Sin[4 (c+dx)] +
1428848 Sin[5 (c+dx) | +535815Sin[6 (c+dx) | -357218Sin[7 (c+dx) | -

158760 Sin[8 (c+dx) ] +39690Sin[9 (c+dx)| +19845Sin[18 (c+dx) | +

1376256 Sin[c+2dx] -5505024Sin[2c+3dx] -1572864Sin[3c+4dx] +

2359296 Sin[4c+5dx] +884736Sin[5c+6dx] -589824Sin[6c+7dx] -

262144 Sin[7c+8dx] +65536Sin[8c+9dx] +32768Sin[9c+10dx])

Problem 99: Result more than twice size of optimal antiderivative.

Csc[c+dx]?
J( dx

a+aSec[c+dx])’

Optimal (type 3, 128 leaves, 6 steps):

3 ArcTanh[Cos[c +d X] ] 1 a?
- - +
128a3d 128ad (a-aCos[c+dx])? 4ed(a+aCos[c+dx])®
3a 1 3

64d (a+aCos(c+dx])* 64ad(a+aCos[c+dx])? 128d (a®+a*Cos[c+dx])

Result (type 3, 412leaves):

Cos[§+d7x]25ec[c+dx}3 3Cos{5+d7x}4SeC[C+dX13

2
32d (a+aSec[c+dx])’ 32d (a+asSec[c+dx])’
Cos[§+d7x]2Cot[§+‘%]4Sec[c+dx]3 +3Cos[§+d7x]6Log[Cos[§+dexH Secl[c+dx]3 7
64d(a+aSec[c+dx])3 16d(a+aSec[c+dx])3

3Cos[§+d7x}6Log[Sin[§+d7xH Sec[c+dx]?

+

16d (a+aSec[c+dx])3

35ec[§+%"}25ec[c+dx}3 Sec[§+d?x}45ec[c+dx}3
- +

128d<a+aSec[c+dx}>3 160d(a+aSec[c+dx])3

xCos[£+d—X]GSec[c+dx]3 iCot[g] 7iCsc[£] Sec[g} +iTan[£]])/
2 2 32 2 32 2 2 32 2
(a+aSec[c+dx])3

Problem 121: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

(esinfc+dx])®?
J dx

a+aSec[c+dx]
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Optimal (type 4, 104 leaves, 7 steps):
4 e? EllipticEE (c— §+dx), 2} VveSin[c+dx]
5ad+/Sin[c+dx]

2e (esin[c+dx])*?

+

2eCos[c+dx] (eSin[c+dx])>?

3ad 5ad

Result (type 5, 232leaves):

1 2
2Cos|[~ (c+dx)| sec[c+dx] (eSin[c+dx])®>?
2
) - 1 1 3 )
( 2e 19X [2 -2 g2t (cxdx) [3 Hypergeometric2F1[- =, =, =, e?* (©4X ] 4
4’2" a
21idx . 1 3 7 21 (c+dx)
e Hypergeometric2F1|[ =, =, —, e || secic]
2" 4’ 4

(\/—1'1 et (c+dX) (_1+ezi (c+dx)>

+VSin[c+dx] (18Cos[dx] Sin[c] -

3Cos[2dx] Sin[2c] +10Cos[c] Sin[dx] -3Cos[2c] Sin[2d Xx] —12Tan[c]))]/

(15ad (1+Sec[c+dx]) Sin[c+dx]*>/?)

Problem 123: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J\/esin[c+dx}

a+aSec[c+dx]

dx

Optimal (type 4, 95leaves, 7 steps):

Je 2eCos[c+dx] 4EllipticE[i(c—§+dx),2] vJeSin[c+dx]
- + +
ad+veSin[c+dx] ad+veSin[c+dx] ad+/Sin[c+dx]

Result (type 5, 249 leaves):

[2 (3—9@2]“-%—6@]1 (c+d x) _9(62Ji(c+dx) +3€21<2C+dx) +6<Ejl (3 c+d x) +

. ) 1 1 3 )
12 @21 /1 - 21 (c+dx) Hyper‘geometr‘icZFl[—f, =, =, e?t (C*dx)} +
4 2 4
21 (c+dx 21 (c+dx O 1 3 7 21 (c+dx .
4t (edx) 12t (¢+d%) Hypergeometric2F1[ =, =, —, e*! (99 || \/eSin[c+dx]
2 4 4
(3ad (1+ie'c) (i+e'c) (~1+e’ (@99 (14! (90

Problem 125: Result unnecessarily involves higher level functions.
1

dx
J(a+aSec[c+dx]) (esinfc+dx])>?

Optimal (type 4, 135leaves, 8 steps):
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2e 2eCos[c+dx]

5ad (esin[c+dx])*? : 5ad (eSin[c+dx])>?
4cos[c+dx] 4EllipticE[ (c- 2 +dx), 2] VeSin[crdx]
Sadeesin[crdx] 5ade?/Sin[crdx]
Result (type 5, 175leaves):

|

e—jl (3c+2dx) <1+621'1c> ( 1_ezi(c+dx) (1+2(ej1(c+dx) +2621'1(c+dx)> N

(-1+el (€90 (14 et (<4%)% yypergeometric2Fl |- , e (edx ] )

3
4

)

N

B

FNQUFN

Sec[c}Tan[l(CerxH)/(Sad 1- g2t (erdx) (eSin[c+dx])3/2))
2

Problem 128: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

dx

J (esin[c+dx])*>?
(

a+aSec[c+dx])?

Optimal (type 4, 187 leaves, 14 steps):

4¢3 2e3Cos[c+dx]
a’d+/eSin[c+dx] a*d+eSin[c+dx]

2e3Cos[c+dx]3 44e2EllipticE[i(c—§+dx

R 2} \eSin[c+dx]
a?d+/eSin[c+dx] 5a2d+/Sin[c+dx]

4e (eSin[c+dx])3/2 12 eCos[c +dX] (eSin[c+dx})3/2

3a%d 5a%d

+

Result (type 5, 451 leaves):
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c dx
Cos[7+fr‘Csc[c+dx12$ec[c+dx12
2 2

16 Cos[dx] Sin[c] 165ec[§} Sec[c] (8Sin[§} +3Si”[37c” _4Cos[2dx] Sin[2¢]
3d 5d 5d

+

16sec|S]sec[ S+ ] sin[®X]  jgcos(c) sin[dx] 4Cos[2c]Sin[2dX]
. .

c
2
d 3d 5d

(esin[c+dx])®?

/(a+aSec[c+dx}>2+

c dx . :
(44 icos[—+— ] [_ [ (2 ietdX[2-2e>" (<90 Hypergeometric2Fl|-
2 2

, eZJ’L(c+dX)]]/

Mw

1 1
Ty T
4 2

(d\/—ie’j‘ (c+dx) (_1+62j(c+dx)) )J _

. . 13 7 .
(Zjeldx 2-2e>* (<9% Hypergeometric2F1[=, =, =, e“‘c*“)]]/
2 4’ 4

(3d\/_]]_ e*i (c+d x) <—1+(82jl (c+dx))

Sec[c+dx]? (eSin[c+dx})5/2J/
(5 (a+aSec[c+dx])2 (Cos[%] —Sin[%}] (Cos[%] +Sin[§}) Sin[c+dx]5/2)

Problem 130: Result unnecessarily involves higher level functions.
J veSin[c+dx]
(

a+aSec[c+dx])?

dx

Optimal (type 4, 188 leaves, 15 steps):

43 2e3Cos[c+dx] 2e3Cos[c+dx]3

5a’d (eSin[c+dx])*? 5a2d (eSin[c+dx])>? 5a’d (eSin[c+dx])*?

c ot 1 n Jesintcidx]
4e 16 e Cos[c + d X] 28E111pt1cE[2(c—Z+dx),2] eSin[c+dx]
+ +
a’d+/eSin[c+dx] 5a2d+eSin[c+dx] 5a2d+/Sin[c+dx]

Result (type 5, 222 |leaves):
1 a
4Cos|~ (c+dx)] Sec[c+dx]?+eSin[c+dXx]

2
) 1 1 3
([561‘1@2“ 3 Hypergeometric2F1[- =, =, =, e (©dX) ],
4 2 4
) 1 3 7 . ) -
e? 94X Hypergeometric2Fl[ =, =, —, e“(“d’”])]/ [(1+e2“) 1 - 2t (cxdx) ]+
24" 4
3 1 3 1 1
—Sec[c] Sec|— (c+dx 49Sin| — (c-dx 35Sin|— (3c+dx) | -
% secicrsec[ L feax)|* [a9sin( 2 (c-ax)] +355in[L (sevax)]
23Sin[l(c+3dx)]+551n[l(5c+3dx)] )]/(15a2d(1+5ec[c+dx])2)
2 2
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Problem 132: Result unnecessarily involves higher level functions.
1

J dx
(a+asec[c+dx])? (eSin[c+dx])>?
Optimal (type 4, 224 leaves, 17 steps):

4¢3 2e3Cos[c+dx]

9a%d (eSin[c+dx])*? 9a%d (esinfc+dx])®?

2e3Cos[c+dx]3 4e 16 e Cos[c +d x]

_ . _
9a%d (esin[c+dx])”? 5a’d (eSin[c+dx])*? 45a%d (eSin[c+dx])>"?
4Cos[c+dx] 4ELlipticE[L [c- 2 +dx], 2] VeSin[c+dx]

15a2de+eSin[c+dx] 15a%2de?+/Sin[c +dx]

Result (type 5, 222 leaves):

Cos[1 (c+dx)]4
2
([961’1 (1-e** (C*dx))3/2 [— 1-e®t (<9 4 (1+e*'¢) Hypergeometric2F1|-

3 i i X
Z /(<1+621c) <1+ezn(c+d))2)_
[

2 (28Cos c] +31Cos[dx] +16Cos[2c+dx] +12Cos[c+2dXx] +3Cos[2c+3dx})

|/

AR
-
N R

2
, € 1(c+dx)])

Sec[c] Sec[l (c+dx)]25ec[c+dx]2Tan[l (c+dx)]
2 2

(45a2d (1+Sec[c+dx])2 (eSin[c+dx}>3/2)

Problem 134: Unable to integrate problem.

a+aSec[c+dx])? (esin[c+dx])"dx
( )

Optimal (type 5, 247 leaves, 9steps):

3 X 1 1+m 3+m A ) X 1em
(a Cos[c +d x] Hypergeometric2Fl| —, s , Sinfc+dx]?] (eSin[c+dx]) ]/
2 2 2
1
de (1+m)+/Cos[c+dx]? |+ —————
de <1+m)

3 i 1+m 3+m i ) X Lom

3 a® Hypergeometric2Fi[1, , , Sinfc+dx]?] (eSin[c+dx])*"+

2 2

a® Hypergeometric2Fi[2, “T’“, 3;”‘, Sinf[c+dx)?] (eSin[c+dx})1+m

+

de (1+m)
1 3 2
————3a%+/Cos[c+dx]
de (1+m)
. 3 1+m 3+m . ) . 1em
Hypergeometric2F1| —, , —, Sin[c+dx]?] Sec[c+dx] (eSin[c+dx])
2 2 2
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Result (type 8, 25leaves):

J(a+a$ec[c+dx])3 (esin[c+dx])"dx

Problem 135: Unable to integrate problem.

J(aJraSec[Cerx])2 (esin[c+dx])"dx

Optimal (type 5, 195leaves, 7 steps):

) . 1 1+m 3+m . ) . 1em
[a Cos[c +dx] Hyper‘geometr1c2F1[7, R , Sin[c +dx] } (e51n[c+dx]) ]/
2 2 2
1
de (1+m)+/Cos[c+dx]? |+ ———
de <1+m>
) . 1+m 3+m . ) . Lom
2 a? Hypergeometric2Fi|1, , , Sinfc+dx]?] (eSin[c+dx] )"+
2 2
1 2 2
——a“+/Cos[c+dx]
de (1+m)
. 1+m 3+m . ) . 1em
Hypergeometric2F1| —, B , Sin[c+dx]?| Sec[c+dx] (eSin[c+dx])
2 2 2

Result (type 8, 25leaves):

j(aJraSec[Cerx])2 (esin[c+dx])"dx

Problem 136: Unable to integrate problem.

J(a+a5ec[c+dx]) (esin[c+dx])"dx

Optimal (type 5, 1191leaves, 5steps):

A 1 1+m 3+m . ) . 1em
aCos[c+dx] Hypergeometric2F1[ =, s , Sin[c+dx]?| (eSin[c+dx]) ]/
2 2 2

+

de (1+m)~/Cos[c+dx]?

aHypergeometric2F1|[1, 1?'", 3?’", Sin[c+dx]2?] (e Sin[c+dx])1+m

de (1+m)

Result (type 8, 23 leaves):

J(a+a5ec[c+dx]) (esin[c+dx])"dx

Problem 137: Unable to integrate problem.

dx

J(eSin[c+dx])m

a+aSec[c+dx]
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Optimal (type 5, 100 leaves, 5 steps):
e (eSin[c+dx

ad (1-m)

] ) -1+m

X 1+m X ) X _1am
e Cos[c +dx] Hypergeometric2F1|- (-1+m), =, sin[c+dx]?] (eSin[c+dx]) ]/

2

N |
N [

ad (1-m) Cos[c+dx]2)

Result (type 8, 25leaves):

J(esin[c+dx])m

a+aSec[c+dx]

dx

Problem 138: Unable to integrate problem.

dx

J (esinfc+dx])"

(a+aSec[c+dx])2

Optimal (type 5, 207 leaves, 9 steps):
2e% (eSin[c+dx]) 3

a’d (3-m)

3 1
-, —(—3+m),

(e3 Cos[c +d x] Hypergeometric2F1 [—
2

/(azd (3-m

(e3 Cos[c +dx] Hypergeometric2Fi| -

N |

(-1+m), Sin[c+dx]?]

N

(eSin[c+dx}>’3*"‘ Cos[c+dx]?

-

—_

(-3+m), = (-1+m), Sin[c+dx]?]

N |
N |

N |
-

2e (esin[c+dx]) "

a’d (1-m)

(eSin[c+dx})’3*m]/ (azd (3-m) /Cos[c+dx]?

Result (type 8, 25leaves):

J (esinfc+dx])"
(

a+aSec[c+dx])?

dx

Problem 139: Unable to integrate problem.

dx
3

J (esinfc+dx])"
(

a+aSec[c+dx])

Optimal (type 5, 236 leaves, 12 steps):
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4 5 (eSin[c+dx])’5*m

+
ad (5-m)

1
> — (=5+m),
2

N |

e® Cos[c + d x] Hypergeometric2Fi1 |- (-3+m), Sin[c+dx] o

/

3e°Cos[c+dx] Hypergeometric2Fl |-

(esinf[c+dx] )’5”“]/

7e* (eSin[c+dx]) ™" 3e (eSin[c+dx]) "

a*d (3-m) a*d (1-m)

N w

(eSin[c+dx])’5”“ a®d (5-m) Cos[c+dx}2)+

(-5+m), = (-3+m), Sin[c+dx]?]

N |
N |

N W
.

a®>d (5-m) +/Cos[c+dx]? | +

Result (type 8, 25leaves):
j (esinfc+dx])"

(a+aSec[c+dx])3

dx

Problem 140: Result more than twice size of optimal antiderivative.

a+aSec[c+dx])*? (esin[c+dx])™dx
( )

Optimal (type 6, 106 leaves, 5 steps):

1 1-m 1 1

=, , = (-2-m), =, Cos[c+dx], -Cos[c+dx]]
27 2 2 2

1-m
2

1
—2 aeAppellFl [—
d

(1-Cos[c+dx]) 2 (1+Cos[c+dx]) ™?a+aSec[c+dx] (eSin[c+dx]) ™"

Result (type 6, 7867 leaves):

271" (3+m) (a <1+Sec[c+dx]))3/2 (esinfc+dx])"

Tan[Y (c+dx "
Tan[l(c+dx” [2< )] AppellFl[ler,,l’ler’
2 1+Tan[l(c+dxﬂ2 2
2
B;m,Tan[i(c+dx”2,—Tan[%(c+dx)]2]/([1+Tan[%(c+dx)]2)
1+m 1 3+m 1 2 1 2
~(3+m) AppellFl[——, - =, 14+m, ——, Tan|= d , —Tan|= (c+d
( ( +m) ppe [ 5 N +m N an[z(c+ XH an[z(c+ x)] ]+
3+m 1 5+m 1 2 1 2
2 (1+m) AppellFl|=——, - =, 2+m, ——, Tan[= (c+d , —Tan[= (c+d
( (1+m) Appe [ " A m " an[z(c+ XH an[z(c+ x” }+

1 5+m

AppellFl[a%m, g, 1+m, T, Tan[ (c+dx>]2, —Tan[% (c+dx)]2]]

N |
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1 2 1
Tan[2 (c+dx)] )J + (_1+Tan{% (c+dXH2)2
((AppellF1[1+m, %, m, 3;m, Tan[% (c+dx)]2, —Tan[i (c+dx”2]
71+Tan[1 (c+dx)]2]]/ (<3+m) AppellFl[T, %, m, 3;m,

2

Tan[l (c+dx)}2, -T
2

5+m 1
, Tan|[ = (c+
2 2
5+m

s Tan[l (c+dx”2, —Tan[1 (c+dx)]7]

3+m 1
-2mAppellFl[ ——, =, 1+m,
2 2

an[1 (c+dx”2} +
2

3

—, M,

2

)

+
3

dx)]z, 7Tan[§ (c+dx”2] + AppellF1|
2 ]Tan[l (c+dx)]

2 2

2 2
(2Appe11F1[1+m, z, m, B;m, Tan[% (c+dx”2, —Tan[% <c+dx)]2]]/
[(3+m) AppellFl[ler,i, m, 3+m,Tan[l(c+dx)]2,—Tan[l(c+dx)]2]+
2 2 2 2
—2mAppe11F1[3;m, z,1+m, —m, Tan[l(c+dx)]2,—Tan[l(c+dx”2]+
2 2 2 2 2
3+m 5 5+m 1 2
3 AppellFi| , =, m, , Tan[ = (c+dx) ],
2 2 2
Tan[l(c+dx)]2]]Tan[1(c+dx)]2])] /
2 2
d (1+m) ! . ! 227 (3.
1—Tan[i(c+dx”2 (1+m) 1
1—Tan[§ (c+d x)}
Tan[Y (c+dx "
Sec[1<c+dx)]2 [2( H
2 1+Tan[l(c+dx)]
2
AppellFl[lzm, 7§, 1+m, 3;m) Tan[% (c+dx)], 7Tan[§ (c+dx>]2}/
1 2 1+m 1 3+m 1
[(1+Tan[—<c+dx)] ) (—(3+m)AppellF1[ , ——, 1+m, , Tan|[ =
2 2 2 2 2
(c+dx)]%, —Tan[l(c+dx”2]+(2<1+m) appellF[ >0, 1 5,
2 2
5+m 1 2 1 2 3+m 1
, Tan|[= d , —Tan|= (c+d AppellF1 .=,
» an[z(c+ x) | an[z(c+ x)]"| + Appe [ A +
5+m 1 2 1 2 1 2
) , T — d , =T — d T — d
m A an[z(c+ x) | an[z(c+ x)]}] an[z(c+ x)}])+
1 1+m 1 3+m 1 2
((AppellFl[ , =, m, ,Tan[f(c+dx)] s
2 2 2 2 2

(71+Tan[i (C+dx)]2
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Tan| > (evdx) | [<2eTan| - (ceax) ]| /

1+m
( (3+m) AppellF1[—,
2

)m)

5+m 1 2

)1 )—JT - d b
+m A an[z(c+ x) |

1 3+m 3 5+m

~Tan[ = (c+dx) | | + AppellF1]| , =, m, s
2 2 2 2

1
2
1
2

3+m
-2mAppellFl| —,
2

2

Tan[% (c+dxH2, —Tan[% <c+dx)]2] Tan[l (c+dxH2

2
[ZAppellFl[ler,i, m, 3;m, Tan[l<c+dx)]2, —Tan[l(c+dx”2]J/
2 2 2 2 2
((3+m) AppellFl{lzm, 3, m, 3;m,Tan{§ (c+dx)]2, —Tan[% (c+dx”2} +
3+m 3 5+m 1 2
-2mAppellF1[——, =, 1+m, ——, Tan|[— (c+dx)]",
2 2 2 2
—Tan[l (c+dx”2} +3AppellF1[3ﬂ, E, m, 5+m,
2 2 2 2
2 2 1
Tan[f(c+dx)] s —Tan[; (c+dx” ])Tan[g(c+dx)] )]]+
2

1+m 1 3+m 1 2 1 2
AppellFl[i, - =, 1+m, —, Tan[7<c+dx)] B —Tan[f(c+dx)] ]/
2 2 2 2 2
1 l1+m 1 3+m
[(1+Tan[f (c+dxH ] (—<3+m) AppellF1| B —g,1+m, -
2
Tan[l(c+dx>]2,—Tan[1<c+dx)]2]+[2 (1+m) AppellFl[M,—l,
2 2 2 2
2+m, Sﬂ, Tan[l(c+dx”2, —Tan[l(c+dx)]2}+AppellF1[3+m, l,
2 2 2 2 2
5+m 1 2 1 2 1 2
1 , —, T — d , =T — d T — d
+m A an[z(c+ x) | an[z(c+ x”]) an[z(c+ x)])]+
1 1+m 1 3+m 1 2
([AppellFl[ , =, m, , Tan[ = (c+dx) ],
2 2 2 2 2

(—1+Tan[§ (c+dx”2)

—Tan[l (c+dx)]2] {—1+Tan[l (c+dx”2])/ ((3+m) AppellFl[lzm) l)

2 2 ’
m, 3+m, Tan[l (c+dX)]2, —Tan[l (c+dXH2] * ‘2mAppellF1[3+m’ s
N 5 2 2 2




1
(2 AppellF1|

1+
[(3+m) AppellF1| ,
2

1+m,

—, m,
2

3+4m
-2mAppellF1l [ -,
2

-Tan
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;m, Tan[l(c+dx)]2, —Tan{l(c+dxH2]+Appe11F1[3+m,
2 2 2
5+m 1 2 1 2 1 2
, Tan[= (c+dx)]*, ~Tan|= (c+d Tan[= (c+d -
5 an[z(c+ x)] an[2<c+ x)]]] an[z(c+ x)]]
+m 3 3+m 1 2 1 2
y o )7JT - d )_T - d /
5 m X an[2 (c+ XH an[2 (c+ x)] }]
m 3 3+m 1 2 1 2
—, m, , T — d , -T — d
5 m X an[z(c+ XH an[2<c+ x)]]+
3 5+m 1 2
=, 1+m, —, Tan[f(c+dx)] s
2 2 2
1 2 3+m 5 5+m
[*<c+dx)] | +3AppellF1[—, =, m, s
2 2 2 2

Tan|[Y (c+dx e
1 2’1*mm(3+m) Tan[l(c+dx} [2< H
(1+m) 1 2 1+Tan[i(c+dx”
1—Tan[§(c+dx)}2
Sec[%(c+dx)]2Tan[§<c+dx)]2 Sec{%(c+dx”2
- +
(1+Tan[%(c+dx)]2)2 2(1+Tan[§(c+dx)]2)
AppellFl[ler,—l,ler, M, Tan[1<c+dx)]2, —Tan[l(c+dx)]2]/
2 2 2
1 2 l1+m 1 3+m
[(1+Tan[7(c+dx” ] (—<3+m) AppellFl[T,—f,1+m, -
2
Tan[l(c+dx>]2,—Tan[1<c+dx)]2]+[2 (1+m) AppellFl[M,—l,
2 2 2 2
5+m 1 2 1 2 3+m
2 , —, T - d , - T — d A 11F1 y T
+m an[z(c+ x) | an[z(c+ x) "] + Appe [ X A
1+m, —m, Tan[l(c+dx)]2, —Tan[l(c+dx”2])Tan[1<c+dx)]2)]+
2 2 2
1 1+m 1 3+m

(—1+Tan[§ (c+dx”2)

—Tan[l (c+dx)]2] {_1+Tan[§ (c+dx”2])/ ((3”") AppenFl[lJrTm’ 5

; ([AppellFl[ , =, m,

s Tan[1 (c+dx>]2,
2

1

2

3+m 1
-2mAppellFl|—, =,
2

(c+dx)]2, —Tan{%(c+dx”2]+ A

(c+dx)]2, —Tan{l (c+dx”2] +Appe11F1[3+m,
2 2

, Tan[ = (c+dx)]2, —Tan[% (c+dx)]2]] Tan[i (c+dx>]2 -
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1+m 3 3+m 1 2 1 2
(ZAppellFl{ S m, — Tan[; (c+dx)], —Tan[; (c+dx)] }]/
1+m

[(3+m) AppellF1| s
2

3 1

N A ,Tan[;(c+dx”2,—Tan[
3+m 3 5+m 1

=, 1+m, —, Tan[ =

2 2 2

(c+dx)]’] +

N |

-2 mAppellF1| <c+dx)]2,

2 3+m 5 5+m
| +3 AppellFi| , =, m, s
2

2 2

~Tan|= (c+dx) ]

N |

Tan[i (c+dx”2, —Tan[% <c+dx)]2]] Tan[i (c+dx”2])] _

m

277" (34m) Tan|[ = (c+dX) |

2
1 1
( +m> 1—Tan{§(c+dx)}z

1 1 { Tan[i(c+dx)]

1+Tan[§ (c+dx”2

1+m 1 3+m 1 2
((AppellFl[z, L 1+m, - Tan[; (c+dx)]|", -Tan|

<c+dx)]2}

/[(1+Tan[§ (c+dx)]2 i

N |

Sec[1 (Cerx)]zTan[l (c+dx)]

2 2
(—(3+m) AppellFl[lzm, —%, 1+m, Bfm, Tan[% (c+dx”2,
1 2 3+m 1 5+m
—Tan[f(c+dx)] ]+(2 (1+m>AppellF1[ , =, 2+m, ——,
2 2 2 2

Tan[1 (c+dx)]2, —Tan[l (c+dx”2] +Appe11F1[3+7m, 1, 1+m,

2 2

2
5+m 1 2 1 2 1 2
, Tan[= (c+dx) ], ~Tan[= (c+d Tan[= (c+d
5 an[z(c+ x)] an[z(c+ x)]] an[z(c+ x)]] )+
ot (1+m)2AppellF1[1+1+m,—1,2+m,1+3+m,Tan[l(c+dxH2,
3+m 2 2 2 2
1 2 1 2 1 1
“Tan[= (c+d Sec[= (c+dx)]*Tan[= (c+dx]] -
an[z(c+ x)]7] ec[z(c+ x) | an[z(c+ x) | > (30m]
1+m 1 3+m 1 2
(1+m) AppellF1[1+ , =, 1+m, 1+ , Tan[= (c+dx) ],
2 2 2 2
Tan[l(c+dx)]2]5ec[1(c+dx)]2Tan[1(c+dxHJ/
2 2 2
1 2 1+m 1 3+m
((1+Tan[7(c+dx” ] (—(3+m)Appe11F1{ ,-—, 1+m, ,
2 2 2 2
Tan[l(c+dx>]2,—Tan[l(c+dx)]2]+[2 (1+m)Appe11F1[3+m,—l,
2 2 2 2
2+m, 5;m’ Tan[l(c+dx”2, —Tan[l(c+dx)]2}+AppellF1[3+m,l,
2 2 2 2 2
5+m 1 2 1 2 1 2
1+m, >, Tan[= (c+d , ~Tan|= (c+d Tan[= (c+d -
+m " an[2<c+ x)] an[z(c+ XH]J an[2<c+ x])]
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1

; ZSec[1 (c+dxH2Tan[1 (c+dx)]

(—1+Tan[%(c+dx”2) 2 2
[(AppellFl[I;m, i, m, B;m, Tan[i (c+dx”2, —Tan[% (c+dx)]2}

1 2 1+m 1 3+m
71+Tan[—(c+dx)] )]/[(3+m)AppellF1[ , —, m,
2 2 2 2

)

Tan[1 (c+dx”2, 7Tan[1 (c+dx)]2] + 72mAppe11F1[3+—m, 1, 1+m,

2 2 2 2
5+m 1 2 1 2 3+m 3
, Tan[= d , —Tan| = d AppellFl| ——, =, m,
A an[z(c+ x) | an[z(c+ x)|"| + Appe [ 2 A m
5+m 1 2 1 2 1 2
, Tan[= (c+dx)]%, ~Tan[= (c+d Tan[= (c+d -
A an[z(c+ x) | an[z(c+ x)]]) an[z(c+ x)]]
[2Appe11F1[1+m,i, m, 3+_m, Tan[l(c+dx)]2, —Tan[l(c+dx”2]J/
2 2 2 2 2
((3+m) AppellFl{lzm, %, m, 3;m,Tan{§ (c+dx)]2, —Tan[% (c+dx”2} +
3+m 3 5+m 1 2
-2mAppellF1[——, =, 1+m, ——, Tan|[~ (c+dx)]",
2 2 2 2

1 2 3+m 5 5+m
~Tan[= (c+dx) | ] +3AppellF1[—, =, m, s
2 2 2 2
Tan[1 (c+dx)]2, —Tan[l (c+dx”2] Tan[1 (c+dx)]2)] -
2 2 2
Appe11F1[1+m, —E, 1+m, M, Tan[1 (c+dx)]2, —Tan[l (c+dx)]2]
2 2 2 2
3+m 1 5+m 1 2
{[2 (1+m) AppellF1| s == 2+m, —, Tan[ = (c+dx) ],
2 2 2 2
+m 1 5+m

—Tan[l (c+dx) }2} + AppellF1| 3
2

, =, 1+m, ,Tan{l(c+dx”2,
2

—Tan[1 (c+dx)]2] Sec[1 (c+dx>]2Tan[1 (c+dx)]-(3+m)
2 2 2
[— <1+m>2Appe11F1[1+ 1+m, —l, 2+m, 1+3+m,Tan[l (c+dx”2,
3+m 2 2 2 2

,Tan[i <c+dx)]2] Sec[% <C+dx)]2Tan[§ (c+dx)] 2 (31+m)
1+m 1 3+m

, =, 1+m, 1+ ,Tan{l(c+dx”2,
2 2 2 2

7Tan[§ (c+dx)}2} Sec[i (c+dx”2Tan[% (crdx) ]|+

(1+m) AppellF1[1+

1 2 1 1

T — d - 1 3 A 11F1 |1 —

an[z(c+ x)] 5+m< +m) (3+m) Appe [1+ 5 5

+m’ Tan[1 (c+dx”2, —Tan[1 (c+dx)]2}
2 2

2+m, 1+

1
2 (5+m)

Sec[%(c+dx)]2Tan[§(c+dxH+ (3+m) AppellF1|
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B;m, z, 1+m, 1+ S;m, Tan[% (c+dx”2, 7Tan[§ (c+dx)]2}

+

1 2 1
S — d T — d 2 (1 -
ec[z(c+ XH an[z(c+ x)]+ (1+m) —
3+m 1 5+m 1 2
,-—,3+m, 1+ » Tan[ = (c+dx) ],
2 2 2 2

(2+m) (3+m)

AppellF1|[1 +

_Tan[i (C+dXH2] Sec[% (C+dXH2Tan[§ <c+dx)] 2 (51+m)

3+m 1 5+m 1 2
L=, 2+m, 1+ , Tan[= (c+dx)]",

el e 0] ) |

(3+m) AppellF1[1 +

-Tan]| <c+dx)]2] Sec[1 <c+dx)]2Tan[E (c+dx)]

2 2

N |

+m 1 3+m
sy =~ 1+m, )

2 2

[(1+Tan[§ (c+dx)}2] (—(3+m) AppellFl[1

Tan[% (c+dx)]2, —Tan[% (c+dx”2} +

+m 1 5+m
y ——, 2+m,

[2 (1+m) AppellFl[3 ,Tan[l(c+dx”2,
2

3+m 1 5+m
> =5 1l+m, )

~Tan|

N |

(c+dx) ]2] + AppellF1|

Tan[% (c+dx)]2, —Tan[% (c+dx”2]) Tan[% (c+dx)]2)2J +

1 1+m 1 3+m

> oMy

2 2 2

[AppellFl[

(—1+Tan[% (c+dx”2)

—Tan[% (c+dx)]2] Sec[% (c+dx)]2Tan[§ (c+dx)]

+m 3+m

1 1 1 2 1 2
3 +m) AppellF1 , —, M, , Tan|— (c+dx , —Tan|— (c+dx
[ (3om) appe1rt [, ~m, 20 Tan [~ (cedx) %, <Tan[ (e -dx) ] -

<c+dx)]2,

3+m 1 5+m
-2mAppellFl| —, =, 1+m, —, Tan]|
2 2 2

N |

2 3+m 3 5+m
(c+dx)]7] +AppellF1[T, =, m,

2 2

~Tan|

)

N |

Tan[1 (c+dx)]2, —Tan[l (c+dx”2] Tan[1 (c+dx)]2 +

2 2 2
1+m 1 3+m 1 2
, =, 1+m, 1+ ,Tan[f(c+dx)],
2 2 2 2

1
[[ m(1+m) AppellF1[1 +
3+m

7Tan[§ <c+dx)]2] Sec[% (c+dx)]2Tan[§ (c+dx)] Ty (3+m)

1+m) AppellF1|1 + , —, M, 1+ 1
(1+m) AppellF1]
2 2 2 2

—Tan[% (c+dx)}2} Sec[i (c+dx”2Tan[§ <c+dx)]

1 2 l1+m 1 3+m
_1+Tan[;(c+dx>] ]J/((3+m>AppellF1[ X ,;,m, -
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Tan[f(c+dx)]2,—Tan[l(c+dx”2}+ —2mAppellF1{3+m, l,1+m,
2 2
Szm,Tan[i (c+dx) ], —Tan{% (c+dx)]2] +Appe11F1[3%m, 3, m,
5+m, Tan[£(c+dx)}2, —Tan[l(c+dx>]2})Tan[l(c+dxH2 -
2 2 2
1 1+m 3 3+m 1 2
2( m(1+m) AppellF1[1 + , =, 1+m, 1+ , Tan[ = (c+dx) ],
3.m 2 2 2
Tan[%(c+dx)]2]5ec[§(c+dx)]2Tan[§(c+dx”+2(31+m)
1+m 5 3+m 1 2
3 (1+m) AppellF1[1+ , =, m, 1+ » Tan[= (c+dx) ],
2 2 2 2
—Tan[l(c+dx”2} Sec[l(c+dxH2Tan[1<c+dx)] )/
2 2 2
[(3+m) AppellFl[ler,E, m, 3+m,Tan[l(c+dx”2,—Tan[l(c+dx)]2]+
2 2 2 2
3+m 3 5+m 1 2
-2mAppellFl| —, =, 1+m, —, Tan[~ (c+dx)] ,
2 2 2 2
1 2 3+m 5 5+m
—Tan[7<c+dx)] | + 3 AppellF1| , =, m, ,
2 2 2 2

Tan[1 (c+dx”2, —Tan[1 <c+dx)]2] Tan[1 (c+dx)]

2 2 2
1+m 1 3+m 1 2 1 2
AppellF1 L=, m, , Tan[= d , —Tan[ = d
ppe [ A A m A an[z(c+ x) | an[z(c+ x)]7]
1 2 3+m 1 5+m
[—1+Tan[7(c+dx)]) -2mAppellF1]| " ,5,1+m, ,
2

ran[ 2 (codx) % ~Tan[ (crdx)]?] + Appertra[ 25", 2,
2 2

2 2
S;m,Tan[i(CerxHZ,fTan[%(c+dx”2} Sec[%(@rdx)}z
Tan[l(c+dx”+(3+m) - m (1+m) AppellF1[1+ +m,1,1+m:
2 3+m 2 2
1+3+m,Tan[1(c+dx)]2,—Tan[l(c+dx)]2]5ec[1(c+dx)]2
2 2 2
1 1 1+m 3
Tan[ = (c+dx) ]+ (1+m) AppellF1[1 + s T m,
2 2 (3+m) 2 2
3+m 1 2 1 2 1 2
1 , T — d , - T — d S — d
+ A an[z(c+ x) | an[z(c+ x)]7] ec[z(c+ x) |
Tan[l(c+dx)] +Tan[l(c+dx)]2 - m (3 +m) AppellF1|
2 2 5+m
3+m 3 5+m 1 2 1 2
1 L2, 14m, 1 , Tan[= d , —Tan[ = d
+ i +m, 1+ A an[z(c+ x) | an[z(c+ x)]7]

3 (3+m) AppellF1|

Sec[% (c+dx”2Tan[§ <c+dx)] + 2 5em
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3J2rm, 3, m, 1+ S;m,Tan[i (c+dx”2, 7Tan[§ (c+dx)]2}

+

1 2 1
S — d T — d -2 -
ec[z(c+ x)] an[z(c+ XH m —
3+m 1 5+m 1 2
, =, 2+m, 1+ » Tan[ = (c+dx) ],
2 2 2 2

<1+m) (3+m>

AppellF1|1 +

1 2 1 2 1
-T — d S — d T — d
an[2<c+ x)]} ec[2<c+ x)] an[z(c+ XH+2(5+m)
3+m 3 5+m 1 2
, =, 1+m, 1+ , Tan[ = (c+dx) ],
2 2 2 2

(3+m) AppellF1[1 +

—Tan[l(c+dx”2]5ec[l(c+dx”ZTan[1<c+dx)] ) ]/
2 2 2
[(3+m) AppellFl[ler,l, m, 3+m,Tan[1(c+dx”2,—Tan[l(c+dx)]2]+
2 2 2 2
3+m 1 5+m 1 2
-2mAppellFl[—, =, 1+m, —, Tan| — (c+dx” ,
2 2 2 2
1 2 3+m 3 5+m
—Tan[f(c+dx” | + AppellFi[~—, =, m, ,
2 2 2

Tan[1 (c+dx”2, -Tan]|

2 1 2
N <c+dx)] ] Tan[;(c+dx” +

N |

3+m

1+m 3
2 AppellFl| —, =, m,
2

[ :

s Tan[% (c+dx”2, —Tan[% (c+dx)]2}

3+m 3 5+m 1 2 1
-2mAppellF1[——, =, 1+m, ——, Tan[ = (c+dx)|", -Tan[ =

2 2 2 2 2
2 3+m 5 5+m 1 2
d 3 A 11F1 , —, m, , T — d N
(c+ x)] | + 3 Appe [ A A m A an[2 (c+ x”
1 2 1 2 1
—Tan[;(c+dx)]] Sec[;(c+dx” Tan[;(c+dx)]+(3+m)
l1+m 3 3+m 1 2
(— m(1+m) AppellF1[1 + , =, 1+m, 1+ » Tan[= (c+dx) ],
3+m 2 2 2 2
—Tan[;(c+dx”2]5ec[;(c+dx”2Tan[;<c+dx)]+2(31+m>
l1+m 5 3+m 1 2
3 (1+m) AppellF1[1+ , =, m, 1+ » Tan[ = (c+dx) ],
2 2 2 2
—Tan[l<c+dx)]2]5ec[l(c+dx)]2Tan[l(c+dx” +
2 2 2
Tan[l(c+dx)]2 -2m |- ! (1+m) (3+m)AppellF1[1+3+m,
2 5+m 2
%,2+m,1+5;m,Tan[§(c+dx)]2,—Tan[%(c+dx”2]
1 2 1 1
S — d T - d 3 (3
ec[2 (c+ x)] an[2 (c+ X>}+2(5+m) (3+m)
3+m 5 m 1 2
AppellF1[1 + , =, lam, 1+ ,Tan[7<c+dx)] ,
2 2 2 2
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1 2 1 2 1 1
-T — d S — d T — d 3 |-
an[z(c+ x)]7] ec[z(c+ x) | an[2<c+ x) ||+ —
3+m 5 5+m 1 2
m(3+m) AppellF1[1 + » > 1em, 1+ ——, Tan[= (c+dx) ]|,
2 2 2 2
1 2 1 2 1 1
~Tan[= (c+d sec[= (c+dx)]°Tan[= (c+d
an[2<c+ x)]7] ec[2<c+ x) | an[z(c+ XH+2(5+m)
3+m 7 5+m 1 2
5 (3+m) AppellF1[1+ , =, m, 1+ , Tan[= (c+dx) ],
2 2 2 2
—Tan[l(c+dx”2]5ec[1(c+dx”2Tan[1<c+dx)] ) ]/
2 2 2
[(3+m) AppellFl[ler,i, m, 3+m,Tan[l(c+dx>]2,—Tan[l<c+dx)]2]+
2 2 2 2
3+m 3 5+m 1 2
-2mAppellF1[~——, =, 1+m, —, Tan[ =~ (c+dx)]",
2 2 2 2
1 2 3+m 5 5+m
—Tan[f (c+dx” } +3Appe11F1[7, =, m, s
2 2 2
2
Tan[l (c+dx)]2, —Tan{l (c+dx”2] Tan[1 (c+dx)]2) ]J
2 2 2

Problem 141: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J\/a+aSec[c+dx] (esinfc+dx])"dx

Optimal (type 6, 107 leaves, 5 steps):
1 1 1-m m 3
- =2 eAppellF1| —, » -~ —» Cos[c+dx], -Cos[c+dx]]| (1-Cos[c+dx])
d 2 2 2 2
Cos[c+dx] (1+Cos[c+dx])™?/a+raSec[c+dx] (eSin[c+dx]) ™"

1-m
2

Result (type 6, 5279 leaves):

(3+m) Sec[% (c+dx)] \/a (1+secic+dx])

iSin[i (c+dx)]sin[c+dx]"
- +

(esinfc+dx])"

2+/Sec[c+dx]
ol 1. 1 .
VSec[c+dx] Sin[= (c+dx)] [——151n[c+dx]”‘+—Sln[c+dx]1*’" +
2 2 2
1 Sin[c+dx]™" 1 1. . 1
Cos[ = (c+dx) | +vVSec[c+dx] |=Sin[c+dx]™+ = 1Sin[c +dx] *’“)
2 2+/Sec[c+dx] 2 2

+m 1 3+m 1 2
»-—s1+m, ——, Tan[= (c+dx) ]|,
2 2

Tan[% (c+dx)] ( [AppellFl [ !
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—Tan[l (c+dx)]2} Cos[l <c+dx)]2J/

2 2
((3+m) AppellF1[1+m,—l,1+m, 3+_m) Tan[l(c+dx”2,—Tan[l(c+dx”2}—
2 2 2 2
(2(1+m) AppellFl[B;m,—i,Zer, 542r_m) Tan[%(c+dx”2,—Tan[§(c+dx)]2}+
3+m 1 5+m 1 2 1 2
AppellF1| , —»1em, ——, Tan[= (c+dx)]", -Tan[= (c+dx) | ]J
2 2 2 2
1 2 1+m 1 3+m
Tan[ = (c+dx)|"| - AppellF1| , =, m,
2 2 2 2
Tan{l(c+dx”2, —Tan[l(c+dx)]2}/[(—1+Tan{l(c+dx”2)
2 2 2
((3+m) AppellFl{lzm, %, m, 3;m,Tan{% (c+dx”2, —Tan[% (c+dx”2} +
3+m 1 5+m 1 2 1 2
-2mAppellF1| —, =, 1+m, —, Tan[~ (c+dx” , -Tan|[ = <c+dx)] |+
2 2 2 2 2

AppellFl[Bzm, 3, m, S;m,Tan[; (c+dx)],
—Tan[%(c+dx)] ]JTan[%(cHﬂX)] ]])]/

2

1 2
d(1+m)~/Sec[c+dx] \/Cos[— (c+dx) ] sec[c+dx]

1

2 (1+m) \/COS[% (c+dx)]25ec[c+dx}

(3+m) Sec[1 (c+dx)]zsin[c+dx]"‘ (AppellFl[lﬂn, —1, 1+m,
2 2 2
3+m

- Tan[% (c+dx”2, —Tan[% <c+dx)]2} Cos[% <c+dx)]2J/
+m, —3, 1+m, 3+Tm, Tan[% (c+dx)]2, —Tan[% (c+dx”2} -

1
( (3+m) AppellF1]|

3+m 1 5+m 1 2 1 2
2 (1+m) AppellF1 -, 2+m, >—, Tan[= d , —Tan[ = d
( (1+m) Appe [ A A +m 5 an[2 (c+dx)] an[2 (c+dx)]] +
AppellFl[B;m,§,1+m, S%m, Tan[%(c+dx>]2,—Tan[%(c+dx)]2]]

1 2 1+m 1 3+m 1 2
Tan{—(c+dx” )—AppellFl[ , =, m, ,Tan[—(c+dx” s
2 2 2 2 2

—Tan[% (c+dx)]2}/ [(—1+Tan[§ (c+dx”2) [(3+m) AppellFl[lerm, %,




Mathematica 11.3 Integration Test Results for 4.5.1.3 (d sin)”n (a+b sec)”m.nb | 37

3+m 1 2 1 2 3+m 1
m, » Tan[= (c+dx) |, -Tan[= (c+dx) | ] + |-2mAppellF1| , =,
2 2 2 2 2
5+m 1 2 1 2 3+m 3

1+m, —, Tan[= (c+dx)]|", -Tan[= (c+dx) ]| | + AppellF1]| , =, m,
2 2 2 2 2

Szm: Tan[i <c+dx)]2, —Tan[i (C+dx)}2]J Tan[i <c+dX>]2J]) ’
1

m(3+m) Cos[c+dx]Sin[c+dx] "

1+m) [Cos[L (c+dx)]*Sec[c+dx]
2

Tan[% (c+dx)]

—%, 1+m, 3+Tm, Tan[% (c+dxH2, —Tan[% (c+dx)]2}
]

)

1+m
((AppellFl [—

Cos[l(c+dx) 2/ (3+m)AppellF1[1+7m,—1,1+m, M, Tan[l(c+dx”2,
2 2 2 2 2
—Tan{1 (c+dx)]2] - (2 (1+m) AppellF1{3+m, —1, 2+m, 5+m,
2 2 2
1 1 3 1
Tan[; (c+dx)]2, —Tan[; (c+dx”2} +Appe11F1[%m, ;, 1+m,

S;m, Tan[% (c+dx)]2, —Tan[% (c+dx)}2] Tan[% <c+dx)]2J -

AppellFl[lgm,i, m, 3;m,Tan[§(c+dxH2, —Tan[i(c+dx>]2}/
1 2 1+m 1 3+m 1 2
“1+Tan|[= (c+d 3+m) AppellF1 L=, m, , Tan[= d ,
(( + an[z(c+ x)])(( +m) Appe [ S, m A an[z(c+ x) |
1 2 3+m 1 5+m
~Tan| = (c+dx) | ]+(—2mAppellF1[ , =, 1+m, s
2 2 2 2
1 2 1 2 3+m 3 5+m
Tan|= (c+d , —Tan[ = d AppellF1 L=, m, ,
an[z(c+ x) ] an[z(c+ x) "] + Appe [ S 5 m 5

ran(2 (e ax) |7, -Tan( 2 (cax) )] Tan( 2 (e ax) 7] | -

N

= (3+m)Sin[c+dx}"‘Tan[l(c+dx)]
2

1+m) [Cos[L (c+dx)]*Sec[c+dx]
2

(([AppellFl[lzm, 7§, 1+m, S%m, Tan[% (c+dx”2, 7Tan[§ <c+dx)]2}

+m 1 3+m

1 1 1
Cos[ (c+dx)]sin[> (crdx)] /[(3+m)AppellF1[ e S
Tan[l(c+dx)]2,—Tan[l(c+dx)]2]—(2 (1+m)Appe11F1[3+m,,1J2+m,
2 2 5
8, Tan[ > (e dx) ], Tan[ = (cvdx] "] < appettrt[ 2R, 2, 1,
2 2 2 9

, Tan[1 <c+dx)]2, —Tan[l (c+dx”2]J Tan[% <c+dx)]2J] +
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1 2 1 2 1+m 1 34m
Cos[—(c+dx)] - (1+m) AppellF1[1 + , -, 2+m, 1+
2 3+m 2 2 2

3

Tan[1 (c+dx)]2, —Tan[l (c+dx”2} Sec[1 (CerxHZTan[1 <c+dx)] -
2 2 2 2
1 1+m 1 3+m 1 2
(1+m)AppellF1[1+ , =, 1l4m, 1+ ,Tan[f(c+dxH ,
2 (3+m 2 2 2 2

/

1+m 1 3+m 1 2 1 2
3 AppellFl|——, - =, 1+m, ——, Tan|[— d » ~Tan| — d -
(( +m) Appe [ A A +m A an[z(c+ x) | an[z(c+ x) 7]

(2 (1+m) AppellFl[B;m, —1, 2+m, 5+_m) Tan[l (c+dx”2, —Tan[1 (c+dx”2} +
2 2 2 2 2

—Tan[% (c+dx)]2] Sec[% (c+dx)]2Tan[§ (c+dx)]

AppellFl[B%m, i, 1+m, S%m, Tan[% (c+dx)]2, —Tan[% (c+dx)]2]
+m l
2)

3

m, 3+m,Tan[l (c+dx)]2,

1 2 1
Tan[ = (c+dx) | ) + (AppellFl[
2 2 2

—Tan[% (c+dx)]2} Sec[% (c+dx)]2Tan[§ (c+dx)] /
((1+Tan[i (c+dx)]2J2 [(3+m) AppellFl[lzm, i, m, 3;m,

Tan| > (cvdx)|*, Tan[ > (codx][*] + [-zmappertea[ 2T, * 1,
2 2 2

2
5+m 1 2 1 2 3+m 3
, Tan[= d , —Tan[ = d AppellFl| ——, =, m,
A an[z(c+ x)} an[z(c+ x)] | + Appe [ A A m
5+m

. ,Tan[§<c+dx)]2, Tan[%(c+dx”2])Tan[§<c+dx>]2)]

1 1+m 1 3+4m 1 2
- m(1+m)AppellF1[1+ , =, 1l+m, 1+ —, Tan[f(c+dx)] s
3+m 2 2 2 2
—Tan[l(c+dx>]2} Sec[l(c+dx>]2Tan[1(c+dx)]+
2 2 2
1 1+m 3 3+m 1 2
(1+m) AppellF1[1+ , —omy 1e ——, Tan[= (c+dx) ],
2 (3+m) 2 2 2 2
7Tan[1(c+dx)]2]5ec[l(c+dx)]2Tan[l(c+dx”/
2 2 2
((—1+Tan[1 (c+dx)]2) [(3+m) AppellFl[lﬂn, l, m, 3+m,Tan[E (c+dx”z,
2 2 2 2 2
1 2 3+m 1 5+m
—Tan[f(c+dx)] | + |-2mAppellF1| , =, 1+m, —,
2 2 2
1 1 3 3
Tan[g(c+dx)]2, —Tan[;(c+dx”2}+AppellF1[%m, E’ m,
5+m

- Tan[% <c+dx)]2, —Tan[i (c+dx”2] Tan[% <c+dx)]2J] -
+m) —3, 1+m, B?m, Tan[% <c+dx)]2, —Tan[% (c+dx)]2]

1
AppellF1|



Mathematica 11.3 Integration Test Results for 4.5.1.3 (d sin)”n (a+b sec)”m.nb | 39

,2+m, Sﬂ, Tan[1 (c+dx)]2,
2

Cos[l (c+dx)]2 [—[2 (1+m) Appe11F1[3+m, -
2 2

1

2

—Tan[1 (c+dx)]2] +Appe11F1[3+m, 1, 1+m, 5+_m, Tan[1 <c+dx)]2,
2 2 2 2 2

—Tan[% (c+dxH2} Sec[% (c+dx)]2Tan[§ (c+dx)]+

1+m 1 3+m
y ——y 2+m, 1+ R
2

- (1+m)?AppellF1[1+
3+m

(3+m)

N

Tan[1 (c+dx”2, —Tan[l (c+dx)]2] Sec[l (Cerx)]zTan[l (c+dx)] -
2 2 2 2

1 1+m 1 3+m 1 2
(1+m)Appe11F1[1+ , =, 1+m, 1+ ,Tan[7<c+dx)] s

2 (3+m) 2 2 2 2

—Tan[l(c+dx”2} Sec[l(c+dxH2Tan[1(c+dx)] -
2 2 2
1 5+m
y, —y 2+m, 1+ R
2 2

3+m

Tan[l(c+dx)]2 - (1+m) (3+m) AppellF1 |1+
2 5+m
1

<c+dx)]2] Sec|

R (c+dx]2Tan[§(c+dxH+

Tan[% (c+dx”2, ~Tan|

N |

1 3+m 3 5+m 1 2
(3+m) AppellF1[1+ , =, 1+m, 1+ , Tan[= (c+dx) ],
2 (5+m) 2 2 2 2

1

—Tan[i (c+dx”2} Sec[% (c+dx”2Tan[% (c+dx)]+2(1+m) o

3+m 1 5+m 1 2
, - =5 3+m, 1+ =, Tan| = (c+dxH ,
2 2 2 2

(c+dx)] -

(2+m) (3+m) AppellF1[1 +

1
2 (5+m)

—Tan[% (c+dx)}2} Sec[l (c+dxH2Tan[

N
N |

3+m 1 5+m

(3+m) AppellF1[1+

, = 2+m, 1+ ,Tan[1<c+dx)]2,
—Tan[% (c+dx)]2] Sec[% (c+dx)]2Tan[§ (c+dx)]

2 2 2 2
1+m 1 3+m 1 2 1 2
3 AppellFl|——, - =, 1+m, ——, Tan|[— d , ~Tan| — d -
(( +m) Appe [ A A +m A an[2 (c+dx)] an[2 (c+dx)]|7]

3+m 1 5+m 1 2
[2 (1+m) AppellF1[~——, - =, 2+m, —, Tan[ = (c+dx) ]|,
2 2 2 2
1 2 3+m 1 5+m
~Tan|[ = (c+dx)|"| +AppellF1[ ——, =, 1+m, s
2 2 2 2

2
Tan[l(c+dx)]2,—Tan[l(c+dx”2} Tan[l(c+dx)]2 +
2 2 2
1+m 1 3+m 1 2 1 2
AppellF1 , =, m, , Tan[= (c+d , —Tan|[= (c+d
ppe [ , ) m " an[2<c+ x)] an[z(c+ XH]

3+m 1 5+m 1 2 1 2
(—ZmAppellFl[ , =, 1+m, 7,Tan[f(c+dx)] ,—Tan[f(c+dx” }+
2 2 2 2 2
Appe11F1{3+m, i, m, 5+m} Tan{l (c+dx)]2, —Tan[l (c+dx)}2} Sec[1
2 2 2 2 2 2
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1+m 1

2 1
d T - d 3 - 1 A 11F1|1 » T
(c+dx)] an[z(c+ x)] + (3+m) 3+mm< +m) Appe [1+ , ' 5
1+m, 1 wn Tan[l(c dx”2 Tan[l(c dx)]Z}Sec[1<c dx)]2
+ + - + - - + o *
) N ) 5 2 2 2
1 1 1+m 3 3+m
Tan|[ = (c+dx) ]| + (1+m) AppellF1[1+ > oMy 1 s
2 2 (3+m) 2 2 2
Tan[l(c+dx)]2,—Tan[l(c+dx)}2} Sec[l(c+dx)}2Tan[l<c+dx)] +
2 2 2 2
1 , 1 3+m 3 54m
Tan[ =~ (c+dx)]|" |- m (3 +m) AppellF1[1+ > =5 1+m, 1+ >
2 5+m 22 2

Tan[% (c+dx”2, —Tan[% (c+dx)]2] Sec[% (Cerx)]ZTan[l (c+dx)]+

2

1 3+m 5 5+m 1 2

3(3+m)AppellF1[1+ , =, m, 1+ ,Tan[f(c+dx” B
2 (5+m) 2 2 2 2
Tan[l(c dx)}z} Sec[l(c dxHZTan[l(c dx)] 2m
- — + — + — + - -
2 2 2 5+m
m m

(1+m) (3+m) AppellF1[1+ 3

_Tan[i (C+dXH2} Sec[% (C+dXH2Tan[§ (c+dx)]+ 2 (5+m)

3+m 3 5+m 1 2
, =, 14m, 1+ — Tan[f <c+dx)] s

2 2 2 2
+m 1 3+m

[(—1+Tan[§(c+dx)]2) ((3+m)AppellF1[12 ’E’m’ A ,Tan[%(C+dXH2,

(3+m) AppellF1[1 +

—Tan[% <c+dx)]2] Sec[% <c+dx)]2Tan[§ (c+dx”

1 2 3+m 1 5+m
~Tan[= (c+dx)| ]+ [-2mAppellF1[——, =, 1+m, s
2 2 2 2
1 2 1 2 3+m 3 5+m
Tan| = d , -Tan|[= (c+d AppellF1 L2, m, ,
an[z(c+ x) | an[z(c+ x) ]| + Appe [ i m A
2
Tan{l(c+dx)]2,—Tan[l(c+dx”2} Tan[l(c+dx)]2) J]—
2 2 2
1
(3+m)Sinfc+dx]"
1 2 3/2
2 (1+m) (Cos[;(c+dx)] Sec[c+dx])
Tan[
1
— d
feeax)
+m 1 3+m
A 11F1 , ——> 1 , , T - d , -T — d
(( ppe [ 5 A +m A an[2 (c+dx)] an[2 (c+dx)]|"]
Cos[l(c+dx)]2]/
2
((3+m) Appe11F1[1+m, 1,1+m, 3+m,Tan[1(c+dx)] , -Tan| = (c+dx” |-
2 2 2
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3+m 1 5+m 1 2

2 (1+m) AppellF1| ,—;,2+m, T,Tan{;(c+dx” B
1 2 3+m 1 5+m
—Tan[;(c+dx” | +AppellF1] ,;,1+m, s

Tan[1 (c+dx>]2, —Tan[% (c+dx)]2] Tan[% (c+dx>]2] -

2
AppellFl[I;m, i, m, B;m,Tan[i(Certz, —Tan[i(c+dx>]2}/
1 1 1 3 1
((—1+Tan[g <c+dx)]2) ((3+m) AppellF1| ;m, S’ m, ?m, Tan[; (c+dx”2,
1 2 3+m 1 5+m
—Tan[—(c+dx)] | + |-2mAppellF1[~——, =, 1+m, ,
2 2 2 2

1 1 3 3
Tan[; (c+dx)]2, 7Tan[£ (c+dx”2} +Appe11F1[?m, >’ m,

5;m) Tan[% (c+dx)]2, —Tan[i (c+dx)]2] Tan[% <c+dx)]2J])

—Cos[l (c+dx)] secic+dx] Sin[l (c+dx)] +Cos[1 (c+dx)]2
2 2 2

Sec[c+dx] Tan[c +d X]

Problem 142: Result more than twice size of optimal antiderivative.

dx

J (esinfc+dx])"

Ja+aSec[c+dx]

Optimal (type 6, 115leaves, 5steps):
3 1-m 2-m 5
2 e AppellFi[ =, s , = Cos[c+dx], -Cos[c+dx]| (1-Cos[c+dx])
2 2 2 2
Cos[c +dx] (1+Cos[c+dx])1’r21 (eSin[c+dx1)’1*m]/(3d\/a+aSec[c+dx] ))

1-m
2

Result (type 6, 2679 leaves):

[\/? (3+m) Appe11F1[1+m, —l, 1+m, ﬂ, Tan[l (c+dx”2, —Tan[1 (c+dx>]2}

2 2 2 2 2

1
Cos[c+dx]V1+Sec[c+dx] Sin[c+dx]" (eSin[c+dx])"Tan[~ (c+dx) |
2

(d (1+m) \/a (1+Secc+dx])

+m 1 3+m
» - s 1+m, —, Tan|

2 2

2 1 2
(c+dx)], —Tan{g (c+dx)]7] -

N |

1
( (3+m) AppellF1|

3+m 1 5+m
(2 (1+m) AppellF1| » - s 2+m, —, Tan|
2 2 2

2 1 2
(c+dx) ]|, —Tan{g (c+dx)]7]+

N |
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AppellFl[Ber,1 1+m, SJr—m,Tan[l(c+dxH2,—Tan[l(c+dx>]2})
2 2 2
1+m 1 3+m 1 2
Tan[ (c+dx) [ (3+m) AppellF1| , - =, 1+m, ——, Tan[= (c+dx) ]|,
2 2 2 2
—Tan[ (c+dx)] }Cos c+dx] [ (c+dx”2\/1+5ec[c+dx] Sin[c+dx]'“/
2
(\/7(1+m) (3+m)Appe11F1[1 ,—l 1+m, ﬂ, Tan[l(c+dx”2,
2 2 2 2
1 2 3+m 1 5+m
~Tan[ = (c+dx) | ]—(2(1+m>AppellF1[ ,—;,2+m, -
2

Tan[l (c+dx”2, —Tan[1 (c+dx”2} +Appe11F1[3+—m, 1, 1+m,
2 2 2 2

5+m,Tan[f(c+dx)]2, —Tan[f(c+dxﬂ] Tan[l<c+dx)]2) +
2 2 2
(\/_m(3+m)AppellF1[ +m,—l,1+m,3+m,Tan[l(c+dx)]2, —Tan[l(c+dx)]2]
2 2 2 2
Cos[c+dx]?V1+Sec[c+dx] Sin[c+dx] 1*’"Tan[1(c+dx” /
2
1+m 1 3+m 1 2 1 2
1 3. m) AppellF1 ,-=,1+m, —— Tan[= (c+dx)]’, -Tan[= (c+d -
(( +m) ( +m) ppe [ " A +m A an[2 (c+ x)] an[2 (c+ x)]]
3+m 1 5+m 1 2 1 2
2 (1+m) AppellF1 ,-=,2+m, — =, Tan[= (c+dx)]|°, ~Tan[= (c+d
( +m) ppe [ " " +m , an[2 (c+ XH an[2 (c+ XH }Jr

3+m 1 5+m 1 2
AppellFl[ A ,g,1+m, T, Tan[g(c+dx)] B

—Tan[%(cmx)]z] Tan[%(c+dx)]2)]+

1+m 1 3+m 1 2 1 2
3+m) AppellF1l L -, 1+m, ——, Tan[= d , —Tan|[= (c+d
(( +m) Appe [ A A +m 5 an[z(c+ x) | an[z(c+ x)]7]

/(ﬁ (1+m) V1+Sec(c+dx]

Sec[c +d x] Sin[c+dx}1*"'Tan[1 (c+dx)]

2
1+m 1 3+m 1 2 1 2
3+m) AppellF1l -, 1+m, , Tan[= d , —Tan[ = d -
(( +m) Appe [ A A +m A an[2 (c+dx)] an[2 (c+dx)]"]
3+m 1 5+m 1 2 1 2
2 (1+m) AppellF1 -, 2+m, ——, Tan[= d , —Tan[ = d
( (1+m) Appe [ A A +m A an[z(c+ x) | an[z(c+ x) 7]+
3+m 1 5+m 1 2
AppellF1| » = lam, ——, Tan|[= (c+dx) ],
2 2 2 2
1 2 1 2
—Tan[;(c+dx)]] Tan[;(c+dx)] J]—
(\/7(3+m) AppellF1[1+m,—l,1+m, M, Tan[l(c+dx)]2,—Tan[1(c+dx)]2]
2 2 2 2 2
\/1+Sec[c+dx] Sin[c+dx]1*"‘Tan[l(c+dx)]/
2
((1+m) (3+m)AppellF1[1;m,—%,1+m, 3+Tm,Tan[i(Cdex)]z,—Tan[§<c+dx)]2]—
2(1+m)Appe11F1[3?m,—§,2+m, S;J,Tan[é(c+dx)}z, —Tan[i(c+dx”2}+
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3+m 1 5+m 1 2 1 2
AppellF1| , —>lam, ——, Tan|[= (c+dx) ], -Tan[ = (c+dx)]]
2 2 2 2
Tan[l(c+dx”2))+[ﬁ(3+m) Cos[c+dx]V1+Sec[c+dx] Sin[c+dx]"
2
Tan[1<c+dx)] ot (1+m)2Appe11F1[1+1+m,—l,2+m,1+3+m,
2 3+m 2 2 2
Tan[l(c+dx)}2,7Tan[1(c+dx”2} Sec[l(c+dxH2Tan[1(c+dx)]f
2 2 2 2
1 1+m 1 3+m 1 2
(1+m>AppellF1[1+ , —,1+m, 1+ ,Tan[f(c+dx” ,
2 (3+m) 2 2 2
—Tan[l(c+dx”2]5ec[l(c+dx”2Tan[1(c+dx)] ]/
2 2 2
1+m 1 3+m 1 2 1 2
1 3+ m) AppellF1l -, 1+m, , Tan[= d , —Tan|[= (c+d -
(( +m) | (3+m) Appe [ A A +m A an[2 (c+dx)] an[2 (c+dx)]7]
3+m 1 5+m 1 2 1 2
2 (1+m) AppellF1 -, 2+m, ——, Tan[= d , —Tan[ = d
(1+m) Appe [ A A +m A an[2 (c+dx)] an[2 (c+dx)]7] +
3+m 1 5+m 1 2
AppellF1| » = 1em, ——, Tan|[= (c+dx) ],
2 2 2 2

—Tan{% (c+dx)]2] Tan[% (c+dx)]2J] -

(\/?(3+m) AppellF1[1+m,—l,1+m, 3+m,Tan[l(c+dx)]2,—Tan[l(c+dx)]2]
2 2
Cos[c+dx] V1+Sec[c+dx] Sin[c+dx}mTan[£(c+dxH
2
[—(2(1+m) Appe11F1[3+m,—l,2+m, 5;m) Tan[l(c+dx”2,—Tan[l(c+dx)]2}+
2 2 2 2

2
AppellFl[Bzm, i 1+m, 5+_m) Tan[% (c+dx)]2, —Tan[% (c+dx”2}
(1+m)?AppellF1[1+ 1+m,

Sec[l (c+dxHZTan[l (c+dx) ]+ (3+m) |-

2 2 3+m 2
1 3+m 1 2 1 2 1 2
-—52+m, 1 > T - d > - T — d S — d
A +m, 1+ A an[z(c+ x) | an[z(c+ x)]7] ec[z(c+ x) |
1 1+m 1 3+m
Tan[f(c+dx”— (1+m)AppellF1[1+ , =, 1+m, 1+ s
2 2 (3+m) 2 2 2
Tan{l(c+dx”2,—Tan[l(c+dx”2} Sec[l(c+dxH2Tan[l(c+dx)] -
2 2 2 2
1 2 1 3+m 1 5+m
Tan[ =~ (c+dx)]|" |- (1+m) (3+m) AppellF1[1+ > s 24m, 14 >
2 5+m 2 2 2
Tan[l(c+dx)]2,—Tan[l(c+dx)] ]Sec[ (c+dx)] Tan{ (c+dx)]+
2 2
1 3+m 3 5+m 1 2
(3+m) AppellF1[1+ , =, 1+m, 1+ , Tan[ = (c+dx) |,
2 (5+m) 2 2 2 2

—Tan[i (c+dx>]2} Sec[i (c+dx>]2Tan[§ (c+dx)]+
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3+m 1 5+m
2 (1+m) |- (2+m) (3+m) AppellF1[1 + ,-—, 3+m, 1+ s
5+m 2 2 2
Tan[l(c+dx)]2,—Tan[l(c+dx”2} Sec[l(c+dxH2Tan[l(c+dx)]—
2 2 2 2
1 3+m 1 5+m 1 2
(3+m) AppellF1[1+ , =, 2+m, 1+ » Tan[ = (c+dx) ],
2 (5+m) 2 2 2 2
—Tan[l(c+dx)]2]5ec[1(c+dx)]2Tan[1(c+dx)})) /
2 2 2
[(1+m) ((3+m) Appe11F1[1+m, 73,1+m, ﬂ, Tan[1 (c+dx>]2, 7Tan[1 (c+dx)]2] -
2 2 2 2
3+m 1 5+m 1 2
[2 (1+m)AppellF1[ , =, 2+m, ——, Tan[7<c+dx)] ,
2 2 2 2
1 2 3+m 1 5+m
~Tan[ = (c+dx)|"| + AppellF1| , =, 1+m, s
2 2 2 2
2
Tan[1 (c+dx)]2, —Tan[1 (c+dx”2} Tan[1 (c+dx)]2) )]]
2 2 2

Problem 143: Result more than twice size of optimal antiderivative.

J (esinfc+dx])"

(a+aSec[c+dx])>?

dx

Optimal (type 6, 120 leaves, 5steps):
( 1-m 4-m

5 7
2 e AppellFi[ =, s , —» Cos[c+dx], -Cos[c+dx]] (1-Cos[c+dx])
2 2 2 2

Cos[c+dx]? (1+Cos[c+dx])1':_ (eSin[c+dx])’1*mJ/ (5adx/a+a5ec[c+dx} )]

1-m
2

Result (type 6, 5702 leaves):

24" (34 m) Cos[1 (c+dx)]ZSec[Cerx]B’/zsin[1 (c+dx)]
2 2

. i . m (1 1 3 .
Sin[c+dx] ™ (eSin[c+dx]) (—Sec[—(c+dx)] vSec[c+dx] Sin[c+dx]™+
2 2

1 1 3 .
~Cos |2 (c+dx)]5ec[;(c+dx)] vSec[c+dx] Sin[c+dx]"
2

3/2

(—1+Tan[1 (c+dx)]2)2

m

1 Tan[i(c+dx”

1—Tan[§(c+dx”2 2 1+Tan[%(c+dx)]2
(—(AppellFl[lfm, —%, m, 342rm’ Tan[% (c+dx”2, —Tan[i <c+dx)]2]/
((3+m) AppellFl[ﬂ, —l, m, 3+m’ Tan[1 (c+dx>]2, —Tan[l (c+dx)]2] -
2 2 2 2

3+m 1 5+m 1 2 1 2
2mAppe11F1[T, —;, 1+m, T, Tan[; (c+dx” B —Tan[g (c+dx)] ]+
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3+m 1 5+m 1 2
AppellF1| , =, m, » Tan[= (c+dx) ],
2 2 2 2
1 2 1 2
—Tan[g(c+dx)] ]JTan[;(c+dx)] +
(2Appe11F1[1+m,—1,1+m, 3+7m, Tan[l(c+dx)]2, —Tan[l(c+dx”2])/
2 2 2 2 2
((1+Tan[1(c+dx”2]
2
1+m 1 3+m 1 2 1 2
3+m) AppellF1[=——, - =, 1+m, ——, Tan[ = (c+dx)]|", -Tan[~ (c+d -
(( +m) ppe [ X 5 +m " an[2 (c+ x)] an[2 (c+ XH}
3+m 1 5+m 1 2 1 2
2 (1+m) AppellFl[=——, - =, 2+m, ——, Tan[= (c+d , ~Tan[= (c+d
( ( +m) ppe [ 5 R +m , an[z(c+ XH an[z(c+ XH }Jr
3+m 5+m 1 2 1 2
AppellFl[——, =, 1+m, ——, Tan[= (c+d , ~Tan|[= (c+d
ppe [ A A +m A an[2 (c+dx)] an[2 (c+dx)] ])

Tan[% (c+dx”2))]]/ [d (1+m) (a(1+Sec[c+dx]))>?

3/2
1 22*m<3+m)Sec[l(c+dx”2Tan[1(c+dx)]2 !
l+m 2 2 1—Tan[l(c+dx)]2
2
Tan[2 (c+dx "
(—1+Tan[l(c+dx)]2) [2( )]
2 1+Tan[l<c+dx)]2
2
1+m 1 3+m 1 2 1 2
- [AppellFi[ ==, - =, m, ,Tan[ = (c+dx)]°, -Tan[ = (c+d /
( (ppe [ A A m A an[z(c+ x) | an[z(c+ x)]7]
1+m 1 3+m 1 2 1 2
3.+m) AppellFl|——, - =, m, , Tan[= d , -Tan|[= (c+d -
(( +m) Appe [ A A m A an[2 (c+dx)] an[2 (c+dx)]7]
2mAppellF1[3;m,—l,1+m, 5+_m’ Tan[l(c+dx”2, —Tan[l<c+dx)]2}+
2 2 2 2
3+m 1 5+m 1 2
AppellF1| , =, m, » Tan[ = (c+dx) ],
2 2 2 2
1 2 1 2
—Tan[g(c+dx)] ]]Tan[;(c+dx)] )+
1+m 1 3+m 1 2 2
2 AppellF1 ,-=,1+m, ——, Tan[= (c+d , —~Tan|[= (c+d /
[ ppe [ 5 5 +m " an[2<c+ x)] an| (c+ XH ])
1 2 1+m 1 +m 1
1+Tan|= d 3.+m) AppellFl[——, - =, 1+m, ——, Tan[= d ,
(( + an[2 (c+ x)} ] (( +m) Appe [ , 5 +m 5 an[2 (c+ x)]
1 2 3+m 5+m
—Tan[f(c+dx)] ] - 2(1+m>AppellF1[ , =, 2+m, s
2 2 2 2
Tan[l(c+dx)]2, —Tan[l(c+dx” }+AppellF1[;, 1,1+m,
2 2 2
5+m,Tan[1<c+dx)]2, 7Tan[£(c+dx”2] Tan[1<c+dx)]2J )+
2 2

2 2
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1

1 2
2" (3 S — d
- (3+m) ec[z(c+ XH

1—Tan[§ (c+dx)]2

Tan[%(c+dx>] "

1+Tan[§ (c+dx”2

1+
(— (AppellFl[

B
2
(<3+m> AppellF1{1+m, —l, m, 3+m, Tan[l (c+dx”2, —Tan[l (c+dx)]7] -
2 2 2 2
wmo 1 5+m,Tan[l(c+dxH2, —Tan[l<c+dx)] |+

3
2mAppellFi| ,-—, 1+m,
2

3+m 1 5+m 1
AppellF1| A ,E,m, A ,Tan{;(c+dx)] s

,Tan[g (c+dx)]2]] Tan[i (crdx)]’

1+m, —1, 1+m, M, Tan[1 <c+dx)]2, —Tan[l (c+dx”2]J/
2

[2 AppellF1]

2 2 2
((1+Tan[l (c+dx)}2] ((3+m) Appe11F1[1+m, —l, 1+m, ;m, Tan[1 <c+dx)] ,
2 2 2 2
1 2 3+m 1 5+m
—Tan[f(c+dx)] ] - 2(1+m)AppellF1[ , =, 2+m, -
2
Tan[l(c+dx)]2, —Tan[l(c+dx”2}+AppellF1[3+m, 1,1+m,
2 2 2
5+m 1 2 1 2 1 2
, Tan|[= (c+dx)], ~Tan[= (c+d Tan[= (c+d
5 an[2<c+ x) | an[z(c+ x)]7] an[2<c+ x)]) )+

1

1—Tan[§ (c+dx)]2}

3 2'"(3+m)Sec[l(c+dx)]2Tan[l(c+dx”2
1+m 2 2
m

2 Tan[i(c+dx”

(_1+Tan[§(C+dX)]2) 1+Tan[%(C+dX)]2

1+m 1 3+m 1 2 1 2
- [ Appe11F1 , -, m, ,Tan[= (c+dx)]°, -Tan[= (c+d /
( (ppe [ A A m A an[z(c+ x) | an[z(c+ x)]7]
(<3+m> AppellFl{lfm, —%, m, 3;m, Tan[% (c+dx”2, —Tan[% (c+dx)]2] -
3+m 1 5+m 1 2 1 2
2mAppellFl[~——, - =, 1+m, —, Tan[ = (c+dx) |, -Tan[ = (c+dx) ]| ] +
2 2 2 2 2
3+m 1 5+m 1 2
AppellF1| , =, m, » Tan[ = (c+dx) ],
2 2 2 2
1 2 1 2
—Tan[g(c+dx)] ]]Tan[;(c+dx)] )+
[ZAppellFl[ler,—l,ler, 3+7m, Tan[*(c+dx)]2, —Tan[l(c+dx”2])/
2 2 2 2 2
((1+Tan[l (c+dx)}2] ((3+m) AppellFl[m, —l, 1+m, BHrI,Tan[1 <c+dx)]
2 2 2 2
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1 2 3+m 1 5+m
~Tan|[ = (c+dx) | ]—(2 (1+m) AppellF1| , -, 2+m, s
2 2 2
Tan[—(c+dx)]2,—Tan[l(c+dx”2}+AppellF1[;m, 1,1+m,
2 2 2
5+m 1 2 1 1 2
, Tan[= (c+dx)]®, ~Tan[= (c+d Tan[= (c+d
" an[2 (c+ x)] an[2 (c+ x)} ] an[2 <c+ x)] J )+
3/2 .
Zl*mm(3+m)Tan[l<c+dx)] 1 (—1+Tan[l(c+dx”2]
l+m 2 1—Tan[§(c+dx)] 2
Tan[i (c+dx) ] S
1+Tan[§(c+dx”
_Sec[i(c+dx)}2Tan[§<c+dx)] ) Sec[i(c+dx”2
(1+Tan[§(c+dx)]2)2 2(1+Tan[§(c+dx”)
1+m 1 3+m 1 2 2
- | Appe11F1 , -, m, ,Tan[= (c+dx)]°, -Tan[= (c+d /
( (ppe [ A m A an{2 (c+dx)] an[2 (c+dx)]"]
(<3+m>AppellF1[1+m,—l, m, 3+m,Tan[l(c+dx”2,—Tan[l(c+dx)]2]—
2 2 2 2
2mAppellF1| +m,—l,1+m, M,Tan[l(c+dxH2,—Tan[l<c+dx)]2]+
2 2 2 2 2
AppellF1[3+m, l, m, Ser,Tan{1 (c+dx)]2,
2 2 2 2
—Tan[l(c+dx)]2]]Tan[l(c+dx)] )+
2 2
[ZAppellFl[lﬂ,—l,ler, M, Tan[l(c+dx)]2, —Tan[l(c+dx”2]J/
2 2 2 2 2
((1+Tan[l (c+dx)}2] ((3+m) AppellFl[l;, —l, 1+m, 3+m,Tan[1 <c+dx)] ,
2 2 2
—Tan[l(c+dx)] ] - 2 (1+m) AppellFl[Ber, —1,2+m, 5+m,
2 2 2 2
2 1 2 1
Tan[= (c+d , ~Tan[= (c+d AppellFl[ ==, = 1.m,
an[2 (c+ x)] an[2 (c+ XH }+ ppe [ " 5 +m
5+m 1 2 1
, Tan[= (c+dx) ], ~Tan[= (c+d Tan[= (c+d
A an[2<c+ x) | an[z(c+ x)]7] an[2<c+ x)]) )+
3/2 ,
1 (—1+Tan[l(c+dx”2)
2

! 21M (3. m) Tan : c+dx
( ) 5 ) 1—Tan[%(c+dx)]

2

1+m
m

Tan[% (c+dx)]

1+Tan[% (c+dx)]
er,Tan[l (c+dx)],

|

1+m 1
sy ——> 1+m, 1+

m(1+m) AppellF1|1 +
2 2

3+m
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—Tan[i(c+dx”2} Sec[;(c+dx>}2Tan[i(c+dx)]2<3+m> 1+m)
Appe11F1{1+1+m,l, m,1+3+m,Tan[l(c+dx)]2,—Tan[l(c+dxH2}
2 2 2
1 2 1 1+m 1 3+m
S i d T — d /( 3 A 11F1 y — M, b)
ec:[2 (c+dx)] an[2 (c+dx)] (3+m) Appe [ A A A
1 2 1 2 3+m 1
T - d , =T — d - [2mA 11IFl|——, -—, 1 b
an[z(c+ x) | an[z(c+ x)]7] ( m Appe [ A A +m
5+m 1 2 1 2 3+m 1
, T — d , -T — d A 11IF1| ——, —, m,
A an[z(c+ x) | an[z(c+ x)|"] +Appe [ A A m
5+m 1 2 1 2 1 2
, Tan[= (c+dx) ], ~Tan[= (c+d Tan[= (c+d -
" an[z(c+ x)] an[z(c+ XH]J an[2<c+ x)])]
[2AppellF1[1+m,—1,1+m, 3+7m, Tan[l(c+dx)]2, —Tan[l(c+dx”2]
2 2 2 2
1 2 1
Sec[= (c+dx)| Tan[= (c+dx)] /
2 2
1 2)2 1+m 1 3+m
((1+Tan[—(c+dx”] (<3+m)Appe11F1[ , - =, 1+m, s
2 2 2 2
Tan[l(c+dx)]2,—Tan[l(c+dx)]2]—(2 (1+m)Appe11F1[3+m,—1,2+m,
2 2 2
5+m,Tan[l(c+dxH2, —Tan[l(c+dx)]2}+Appe11F1[3+m,1,1+m,
2 2 2 2 2
5+m 1 2 1 2 1 2
, Tan[= (c+dx)]?, ~Tan[= (c+d Tan[= (c+d
A an[2<c+ x) | an[z(c+ x)]7] an[2<c+ x)])]+
[2[— ! (1+m>2Appe11F1[1+1+m,—1,2+m,1+3+m,Tan[l(c+dxH2,
3+m 2 2 2 2
—Tan[l(c+dx”2} Sec[l(c+dxH2Tan[l(c+dx)]— !
2 2

N
N

Now
+
=

+m 1 3+m
, — 1+m, 1+
2 2 2 2

(1+m) AppellF1[1+ !

—Tan[l (c+dx)]2] Sec[l (c+dx)]2Tan[l (c+dx)]

2 2 2
1 2 1+m 1 3+m
((1+Tan[—(c+dx” ] ((3+m)Appe11F1[—,——,1+m, s
2 2 2 2
Tan[1 (c+dx)]2, —Tan[l (c+dx)]2] - (2 (1+m) Appe11F1[3+m, —1, 2+m,
2 2 2

5+m +m

B Tan[l (c+dx”2, —Tan[1 (c+dx)]2} +Appe11F1[3 , =, 1+m,
2 2 2

<c+dx)]2J]+
1+m 1 3+m

1 2 1 2
AppellF1 , ——, m, , Tan|— (c+dx , -Tan|— (c+dx
ppetlr [ F, -~ m, 2 Tan] fcdx] %, Tan[  (c-dx)]]

[_

5+m

s Tan[i (c+dx)]2, —Tan{% (c+dx”2]J Tan|

N | =

3+m 1 5+m 1 2 1 2
2mAppe11F1[T, - 1+m, - Tan[; (c+dx)], —Tan[; (c+dx)]7] +
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+m 5+m

3 1
AppellF1| , =, m,
2 2

s Tan[1 (c+dx”2,
2

7Tan[§ (c+dx”2} Sec[% (c+dx)]2Tan[§ (c+dx)]+

1+m 1 3+m
(3+m) |- m(1+m) AppellF1[1 + ,-—,1+m, 1+ s
3+m 2 2 2
Tan[1 (c+dx”2, —Tan[1 (c+dx)]2] Sec[1 (Cerx)]zTan[l (c+dx)] -
2 2 2 2
1 1+m 1 3+m 1 2
(1+m) AppellF1[1+ , =, m, 1+ » Tan[ = (c+dx) ],
2 (3+m) 2 2 2 2
—Tan[l(c+dx”2} Sec[l(c+dx”2Tan[1(c+dx)] -
2 2 2
1 2 3+m 1 5+m
Tan[f(c+dx)] - m(3+m)AppellF1[1+ , =, 1+m, 1+ s
2 5+m 2 2 2

Tan[1 (c+dx”2, —Tan[% (c+dx)]2] Sec[% (c+dx)]2Tan[§ (c+dx” +

1 3+m 3 5+m 1 2
(3+m) AppellF1[1+ s —o My e ——, Tan|[ = (c+dx) ],
2 (5+m) 2 2 2 2
1 2 1 2 1 1
~Tan[ = (c+d sec[~ (c+dx)]| Tan[= (c+d 2m |-
an[z(c+ x”} ec[z(c+ x” an[z(c+ x)]+ m —

(1+m) (3+m) AppellF1[1+

3+m 1 5+m 1 2
, -, 2+m, 1+ » Tan[ = (c+dx) ],
2 2 2 2

<c+dx)] -

1
2 (5+m)

N |

~Tan| (c+dx”2} Sec[i (c+dx”2Tan[

N |

3+m 1 5+m,Tan[l<c+dx)]2,

, —, 1+m, 1+

(evax)]’] -

(3+m) AppellF1[1+

—Tan[i (c+dx)]2] Sec[i (c+dx)]2Tan[§ (c+dx)}))

1+m
(<3+m) AppellF1| , -
2

N |

3;m, Tan[% (c+dx>]2, ~Tan|

JmJ

(c+dx)]2, —Tan[l (c+dx”2] +

N |

1
2
1 5+m

=, 1+m, —, Tan|
2 2

3+4m
2mAppellFl[—, -
2 2
Appe11F1[3+m, 1, m, 5+m’ Tan[1 (c+dx>]2,
2 2 2 2
2
—Tan[l(c+dx”2} Tan[l(c+dx” -
2 2
1+ 1 3+m 1 2 1 2
2AppellFl|——, - =, 1+m, ——, Tan[= (c+d , —Tan| = d
ppe [ A A +m A an[2 (c+dx)] an[2 (c+dx)]7]
3+m 1 5+m 1 2
—(2(1+m)AppellF1[ , - =, 2+m, —, Tan[= (c+dx) ]|,
2 2 2 2
—Tan[l(c+dx)]2]+AppellF1[M, l,1+m, M, Tan[1<c+dx)]2,
2 2 2 2

7Tan[§ (c+dx”2} Sec[% (c+dx)]2Tan[§ (c+dx)]+
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1 2 1+m 1 3+m
(3+m) |- (1+m)*AppellF1[1 + , -, 2+m, 1+ s
3+m 2 2 2

Tan[1 (c+dx”2, —Tan[l <c+dx)]2] Sec[1 (c+dx)]2Tan[l (c+dx” -
2 2 2 2

1 1+m 1 3+4m 1 2

(1+m)Appe11F1[1+ , =, lam, 1+ ,Tan[7<c+dx)] s

2 (3+m) 2 2 2 2

—Tan[% (c+dx”2} Sec[% (c+dx”2Tan[§ (c+dx)]]-

3+m 1 5+m
y, —y 2+m, 1+ B
2

2

Tan[l(c+dx)]2 I (1+m) (3+m) AppellF1[1+
2 5+m 2

Tan[%(c+dx”2,—Tan[§(c+dx)] ]Sec[ (c+dx)] Tan[ (c+dx)]+

1 3+m 3 5+m 1 2
(3+m) AppellF1[1 + , =, 1+m, 1+ » Tan[= (c+dx) ],
2 (5+m) 2 ' 2 2 2
—Tan[l(c+dx”2}5ec[l(c+dxH2Tan[l(c+dx)]+2(1+m) o
2 2 2 5+m

+m 1 5+m
y ——» 3+m, 1+
2

, Tan[% (c+dx>]2,
_Tan[i (c+dx)]’] SeC[i (“dXHZTa”[% (exdx)] -7 (51+m>

(2+m) (3+m) AppellF1[1+

3+m 1 5+m 1 2
, =, 2+m, 1+ —, Tan[f <c+dx)] s

)/

3+m
» - =5 1+m, —, Tan|
2

(3+m) AppellF1[1 +

—Tan[% <c+dx)]2] Sec[% (c+dx)]2Tan[§ (c+dx”

[(1+Tan[§ (c+dxH2] ((3+m) AppellFl[1

§<c+dx)]2, —Tan[% (c+dx)]2] - (2 (1+m) AppellFl[B%m, —%, 2+m,
5+m

- Tan[% <c+dx)]2, —Tan[% (c+dx)]2] +Appe11F1[3+Tm, %, 1+m,
S;m’ Tan[% (c+dx”2, —Tan[i (c+dx>]2}) Tan[l (c+dx”2)2)”]

2

Problem 144: Result more than twice size of optimal antiderivative.

J(a+a$ec[c+dx])” (esin[c+dx])"dx

Optimal (type 6, 130 leaves, 5steps):
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d(1-n)
=2 (1-m-2n),2-n, Cos[c+dx], -Cos[c+dx]] (1—Cos[c+dx])LTm
2 2

Cos[c+dx] (1+Cos[c+dx]):z

e AppellF1l [1 -n,

(1-m-2n) (a+aSeC[C+dX])n (esin[c+dx])‘1+m

Result (type 6, 2135leaves):

[2” (3+m) Appe11F1[1+7m, n, 1+m, 3+7m, Tan{l (c+dx”2, —Tan[1 (c+dx”2}
2 2 2

(Cos[1 (c+dx)]25ec[c+dx] "

(a(1+sec[c+dx]))"sin[c+dx]*" (esin[c+dx1)"‘)/
2

(d (1+m) [(3+m) AppellFl[lJr—m, n, 1+m, 3+_m, Tan[1 <c+dx)]2, —Tan[l (c+dxH2] -
2 2 2
2 ((1+m) AppellFl[B;m, n, 2+m, 5+_m) Tan[l (c+dx”2, 7Tan[1 (c+dx)]2} -
2 2 2

nAppellFl[B;m, 1+n,1+m, S;m, Tan[1 <c+dx)]2, —Tan[1 (c+dx)]2]J
2 2 2

1+m 3+m 1 2
— n,1+m, —, Tan[f (c+dx)] ,

Tan[1 (c+dx) ]2) [(2” (3+m) AppellF1]| ) 5

2
n

1 2 1 2 .
~Tan[ = (c+dx)]| ] Cos[c+dx] [Cos[= (c+dx)]| Sec[c+dx]| Sin[c+dx]"

/

2 2
(<3+m) AppellFl[lﬂ, n,1+m, Bﬂ, Tan[1 (c+dx>]2, —Tan[1 (c+dx)]2] -
2 2 2
2 ((1+m) AppellFl[M, n, 2+m, M, Tan[1 (c+dx)]2, —Tan[l (c+dx)]2] -
2 2 2

3+m 5+m 1 2 1 2
nAppellFl[T, 1+n,1+m, —, Tan[; (c+dx)} , —Tan[; (c+dx” })

Tan[E (c+dx”2] + (2” (3+m)

Cos[1 (c+dx)]25ec[c+dx] nSin[c+dx]1*m
2 2

+m

) 1+m 3 1 2
(— (1+m) AppellF1[1+ ——, n, 2+m, 1+ ,Tan[f(c+dx)} ,
3+m 2 2 2

(c+dx)]2} Sec[1 (c+dx)]2Tan[1 (c+dx)] + !

—Tan[ -
2 2 3+m

N |

1+m 3+m 1 2
(1+m) nAppellF1[1+ ,l+n,1+m, 1+ » Tan[ = (c+dx) ],

2 2 2

,n, 1+m, 3+_m) Tan{l (c+dx)]2, —Tan[l (c+dx”2} -
2 2 2

—Tan{% (c+dxH2] Sec[% (c+dxH2Tan[§ (c+dx)]

1+m

[(1+m)

2 ( (1+m) AppellF1|

(3+m) AppellF1|

M, n, 2+m, sﬂ, Tan[l (c+dx)]2, —Tan{1 (c+dx)]2] -
2 2 2

3+m 5+m 1 2 1 5
nAppellF1[~——, 1+n, 1+m, —, Tan[= (c+dx)]|", -Tan[ = (c+dx)|]
Tan{l (C+dx>}2)) _ [Zn <3+m> AppellFl{l-Fim, n, 1+m, m
2

s Tan[1 (c+dxH2,
2

2
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—Tan[l (c+dx)]2} Cos{l (c+dxHZSec[c+dx} nSin[c+dx]1”"

2 2

,n, 2+m, S%m, Tan[% (c+dx)]2, —Tan{% (c+dx)]2] -

3+m

(—2 [(1 +m) AppellF1|

3+m 5+m 1 2 1 2
nAppellFl[——, 1+n, 1+m, —, Tan{g (c+dx)], —Tan[; (c+dx)]"]
2
Sec[i(c+dx”2Tan[l(c+dx)]+(3+m) 1 (1+m)2AppellF1[1+1+m,n,
2 2 3+m 2

2+m, 1+ +m, Tan[1 (c+dx”2, —Tan[1 <c+dx)]2] Sec[1 (c+dx)]2Tan[
2 2 2 2

1 (c+dx)]+ (1+m) nAppellF1[1 + 1+m, 1+n,1+m, 1+ 3+m,

2 3+m 2 2

Tan[% (c+dx)}2, 7Tan[§ (c+dx”2} Sec[% (c+dx”2Tan[§ (c+dx)]|-

- (2+m) (3+m) AppellF1[1 + 3

1 2
2Tan| ~ (c+dx)| ((1+m) - .

Jn)

2

5+m 1 2 1 2 1
3+m, 1 » Tan| — (c+dx) |, -Tan| = (c+d Sec[ = (c+d
+m, 1+ A an[z(c+ x) | an[z(c+ x)]7] ec[z(c+ x) |
1 3+m 5+m
Tan[ = (c+dx) ]|+ (3+m) nAppellF1|1+ ,1+en,2+m, 1+ B
2 5+m 2 2

Tan[l(c+dx>]2,—Tan[l(c+dx)]2]5ec[l(c+dx)]2Tan[l(c+dx” -
2 2 2 2
1 3+m 5+m
n|- (1+m) (3+m) AppellF1 |1 + ,l+n,2+m, 1+ ,
5+m 2 2

Tan[% (c+dx)]2, 7Tan[§ (c+dx)}2} Sec[% (c+dx)}2Tan[§ (c+dx)]+

(3+4m) (1+n) AppellF1[1+3+m,2+n,1+m,1+ +m,Tan[l(c+dxH2,
5+m 2 2 2
—Tan[l(c+dx)]2]5ec[1(c+dx)]2Tan[1(c+dx” J])/
2 2 2
((1+m) (3+m)AppellF1[ﬂ,n,1+m, M,Tan[l(cmx)]z,—Tan[l(c+dx”2}—
2 2 2
3+m 5+m 1 2
2((1+m) AppellFl[T, n,2+m, —, Tan[; (c+dx)] ,
3+m 5+m

1 2
—Tan[f(c+dx)] | - nAppellFi| ,1+n, 1+m, -
2

1 2 1 2 1 2\ 2
Tan[; (c+dx)]7, —Tan[;(c+dx)] ] Tan[; (c+dx)] ] J+
(2“ (3+m)nAppellF1[1ﬂ, n,1+m, 3%”', Tan[%(c+dx)]2, —Tan[%(c+dx)]2]

1 2 -1+n
Cos|[~ (c+dx)] sec[c+dx] Sin[c+dx]bm

2

7Cos[1 (c+dx)]secic+dx] Sin[1 (c+dx)]+
2

coan))/

1 2
Cos[ = (c+dx)| sec[c+dx] Tan[c +dx]
2
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((1+m) ((3+m) AppellFl[lJr—m, n, 1+m, 3+_m, Tan[1 (c+dx)]2, —Tan[1 (c+dx”2] -
2 2 2
2((1+m) AppellFl[ﬂ, n, 2+m, Sﬂ, Tan[l(c+dx)]2, —Tan[l(c+dx)]2]—
2 2 2

3+m 5+m 1 2
nAppellFl[~——, 1+n, 1+m, —, Tan[= (c+dx)]|’,
2 2 2
7Tan[l(c+dx>]2} Tan[l(c+dx)]2))])

2 2

Problem 145: Unable to integrate problem.

J(a+a$ec[c+dx])“Sin[c+dx]7d1x

Optimal (type 5, 180 leaves, 4 steps):
—(((S—n) (8-n) (16 - n) Hypergeometric2F1[6, 4+n, 5+n, 1+Sec[c+dx]]
(a+aSec[c+dx])4+”)/(42a4d (1-n) (4+n))) -

Cos[c+dx]7 (1-Sec[c+dx])? (a+aSec[c+dx])*" 1

a*d (1-n) +42a4d(1—n)
Cos[c+dx]’ (a+aSec[c+dx}>4*" (6 (8-n) - (168 -25n+n?) Sec[c+dx])

Result (type 8, 23 leaves):

J(a+aSec[c+dx])"Sin[c+dx]7dlx

Problem 148: Result more than twice size of optimal antiderivative.

J(a+a$ec[c+dx])”Sin[c+dx] dx

Optimal (type 5, 42 leaves, 2 steps):

—————Hypergeometric2F1[2, 1+n, 2+n, 1+Sec[c+dx]] (a+aSec[c+dx] )1*"
ad (1+n)

Result (type 5, 95 leaves):

CEEPLI (-Cos[c+dx])*" Hypergeometric2F1[n, 1+n, 2+n, ZCOS[1 (c+dx) ]2]
d (1+n) 2
1 Py 1+n n n
Cos[;(c+dx)] Sec[c +dx] (1+Secfc+dx]) " (a(1+Sec[c+dx]))

Problem 152: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(a+a5ec[c+dx])"Sin[c+dx]4dlx
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Optimal (type 6, 230 leaves, 11 steps):
—((AppellFl[l—n,—l,l—n,Z—n, Cos[c+dx], -Cos[c+dx] | (1+Cos[c+dx});"n
2 2
(n-nCos[c+dx]) Cot[c+dx] (a+aSec[c+dx})”]/(d (1-n) v/1-Cos[c+dx] )] -

Cos[c+dx] (a+aSec[c+dx])"sin[c+dx] 123+n
+ —22
d

d

1 1 3 1
AppellF1[ =, -4+n, =-n, —, 1-Cos[c+dx], — (1-Cos[c+dx]) |
2 2 2 2

1
Cos[c+dx]" (1+Cos[c+dx])‘?'n (a+asec[c+dx])"Sin[c+dx]

Result (type 6, 7069 leaves):
[25*"Cos[l(c+dx)}9 Cos[l(c+dx”2$ec[c+dx} "
2 2

(1+secic+dx]) ™" (a (1+Sec[c+dx]))”sin[1 (c+dx)] |Cos[4 (c+dx)]

2

1 no 1 ncs 2 3 n
(1+secfc+dx])"+ = (1+Sec[c+dx])"Sin[c+dx]*+ = (1+Sec[c+dx])
16 4 8

1 1
Sin[c+dx]*+ = (1+Sec[c+dx])"Sin[c+dx]®+ — (1+Sec[c+dx])"Sin[c+dx]®| -

4 16
Lj (1+secic+dx])"Sin[4 (c+dx)] —11'1 (1+secfc+dx])"Sin[c+dx]?
16 4
Sin[4 (c+dx) | —ii (1+secfc+dx])"Sin[c+dx]*Sin[4 (c+dx)] -

8

| =

i(1+Sec[c+dx])"Sin[c+dx]®Sin[4 (c+dx)] -

N IS
cr\|'A

i (1+Sec[c+dx})“Sin[c+dx]gsin[4(c+dx)] +Cos[c+dx]®

LCos[4 (c+dx)] (1+Sec[c+dx1)”—ij (1+secfc+dx])"Sin[4 (c+dx)]
16 16

+

1
Cos[c+dx]’ (—1‘1Cos[4 (c+dx)] (1+secfc+dx])"sin[c+dx] +
2
1
~ (1+Sec[c+dx])"Sin[c+dx] Sin[4 (c+dX) ]|+
2

+

[c+dx]®|Cos|[4 (c+dx = 1+Sec[c+dx])" ’ 1+Sec[c+dx])"Sin[c+dx]?
Cos[c + ( [<+ )](_Z<+ + >_Z<+ + > +

i(1+Sec[c+dx])"Sin[4 (c+dx)]+

i(1+Sec[c+dx])"Sin[c+dx]?Sin[4 (c+dx)]

+

PN

3 .
Cos[c+dx]* (Cos[4<c+dx)] (—fj (1+secfc+dx])"sin[c+dx] -
2

7
—i (1+Sec[c+dx])"Sin[c+dx]>
2

(1+secfc+dx])"Sin[c+dx]

N W

(1+Sec[c+dx])"Sin[c+dx]>Sin[4 (c+dx)]| +

Sin[4 (c+dx” —2
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Cos[c+dx]* |Cos[4 (c+dx)] (i (1+Sec[c:+dx1)”+1f5 (1+sec[c+dx])"sin[c+dx]*+
8 4

» (1+Sec[c+dx])”Sin[c+dx}4) —EJ'L (1+Sec[c+dx])"Sin[4 (c+dx)] -

8 8
Ej (1+Sec[c+dx])"Sin[c+dx]?Sin[4 (c+dx)] -
4
ﬁ]'l (1+Sec[c+dx])“Sin[c+dx]4sin[4 (c+dx” +
8

3
Cos[c+dx]? Cos[4(c+dx)] [—1‘1 (1+secfc+dx])"sin[c+dx] +
2

51 (1+Sec[c+dx}>”Sin[c+dx]3+Zjl (1+Sec[c+dx])”Sin[c+dx}5) +
2
3 (1+Secfc+dx])"Sin[c+dx] Sin[4 (c+dx)]|+5 (1+Sec[c+dx])"
2

Sin[c+dx]?>Sin[4 (c+dx) | +Z (1+Secfc+dx])"Sin[c+dx]°Sin[4 (c+dx)]| +

2

Cos[c+dx]? |Cos[4 (c+dx) ] —1(1+Sec[c+dx])”f (1+Secfc+dx])"Sin[c+dx]?-
4

PNV

15 n e 4
— (1+Sec[c+dx])"sin[c+dx]*-

(1+secfc+dx])"sin[c+dx]®
4

+

i(1+Sec[c+dx])"Sin[4 (c+dx)]+ =1 (1+Sec[c+dx])"Sin[c+dx]?

2O BN

N

Sin[4 (c+dx) | +Ei (1+Secfc+dx])"Sin[c+dx]*Sin[4 (c+dx)] +
4

Zj (1+secfc+dx])"Sin[c+dx]®Sin[4 (c+dx) ]| +
4

Cos[c+dx] [Cos[4 (c+dx)] (—lj (1+Sec[c+dx])"Sin[c+dx] -
2

3. N es ; 3. noes 5 .
—i (1+Sec[c+dx])"Sin[c+dx]?>- =i (1+Sec[c+dx])"Sin[c+dx]’- —i
2

2

SR NI

(1+secfc+dx])"sin[c+dx]’ (1+secfc+dx])"sin[c+dx] Sin[4 c+dx)] -

N |

3 (1+Sec[c+dx])”Sin[c+dx]3Sin[4 (c+dx)] 3 (1+secfc+dx])"
2 2

Sin[c+dx]®Sin[4 (c+dx) | 1 (1+secfc+dx])"Sin[c+dx]7Sin[4 (c+dX) ]
2

([BAppellFl[i, n, 3, z, Tan[% (c+dx)]2, —Tan[% (c+dx)]2] Sec[% (c+dx)]4)/

|

(BAppellFl[l, n, 3, i, Tan[1 (c+dx”2, —Tan[l <c+dx)]2} +
2 2 2 2

3 5 1 2 1 2 3
2 [—3Appe11F1[;, n, 4, >’ Tan[; (c+dx)], —Tan[; (c+dx)] ]+nAppe11F1[;,

1+n, 3, 3, Tan[l (c+dx)]2, —Tan{% (c+dx)]2] Tan[% (c+dx)]2J -

2
(6AppellF1{§, n, 4, 3, Tan| (c+dx)]2, —Tan[% (c+dx”2] Sec{% (c+dx”2]/

N |
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(BAppellFl[l, n, 4, i, Tan[l (c+dxH2, ~Tan[= (c+dx)| ] +
2 2 2 2

3 5 1 2 1 2 3
2 (—4Appe11F1[—, n,5, =, Tan[= (c+dx)|", -Tan[= (c+dx) | | +nAppellF1[ -,
2 2 2 2 2
1+n, 4, E, Tan[l (c+dx)]2, —Tan{1 (c+dx)]2]J Tan[l (c+dx)]2 +
2 2 2
AppellFl{l, n, s, i, Tan{l (c+dx”2, —Tan[l (c+dx”2}/
2 2 2

(AppellFl[l, n, 5, i, Tan[E (c+dx”2, ~Tan| = (c+dx)] |+
2 2 2 2
E, Tan[1 (c+dx)]2, —Tan[l (c+dx)}2} +nAppe11F1[i,
2 2

3
-5 AppellFl|—, n, 6,
2

2 2
, Tan[% (c+dx)]%, *Ta”[i (“dx)]z]) Tan[i <C+dx>]2))J/

(d [24*”Cos[§(c+dx” Cos{%(c+dx”2$ec[c+dx}
((3AppellF1{l, n, 3, i, Tan[% (c+dx)]2, —Tan[i (c+dx”2} Sec[; (c+dx)] ]/

n

5
1+n,5, —
2
1

(]

[3Appe11F1[l, n, 3, i, Tan[l (c+dx)]2, —Tan[l (c+dx)}2] +
2 2
3 5 1 2 1 2 3
2 (—BAppellFl[—, n, 4, =, Tan[= (c+dx) ], —Tan[; (c+dx)]7] +nAppellF1{E,
2

1+n, 3, 3, Tan| c+dx)]2, —Tan[% (c+dxH2} Tan{% (c+dx)]2) -

N

(GAppellFl[i, n, 4, z, Tan[% (c+dxH2, —Tan[% (c+dx)]2} Sec[% <c+dx)]2J/

[BAppellFl{i, n, 4, 3, Tan[i (c+dx)]2, —Tan{% (c+dx”2] +
2, Tan[i (c+dx”2, —Tan[i (c+dx)]2} +nAppe11F1{§,
(

2 (—4Appe11F1[§, n, 5,
c+dx)]2, —Tan[i (c+dx)}2}) Tan{% (c+dx)]2) +

5
1+n,4, =, Tan|
2

2
i (c+dx)]2: —Ta”[i (“dx)]z]/

3 %(c+dx)]2, —Tan[%(c+dx)]2]+
3 5 1 2 1 2 3
= |-5AppellF1|[ =, n, 6, =, Tan|[~ (c+dx” B —Tan[g <c+dx)] ]+nAppellF1[g,
2 2
1+n, 5, E, Tan[l(c+dx)]2,—Tan[1(c+dx”2})Tan[1(c+dx)]2)J—
2 2
n

2 2
] sin[ > (c+dx)]’

# Cos[1 (c+dx”25ec[c+dx]

9 24*“Cos[1(c+dx>
2 2 2
1 3 1 2 1 2 1 4
3 AppellF1[=, n, 3, =, Tan| = (c+d , —Tan| = d Sec[= d /
(( ppe [2 n A an[z(c+ x)] an[z(c+ x”} ec[z(c+ x”]

i, Tan[1 (c+dx)]2, 7Tan[l (c+dx”2] +

1
[3 AppellFl[ =, n, 3,
2 2 2 2
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5, Tan[l (c+dxH2, —Tan[l (c+dx)]2} +nAppe11F1{i,
2 2 2

-

3
2 (—BAppellFl[—, n, 4
2

1+n, 3, 3, Tan| c+dx)]2, —Tan[% (c+dxH2} Tan{% (c+dx)]2) -

(GAppellFl[i, n, 4, %, Tan[% (c+dxH2, —Tan[% (c+dx)]2} Sec[% <c+dx)]2J/

[BAppellFl{i, n, 4, %, Tan[%(c+dx)]2, —Tan{%(c+dx”2]+
3 5 1 2 1 2 3
2 (—4Appe11F1[f, n,5, =, Tan[= (c+dx)|", -Tan[= (c+dx) | | + nAppellF1] -,
2 2 2 2 2

1+n, 4, z, Tan{% c+dx)]2, —Tan[i (c+dx)}2})Tan[% (c+dx)]2) +

AppellFl[%, n, s, 3, Tan[% (c+dx)]2, —Tan[% (c+dx)]2]/

[AppellFl[%, n, 5, 3, Tan[% (c+dx)]2, —Tan[% (c+dx)]2] +
5
2

3 1 2 1 2 3
= |-5AppellF1| =, n, 6, =, Tan|[~ (c+dx” B —Tan[£<c+dx)] ]+nAppellF1[g,
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1+n, 5, E, Tan[l(c+dx)]2,—Tan[1(c+dx”2})Tan[1(c+dx)]2)J+
2 2 2 2

n

Sin[1 (c+dx)]

° Cos[1 (c+dx)]25ec[c+dx]

25”‘(205[1 (c+dx)]

2 2 2
1 3 1 2 1 2 1
6 AppellF1[ =, n, 3, —, Tan[ = (c+d , —Tan[= (c+d sec[= (c+d
[( ppe {2 n A an{z(c+ x) ] an[z(c+ x)]7] ec[z(c+ x) |
1 1 3 1 2 1 2
T — d /(3A 11F1|—, n, 3, —, T — d , =T — d
an[z(c+ x) | ppe [2 n A an[z(c+ x) ] an[z(c+ x) 7]+
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)

3 5 1 1 2 3
2 (—3Appe11F1[f, n, 4, =, Tan[; (c+dx) ], —Tan[; (c+dx) | }+nAppellF1{;,
2

+

2
5 1 2 1 2 1 2
1+n,3, 2, Tan[= (c+dx)]%, -Tan[= (c+d Tan[= (c+d
+n A an{z(c+ x)] an[z(c+ XH} an{z(c+ x)]

—AppellFl[i, n, 4, E, Tan[l (c+dx)]2, —Tan{l (c+dx”2]
2 2 2

3Sec[§ (c+dxH4

)

Sec[1 (Cerx)]zTan[1 (c+dx)] +EnAppellF1[i; 1+n, 3,
2 3 2

|/

(c+dx”2Tan[f <c+dx)]

1
2

Tan| (c+dx)}2, ~Tan| (c+dx”2} Sec|

(c+dx”2] +

— N R
NP R

2
1 3 1 2
[BAppellFl[f, n, 3, —, Tan[ = c+dx)] , ~Tan|
2 2 2
3 5 1 2 1 2 3
2(—3AppellF1[—, n, 4, —, Tan|[ = (c+dx” , ~Tan| = <c+dx)] | +nAppellF1| =,
2 2 2 2 2
1+n, 3, z,Tan[i(Cerx)]z,7Tan[§(c+dx”2} Tan[%(c+dx)]2)f
1 3 1 2 1 2 1 2
6 AppellF1l| =, n, 4, =, Tan| = d , —Tan| = d Sec| = d
( ppe [2 n A an[z(c+ x) | an[z(c+ x)]7] ec[z(c+ x) |
/(BAppellFl[l, n, 4, i, Tan[l(c+dx)]2, 7Tan[l (c+dx”2]+
2 2 2

Tan[% (c+dx)]
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3 5 1 2 1 2 3
2 (—4Appe11F1[—, n, 5, =, Tan[= (c+dx)|", -Tan[ = (c+dx) | | + nAppellF1| -,
2 2 2 2 2
1+n, 4, 3, Tan{% (c+dx)]2, —Tan[% (c+dxH2} Tan{% (c+dx)]2) -
1 3 5 1 1
GSec[; (c+dx”2 —;AppellFl[E, n, s, >’ Tan{g (c+dx)]2, —Tan[; (c+dxH2}
1 2 1 1 3 5
Sec[~ (c+dx)| Tan|= (c+dx) ]|+ =nAppellF1| =, 1+n, 4, =,
2 2 3 2 2

Tan[% (c+dx)}2, 7Tan[§ (c+dx”2} Sec[i (CerxHZTan[1 (c+dx)]

|/

2
[BAppellFl[l, n, 4, i, Tan[1 (c+dx)]2, —Tan[l (c+dx”2] +
2 2 2 2

3 5 1 2 1 2 3
2 (—4Appe11F1[fJ n, 5, —, Tan[~ (c+dx)} , -Tan| = <c+dx)] | +nAppellF1[ =,
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1+n,4, >, Tan|= (c+d , ~Tan|= d Tan[= (c+d
+n A an[2 C+ x)] an[z(c+ x)}} an[z(c+ x)])+

(—zAppellFl[g, n, 6, 3, Tan[% (c+dx)]2, —Tan[% (c+dx”2]

1 2 1 1 3
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2 2 3 2

)

N RN Wn
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/
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+n A an[z(c+ x) ] an[z(c+ x”}) an[z(c+ x)])

(BAppellFl[l, n, 3, i, Tan[l (c+dx”2, —Tan[l (c+dx)]2} Sec[l <c+dx)]4
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1
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9 5
+n [— = AppellF1[ =, 1+n,
5 2

Sec[% (c+dxH2Tan[§ (c+dx)]
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2 2 2
[BAppellFl[i, n, 3, 3, Tan[§<c+dx)]2, —Tan[%(c+dx)}2]+
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(c+dx)]+3 —;lAppellFl[z, n, s, 3, Tan[i(c+dx)]2, —Tan[%(c+dx”2]
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5n ppe [2 +n A an[2<c+ x) | an[z(c+ x)]7]
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Problem 153: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(a+a$ec[c+dx])”Sin[c+dx]2d1x

Optimal (type 6, 95leaves, 6 steps):

1 1 1
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d(1-n) 20 2
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4 4
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2 2 2
[(3AppellF1[%, n, 2, 3, Tan{% (c+dx)]2, —Tan[% (c+dx”2} Sec{% (c+dxH2
Tan{l(c+dx” /(BAppellFl[l, n, 2, ,Tan[l(c+dx)]2,—Tan[l(c+dx”2]+
2 2 2

3

2 2
5
> )

}2, —Tan[% (c+dx)]2} +nAppellF1{§,

3 1
2 (—ZAppellFl[—, n, 3, =, Tan[ = (c+dx
2 2

2
1+n, 2, 5, Tan{l (c+dx)]2, —Tan[l (c+dxH2} Tan{l (c+dx)]2) +
2 2 2 2

1 2 3 5 1 1
3Sec[; (c+dx”2 —;AppellFl[;, n, 3, S’ Tan{; (c+dx)]2, —Tan[; (c+dx)}2}

)

Sec[1 (Cerx)]zTan{1 (c+dx)] +lnAppellF1[i; 1+n, 2,
2 2 3 2

<C+dx)]

N RN U,

|/

Tan[l(c+dx”2, —Tan[l(c+dx”2} Sec[l(c+dx”2Tan[
2 2 2
1 3 1 2 1 2
3 AppellF1[=, n, 2, =, Tan[= (c+d , —Tan[= (c+d
[ ppe [2 n X an[z(c+ x)] an[z(c+ XH ]+

3 1 2 3
2 (—ZAppellFl[fJ n, 3, = (c+dx)]"] +nAppellF1[;,
2 2
(c+dx”2}) Tan[1 (c+dx)]2) -

5 1
1+n,2, =, Tan[~ c+dx)
2 2 2

3 5 1 2 1 2 1 2
_Appellf1[=, n, 4, 2, Tan[= (c +d , —Tan[= (c+d Sec[= (c+d
( ppe [2 n X an[z(c+ x) | an[z(c+ x)]7] ec[z(c+ x) |
Tan[l(c+dx)]+1nAppellF1[i,1+n, 3, E, Tan[l(c+dx)]2,
2 3 2 2 2
—Tan[l(c+dx)]2}5ec[l(c+dx)]2Tan[l(c+dx)]/
2 2 2
1 3 1 2 1 2
AppellF1[=, n, 3, =, Tan[ = d , —Tan|[= (c+d
[ppe [2 n A an[z(c+ x) | an[z(c+ x) 7]+
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g, n, 4, 3, Tan[% (c+dx”2, —Tan[% (c+dx)]2] +nAppe11F1[§,

[
1+n, 3, 5, Tan{% (c+dx)]2, —Tan[% (c+dx)}2})Tan[§ (c+dx)]2 -

w N

(—3 AppellF1

N

(BAppellFl[i, n, 2, %, Tan[% (c+dxH2, —Tan[% (c+dx)]2} Sec[% <c+dx)]2

3 5 1 2 1 2 3

[2 -2AppellF1[=, n, 3, =, Tan| = (c+dx)]", -Tan| = (c+dx) ]| + nAppellF1[ —,
2 2 2 2 2

1+n, 2, z, Tan{% (c+dx)]2, —Tan[i (c+dx)}2} Sec[% (c+dx)]2Tan[§
(c+dx)]+3 —gAppellFl[z, n, 3, 3, Tan[i(c+dx)]2, —Tan[%(c+dx”2]

)

1 2 1 1 3
Sec[ = (c+dx) | Tan[; (c+dx)] +;nAppe11F1[;, l1+n, 2,

Tan| (crdx)]] +

NN RN U

(c+dx”2, —Tan[% <c+dx)]2] Sec[% (c+dx)]2Tan{

N
N | =

2Tan[l (CerxH2 -2
2

9 5 7 1
- = AppellF1[ =, n, 4, —, Tan[~ (c+dx)] s
5 2 2 2

—Tan[% (c+dx”2} Sec[% (c+dx”2Tan[§ <c+dx)] +

inAppellFl[E, 1+n, 3, Z, Tan[1 <c+dx)]2, —Tan[l (c+dx”2]
5 2 2 2

2
1 2 1 6 5
Sec|  (cvdx]]“Tan[ > (cdx)] +n[—;Appe11F1[;,1+n,
7 1 2 1 2 1 2
3, S’ Tan[; (c+dx)], —Tan[;(c+dx)] }Sec[;(udx)]
Tan[i (c+dx)] +§ (1+n) Appe11F1[z, 2+n, 2, %, Tan[i (c+dx)]7,
an[ > (cdx)] }Sec[—(c+dx”2Tan[§<c+dx)] m/
[3Appe11F1[§, n, 2, 3, Tan[% (c+dx)]’, ~Tan[= (c+dx)]’] +
2 —2Appe11F1[§, n, 3, 3 Tan[% (c+dx)]%, —Tan[% (c+dx)]”] +nAppellr1]

3 5 1 2 1 2 1 2)2
Z,1+n,2, >, Tan[ = (c+dx)]°, -Tan[ = (c+d Tan[~ (c+d
X +n A an[z(c+ x” an[z(c+ x)]}] an[z(c+ x”] +

1 3 1 2 1 2
AppellFl|—, n, 3, —, Tan|— (c+dX , -Tan|— (c+dx
[AppeliFL| —,n, 3, =, Tan| (e vax)]", Tan| - (cvdx)]7)

3 5 1 2 1 2
-AppellFl|—, n, 4, —, Tan|— (c+dx) | , -Tan|— (c+dXx

ppellri| >, n, 4, 7, Tan[ (cdx)]", <Tan[ (crax) )]

1 2 1 1 3 5
Sec[~ (c+dx)]| Tan[= (c+dx) ]|+ =nAppellF1[ =, 1+n, 3, =,
2 2 3 2 2
Tan[l (c+dx”2, ~Tan 1 (c+dx”2} Sec[1 (CerxﬂzTan[1 <c+dx)] +
2 2 2 2

[
E, Tan[1 (c+dx”2, —Tan[1 <c+dx)]2] +n AppellF1|
2 2 2

2 3
= (—BAppellFl[—, n, 4,
3 2
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3, 1+n, 3, 3, Tan[% <c+dx)]2, —Tan{% (c+dxH2] Sec[% <c+dx)]2
7

1 2 1 2 12 5
Tan[= (c+dx) ]|+ —Tan[~ (c+dxH (—3 [——AppellFl[—, n, 5, —, Tan|
2 3 2 5 2 2
1 (c+dx)]2, —Tan{l (c+dx)]2] Sec[l (c+dx)]2Tan[l (c+dx)]+
2 2 2 2
1
2

3 5 7 2 1 2
gnAppellFl[;,lJrn, 4, S’ Tan[f(c+dx)] , —Tan[;(c+dx” ]
1 2 1 9 5
Sec[;(c+dx” Tan[g(c+dx)] +n[—gAppellF1[;,1+n,
7 1 2 1 2 1 2
4, >’ Tan[; (c+dx)] ,7Tan[;(c+dx)] }Sec[;(c+dx)]
Tan[% (c+dx)] +§ (1+n>Appe11F1[§, 2+n, 3, g, Tan[; (c+dx)]7,
—Tan[l(c+dx”2} Sec[l(c+dxH2Tan[%<c+dx)] )J]/

2 2

[AppellFl[l, n, 3, E, Tan[1 (c+dx)]2, —Tan{1 (c+dx)]2] + 2
2 3

2 2 2
—3Appe11F1{i, n, 4, 5, Tan{l (c+dx”2, —Tan[1 (c+dx”2} +nAppellF1[i,
2 2 2 2 2
5 1 2 1 2 1 2)2
1+n,3, 2, Tan|[= (c+dx)]*, -Tan[= (c+d Tan[= (c+d
+n A an[z(c+ x) | an[z(c+ x)]]] an[z(c+ x”]]Jr
-1+
23*”nCos[l(c+dx)]5 Cos[l(c+dx)]25ec[c+dx] "
2 2
Sin|
1
— d
A (c+dx)]
((BAppellFl n, 2, 3 Tan[l(c+dx)] —Tan[l(c+dx”2}5ec[1(c+dx”2]/
2 2 2 2

[BAppellFl[l, n, 2, i, Tan[1 <c+dx)]2, —Tan[l (c+dx”2] +
2 2 2

w

5 1 2 1 2 3
2( 2 AppellFi[ =, n, 3, =, Tan[ = (c+dx)|", -Tan|[ = (c+dx) | | + nAppellF1] =,
2 2 2 2

N

1+n, 2, z, Tan[% (c+dx)]2, 7Tan[§ (c+dx”2})Tan[§ (c+dx)]2) -

AppellFl[l, n, 3, i, Tan[1 (c+dx)]2, 7Tan[1 (c+dx)]2]/
2 2 2 2

1 3 1 2 1 2
AppellF1[=, n, 3, =, Tan[ = d , —Tan|[= (c+d
[ppe [2 n A an[z(c+ x) | an[z(c+ x) 7]+
3 5 1 2 1 2 3
~3AppellFl[ =, n, 4, =, Tan[= (c+dx) ]|, -Tan| = (c+dx)| ] + nAppellF1[ =,
2 2 2 2 2

Tan{% (c+dx)]2)J

(=
1+n,3, 5) Tan{% (c+dx)]2, —Tan[% (c+dx)}2}

N

(c+dx)]secic+dx] Sin[l (c+dx) | +Cos{l (c+dx)]

-Cos|
2 2

N |
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|

Problem 156: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Sec[c +dx] Tan[c+dx])

J(a+a$ec[c+dx])“Sin[c+dx]3/2d1X

Optimal (type 6, 105leaves, 5steps):

1 1
—({AppellFl[l—n, - =, -=-n,2-n, Cos[c+dx], -Cos[c+dx]] Cos[c+dx]

4 4
/(d(lfn) (1—Cos[C+dX}>1/4)]

1

<1+Cos[c+dx])’4"n (a+asec[c+dx])"V/Sin[c+dx]

Result (type 6, 4151 leaves):

Cos[1 (c+dx)]25ec[c+dx] " (1+secfc+dx])™"

[5 21*”cOt[l (c+dx)]”
2

2

(a(1+secfc+dx]))"sin[c+dx]*? —lCos[Z (c+dx)] (1+Sec[c+dx])"sin[c+dx]3>?+
2

Sin[c +dx]3/? (1 (1+Sec[c+dx])"—1:|i (1+Secfc+dx])"sin[2 (c+dx)]
2 2

1
-~ iCos[2 (c+dx)| (1+Sec[c+dx])"~/Sin[c+dx] +

2

\/Sin[c +dx]

+

Cos[c+dx]

11‘1 <1+Sec[c+dx])”+1 (1+secfc+dx])"Sin[2 (c+dx)]

2 2 Il

s g, Tan{l (c+dx)]2, —Tan[l (c+dx)}2} +2nAppellF1{E,
2 2 4

c+dx)]2, —Tan{% (c+dx)]2]] Tan[% <c+dx)]2

AppellFl{%, n, —, =, Tan[% (c+dx”2, —Tan[% (c+dx)]2}/

[SAppellFl[l, n, , Tan[1 (c+dx>]2, —Tan[l <c+dx)]2] +
4 2

>
4 2

5 7 9 1 2 1 2 5
2 (—SAppellFl[f, n, =, —, Tan|[ = (c+dx)] , -Tan| = (c+dx)} | +2nAppellF1| =,
4 2 4 2 2 4
5 9 1 2 1 2 1 2
1 y 7)T - d ;*T - d T - d /
+n > 2 an[2<c+ x)] an[z(c+ x)] ]] an[2<c+ x)] ])

n

(d [25 2“Cos[c+dx]Cot{l(c+dx)]2 Cos[l(c+dx)]25ec[c+dx] Sin[c +dx]3/?
2 2

1 3
[ (AppellFl (=, n, =,
4 2

, Tan[l (c+dx)]2, —Tan[l (c+dx)}2] Sec[l (c+dx)}2]/

5
4 2 2 2
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[BAppellFl[i, s S, Z, Tan[% (c+dx)]2, —Tan[i (c+dx”2] +
5 5 9 1 2 1 2
2( 3AppellFl[ =, n, =, =, Tan| = (c+dx)]", -Tan[ = (c+dx) ] | +2nAppellF1|
4 2 4 2 2
Z, 1+n, z, 3, Tan[% (c+dx)]2, —Tan[% (c+dx”2]) Tan[% (c+dx)]2 -
AppellFl[i, n, 3, 3, Tan[g <c+dx)]2, —Tan{% (c+dx)]2]/
[SAppellFl[i, 3, Z, Tan[% (c+dx)]2, —Tan[i (c+dx”2] +
5 7 9 1 2 1 2
( 5AppellF1[ =, n, —, =, Tan|— (c+dx” , -Tan| = (c+dx)] | +2nAppellF1]|
4 2 4 2 2
Z, 1+n, z, 3, Tan[% (c+dx)]2, —Tan[i (c+dx”2]) Tan[% (c+dx)]2)) -
1 n
Sin[c+dx]°/?

5 2"Cot|[ = (c+dx)] Csc[1 (c+dx>]2 Cos[1 (c+dx)]25ec[c+dx]
2 2

N

)/

((AppellFl[i, 3, Z, Tan[%(c+dx)]2, —Tan[%(Cerx)}z} Sec{i(cmx)}
[SAppellFl[i, ,3, Z, Tan[%(Cerx)]z, —Tan[i(CerxHZ]Jr
5 5 9 1 2 1 2
2( 3AppellFl[ =, n, =, =, Tan| = (c+dx)]", -Tan[ = (c+dx) ] | +2nAppellF1|
4 2 4 2 2
Z,1+n, 3, E,Tan[i(@rdx)]z, 7Tan[§(c+dx”2])Tan[§(c+dx)]2)f
1 5 5 1 2 1 2
AppellFi[ =, n, >, 2, Tan[= (c+dx)|, -Tan[ = (c+d /
ppe [4 n S, an[2 (c+dx)] an[2 (c+dx)]7]
1 5 5 1 2 1 2
5AppellFl|[=, n, =, 2, Tan|[= (c+d , —Tan[= d
[ ppe [4 4 an[2 (c+dx)] an[2 (c+dx)]] +
5 7 9 1 2 1 2
2( 5AppellFl[ =, n, —, =, Tan| = (c+dx)]", -Tan[ = (c+dx) ] | + 2nAppellF1|
4 2 4 2 2
Z,1+n, z, ,Tan[%(c+dx)]2,—Tan[%(c+dx”2])Tan[§(c+dx)]2)]+
1 1 2 1 2 no.
5 27" Cot[ = (c+dx)] Cos[;(c+dx” Sec[c+dx]| Sin[c+dx]>?
2
{(AppellFl[i 3, Z, Tan[ = (c+dx) ]|, 7Tan[§ (c+dx”2} Sec[% (c+dx”2Tan[
i(c+dx” /( AppellFl[% s 3,2 Tan[i (c+dx”2, —Tan[%(c+dx)]2}+
2( 3AppellF1[E ,E, 2 Tan[l( +dx Hz,—Tan[l(c+dx)]2]+2nAppellF1[
4 2 4 2 2
Z,1+n, 3,3 Tan[ (c+dx)]2, 7Tan[§(c+dx”2] Tan[%(c+dx)]2 +
1 2 3 5 5 9 1 2 1 2
Sec[~ (c+d -~ AppellF1[ 2, n, 2, >, Tan[~ (c+dx)]|°, -Tan[~ (c+d
ec[~ (c+dx)] ( " ppe [4 n . an[z(c+ x) | an[z(c+ x)]7]

2

3

FNR

1 2 1 1 5 3
Sec| = d Tan|[= (c+d = nappellF1[>, 1+n, =,
ec[ = (c+dx)] an[z(c+ x)]+5n ppe [4 +n A



68 | Mathematica 11.3 Integration Test Results for 4.5.1.3 (d sin)”n (a+b sec)”m.nb

|/

%(c+dx”2} Sec[% (c+dxH2Tan[§ (c+dx) ]

Z 2(c+dx)]2,—Tan{§(c+dx”2]+
s Tan[l (c+dx”2, —Tan[l <c+dx)]2] +2nAppellFi|

> o
4 2 4 2 2
oo an| lerax] ]| -

1 (c+dx)]2, —Tan[% (c+dx”2]) Tan[1

2

% an[% (c+dx)]2, —Tan[i (C+dXH2}

-
—

) )

5
2
(c+dx)]

/

N IR N

Z, Tan[% (c+dx)]2, —Tan{i (c+dx”z] +
2 (—SAppellFl[ s Tan[1 (c+dx”2, —Tan[l <c+dx)]2] +2nAppellFi|
2 2
Tan[1 (c+dx)]2) -
2

,1+n,

1 2 1 2
;(c+dx)] }Sec[;(c+dx)]

, Tan[= (c+dx) ], 7Tan[1 (c+dx”2} +2nAppellFi1|
2

2
4

Z ,Tan[%(Cerx)]z, —Tan[i(CerxHZ]
1
(AppellFl[ , N, -
2

1
4

2 [73 AppellF1|

Sec[% (c+dx)]2

3 5 5 9 1 2
Tan[= (c+dx) | +5 (7—Appe11F1[—, n, =, =, Tan[ = (c+dx) ],
10 4 2" 4 2
—Tan[l(c+dx)]2]5ec[1(c+dx)]2Tan[1(c+dx”+1nAppe11F1[E,
2 2 5 4

2
1+n, %, %, Tan{% (c+dx”2, —Tan[% (c+dx”2} Sec[% (c+dx”2
1 1 2 25 9 7 13
Tan[~ (c+dx)||+2Tan[ = (c+dx)] (—3 - == AppellF1[ =, n, =, =, Tan]|
2 2 18 4 2 4

i (c+dx)]2, 7Tan[% (c+dx)]2] Sec[% (c+dx)]2Tan[§ (c+dx)]+
, E, Tan[1 (c+dx”2, —Tan[l <c+dx)]2]

5 9 5
—nAppellFl[—, 1+n, —

9 4 2 4 2 2
1

1 2 5 9
Sec[= d T d 2n -2 AppellF1[ =, 1+n,
ec[z(c+ x) | an[z(c+ x) ]|+ n(s ppe [4 +n
E,E,Tan[l(c+dx)]2,—Tan[l(c+dx”2}5ec[l(c+dx”2

2 2

2 4 2
1 5 9 3 13 1
Tan[; (c+dx) | +; (1+n)AppellF1{Z, 2+n, A Tan{; (c+dx”2,

)/

—Tan[i (c+dx)}2} Sec[i (c+dx”2Tan[% (c+dx)]
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1 3 5 1 2 1 2
[BAppellFl[—, n, =, =, Tan[= (c+dx)|", -Tan[ = (c+dx)]| | +2 (—BAppellFl[
4 2 4 2 2
E, n, 5, 2, Tan[1 (c+dx)]2, —Tan[l (c+dx”2] +2nAppe11F1[E,
4 2 4 2 2 4
2
1+n, 2, %, Tan[% (c+dx)]2, —Tan{% (c+dx)]2]J Tan[% (c+dx)]2J +
(AppellFl[l, n, E, Tan[1 (c+dx”2, 7Tan[1 (c+dx)]2}
4 2

5

e

4 2 2
5

7 9 1 2 1 2
» My _)T - d J_T - d
n >’ 2 an[z(c+ XH an[z(c+ XH}+

2 (-SAppellFl[

4

1 2

- d ,
an[2 (c+dx)]

—

5 5 9
2nAppellF1[ =, 1+n, =, =,
4 2 4

—Tan[% (c+dx)]2] Sec[% (c+dx)]2Tan{§ (c+dx)]+

(c+dx)]2]

—

1 5
5 (— = AppellF1[ =, n,
2 4

NN

, =, an[l (c+dx)]2, ~Tan|
2

U N

) )

N R R

N U

Sec[1 (c+dx)]2Tan[f (c+dx) | +lnAppe11F1[f, 1+n,
2 5 4

DL N V)

Tan[i (c+dx”2, 7Tan[§ (c+dx)]2] Sec[% (c+dx)]2Tan[f (c+dx)]]|+

1 2 35 9 9 13
2Tan[f (c+dx” -5 fprpellFl[f, n, —, —, Tan[f (c+dx)} ,
2 18 4 2" 4 2
1 2 1 2 1
—Tan[;(c+dx)} }Sec[;(CerxH Tan[g(c+dx)]+
EnAppellFl[g,lJrn, Z, E, Tan[l(c+dx”2,7Tan[1(c+dx)]2]
9 4 2" 4 2 2
1 2 1 25 9
Sec[~ (c+dx)| Tan[= (c+dx)] +2n(——Appe11F1{—,1+n,
2 2 18 4
2, 14—3, Tan{%(c+dx)]2,—Tan[%(c+dx”2} Sec[%(c+dx”2
1 5 9 5 13 1
Tan[;(c+dx”+g<1+n>Appe11F1[1,2+n, 5, :, Tan[;(c+dx”2,
1 2 1 2 1
—Tan[f (c+dx)} }Sec[; (c+dx” Tan[g(c+dx)] ))]/
2
1 5 5 1 2 1 2
5AppellFl|[ =, n, =, =, Tan|[~ (c+dx 1%, -Tan| = (c+dx” | +2 (—SAppellFl[
4 2 4 2 2
E, n, Z, g, Tan[l(c+dx)]2, —Tan[l(c+dx”2]+2nAppe11F1[E,
4 2 4 2 2 4
2
1+n, 3, %, Tan[i <c+dx)]2, —Tan[% (c+dx)]2]] Tan[i (c+dx)]2] }+
14
5 21*“nCot[l(c+dx>]2 Cos[l(c+dx)]25ec[c+dx] "
2
Sin[c+dx]°?
((AppellFl[i, n, 3, Z, Tan{% (c+dx)], —Tan[% (c+dx”2} Sec{; (c+dx)] ]/
5A ellFl[1 n 303 Tan[ = (c+dx) | Tan[ = (c dx”z]
= - = — (c+ - — (c+ +
[ pp 4, 3 2) 41 2 B 2
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5 5 9 1 2 1 2
2(—3AppellF1[—, n, =, =, Tan[ = (c+dx)]", -Tan[ = (c+dx) ] | +2nAppellF1|
4 2 4 2 2
3 9 1 2 1 2 1 2
2, 1+n, =, >, Tan[= (c+dx)]°, -Tan[~ (c+d Tan[~ (c+d -
" +n . an[z(c+ x) ] an[z(c+ XH]) an[z(c+ x) ]
1 5 5 1 2 1 2
AppellF1[=, n, =, 2, Tan[= (c+dx)]*, ~Tan[= (c+d /
ppe [4 n . an[2<c+ x) | an{z(c+ x)]7]
5 5 1 2 1 2
5 AppellFl|[ =, n, >, 2, Tan|[= (c+d , —Tan|= d
[ ppe (=, n S, an[2 (c+dx)] an[2 (c+dx)]7]+
5 7 9 1 2 1 2
2(—5AppellF1[f, n, —, —, Tan[f (c+dx” B —Tan[f (c+dx)] ]+2nAppellF1[
4 2 4 2 2
5 9 1 2 1 2 1 2
2,140, 2, 2, Tan[ = (c+dx)]", -Tan[ = (c+d Tan[= (c+d
" +n > 2 an[z(c+ x)] an[z(c+ XH]) an[z(c+ x)])]

7Cos[1 (c+dx)]secic+dx] Sin[1 (c+dx)] +Cos[l (CerxH2
2 2 2

|

Problem 157: Result more than twice size of optimal antiderivative.

J(a+a5ec[c+dx])“\/Sin[c+dx] dx

Sec[c+dx] Tan[c +d X]

Optimal (type 6, 105leaves, 5steps):

1/4
4 ! )

Cos[c+dx] (1+Cos[c+dx])i"" (a+aSec[c+dx])”]/ (d (1-n) /sin[c+dx] ))

1 1
7({Appe11F1[1fn, =, ~-n,2-n, Cos[c+dx], -Cos[c+dx]] (1-Cos[c+dx
a4

Result (type 6, 1758 leaves):

s Tan[% (c+dx)]2, -Tan| (c+dx)]2]

N |

7
4

)

1+n i i
7 2% AppellFl| =, n,
4 2

n

COS{E (C+dX)]ZSeC[c+dx] (a (1+Sec[c+dx1))”Sin[c+dx]2
2

/

—

an[ = (cvdx)]? Tan[ (crdx)]?] +

3 3 7
(d [ZlAppellFl[—, n, =, —,
4 2 4 2 2

7 5 11 1 2 1 2
6 (—3AppellF1[7, n, =, —, Tan[ = (c+dx” , ~Tan| = (c+dx>] | +2n
4 2 4 2 2
AppellFl[%, 1+n, 3, 14—1, Tan[% (c+dx”2, —Tan[% (c+dx)]2}) Tan[% (CerxH2
([21 2"AppellF1[i, n, i, Z, Tan{1 (c+dx)]2, —Tan[l (c+dxH2}
4 2 4 2 2
1 2 n -
Cos[c +dx] (Cos[;(c+dx)] Sec[c+dx]| +/Sin[c+dx] /

[21AppellF1[Z, n, z, B Tan{% (c+dx)]2, —Tan[i (c+dxH2} +

6 (—BAppellFl[z, n, Z, 1:1, Tan[% (c+dx)]2, —Tan[% (c+dx)]2] +2nAppellF1[zZl,
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1+n, 3, %, Tan[% (c+dx”2, —Tan[% (c+dx)]2} Tan{% (c+dx”2 +
Cos[l(c+dx)]25ec[c+dx] nSin[c+dx}3/2

(7 21+n
2

9 7 5 11 1 2 1 2
(——AppellFl[—, n, =, —, Tan[= (c+dx)]", -Tan[ = (c+dx)]|]
14 4 2" a4 2 2

1 2 1 3 7 3 11
Sec[~ (c+dx)]| Tan[= (c+dx) ]|+ =nAppellFl|—, 1+n, =, —,
2 2 7 4 2 4
Tan[1 (c+dx)]2, 7Tan[1 (c+dx)]2] Sec:[1 ((:erx)]zTan[l (c+dx)}))/
2 2 2 2
3
2

)

(ZlAppellFl[i, n, —, Z, Tan[% (c+dx)]2, —Tan[i (c+dx”2} +
7 5 11 1 2 1 2 7
6 (73Appe11F1[f, n, =, —, Tan[~ (c+dx)]|, ~Tan| = (c+dx)] | +2nAppellF1]—,
4 2 4 2 2 4

1+n, 3, %, Tan[ (c+dx>}2, —Tan[

]
1 2 1 2
E(c+dx)]} Tan[;(c+dx”

, Tan[1 (c+dx)]2, —Tan{i (c+dx”2}

3
(7 2% AppellF1[ =, n
4 2

n

Cos [

[6

(c+dx”25ec[c+dx}

N R

Sin[c+dx]3/2

11

n, 3, Z, Tan[% (c+dx”2, —Tan[% (c+dx>]2} +

7
-3 AppellFi[—,
4

2nAppellF1[£,1+n, S, 141 Tan[l(CerxH2 7Tan[§<c+dx)]2]
1 2 1 7 5 11
Sec[~ (c+dx)]| Tan[= (c+dx) +21( AppellFl[—, n, =, —,
2 2 14 4 2 4

Tan[%(c+dx”2 7Tan[ (c+dx”2}5ec[ (c+dx”2Tan[§(c+dx)]+

%nAppe11F1[£,1+n, ,14—1 Tan[ (c+dx)]2 —Tan[%(c+dx)]2]

C+dx)]

N RPN w
N

Sec[i(c+dx)]2Tan[ +6Tan[%(c+dx”2

(
[—3 (—ﬁAppellFl[E, n, Z, E, Tan[l (c+dx”2, —Tan[1 (c+dx)]2}
22 4 4 2 2

2
Sec[% (c+dx)]2Tan[

N |

7 11 5

(c+dx”+EnAppellF1[:,1+n,; ,
2 1 2 1 2 1

(c+dx” B —Tan[g<c+dx)] ]Sec[g(c+dx)] Tan[; (c+dx” +

Tan[

N | =

21 11 5 15 1 2 1 2
2n (——AppellFl[—, 1+n, =, =, Tan[~ (c+dx)] , ~Tan| = (c+dx” ]
22 4 2 4 2 2

Sec[% (cedx)]*Tan[ > (crdx)]+ — (1+n)

11

N

4 2 2

)/

B

AppellFl[E 2+n, i, E, Tan[1 (c+dx)]2, —Tan[l (c+dx)]2]
4 2
[

Sec{%(c+dx)]2Tan (c+dx) |

N |
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[ZlAppellFl[Z, n, z, %, Tan[ = (c+dx) ]|, —Tan[; (c+dx)]7] +
7 5 11 1 2 1 2 7
6 (—BAppellFl[—, n, =, —, Tan[= (c+dx)]", -Tan[= (c+dx) | | +2nAppellFi[—,
4 2 4 2 2 4

3 11 1 2 1 2 1 2)2
14n, =, ==, Tan[= (c+dx)]", -Tan[= (c+d Tan[~ (c+d
+n > an[z(c+ x)] an[z(c+ x”] an[2<c+ x)] +

[ty

an[l (c+dx”2, —Tan[l (c+dx)}2}

1l+n Z
7 < 2" n AppellF
4 2 2

-
—

3 3
|:—J n, —,
4 2

1 2 -1+n
Cos[—(c+dx” Sec[c+dx}) Sinf[c+dx]3?
2

7Cos[1 (c+dx)]secic+dx] Sin[1 (c+dx)]+
2

2
1 2
Cos[;<c+dx)] Sec[c+dx]Tan[c+dx]) /

3 3 7 1 2 1 2
21 AppellF1[ =, n, =, =, Tan[= (c+d , —Tan[ = d
[ ppe [4 n 4 an[z(c+ x) ] an[z(c+ x) 7]+
7 5 11 1 2 1 2 7
6 [—3Appe11F1[—, n, =, —, Tan[= (c+dx) |, -Tan|= (c+dx) | | +2nAppellF1[—,
4 2 4 2 2 4
1+n, 3, %, Tan[i (c+dx”2, —Tan[% <c+dx)]2}] Tan[% (Cerx”2 ]]

Problem 158: Result more than twice size of optimal antiderivative.

(a+asec[c+dx])"
J dx

\V/Sin[c +dx]
Optimal (type 6, 105leaves, 5steps):

A i 5 3/4
- | |AppellFi[1-n, =, —n,2—n,Cos[c+dx],—Cos[c+dx}}(1—Cos[c+dx})
4 4

Cos[c +dx] (1+Cos[c+dx])z"n (a+aSec[c+dx])”]/ (d (1-n)sinfc+dx]??)

Result (type 6, 1735leaves):
1

[5 21*”Appe11F1[41, n, S’ 3, Tan[1 (c+dx)]2, —Tan[% (c+dx)]2]

2
(Cos[1 (c+dx)]25ec[c+dx] ’ (a (1+SEC[C+dX]>>n]/
2

1 1 5 1 2 1 2
d [5AppellF1[=, n, =, 2, Tan[= (c+d , —Tan| = d -
( { ppe [4 n . an[2 (c+dx)] an[2 (c+dx)]7]
5 3 9 1 2 1 2
2 [AppellF1[2, n, =, 2, Tan[= (c+d , —Tan| = d -
(ppe [4 n 4 an[z(c+ x) ] an[z(c+ x)]7]
an[l(c+dx>]2,—Tan[1<c+dx)]2] Tan[l(c+dx”2

5 1 9
2nAppellFl[ =, 1+n, =, =,
4 2 4 2 2 2

—

([5 2”AppellF1[l, n, l, E, Tan[l(c+dx”2,—Tan[l(c+dx)]2]
4 2 4 2 2
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1/

1 2
Cos[c+dx] [Cos|[= (c+dx)]| Sec[c+dx]

2
(\/Sin[c+dx] 5AppellF1[1, n, 1, E, Tan[1 (c+dx)]2, —Tan[1 (c+dx)]2] -
4 27 4 2 2
5 3 9 1 2 1 2 5
2 (AppellFl[—, n, =, =, Tan[ = (c+dx)]", -Tan[ = (c+dx) | | -2nAppellF1] =, 1+
4 2 4 2 2 4
1 9 1 2 1 2 1 2
y T _)T - d ;—T - d T - d
n . an[2<c+ x) | an[z(c+ x)]]) an[z(c+ x)])]+
. 1 2 - 1 5 3
(5 2'" |Cos|[ =~ (c+dx)] Sec[c+dx]| +/Sin[c+dx] |-——AppellFi[=,n, —,
2 10 4 2
9 1 2 1 2 1 2 1
2, Tan[= (c+dx)]?, -Tan[= (c+d sec[= (c+dx)]”Tan[= (c+d
. an[z(c+ x) | an[2<c+ x)]7] ec[2<c+ x) | an[z(c+ x) ]+
1nAppellFl[E,lan, l, 8, Tan[l(c+dx)]2,—Tan[1(c+dx)]2]
5 4 2" 4 2 2
Sec[l(c+dx”2Tan[1(c+dx)] )/
2 2
1 5 1 2 1
5 AppellF1i|=, n, =, 2, Tan| = d , —Tan|[= (c+d -
( ppe [=,n S, an[z(c+ x) | an[z(c+ x)]"]
2 (AppellFl[EJ n, i, 2, Tan[1 (c+dx” B —Tan[l <c+dx)] | -2nAppellF1] =,
4 2 4 2 2
1 9 1 1
l+n, —, —, Tan| - d , —Tan|— d Tan|[ = d _
+n > 2 an[2 (c+ x)] an[2 (c+ XH ] an[2 (c+ x)]
(5 25" AppellF1[ =, n, l, E, Tan|— (c+dx)]2, ~Tan| = (c+dx”2}
2 4 2 2
1 2 n
Cos[~ (c+dx)| sec[c+dx]| /Sin[c+dx]
2
5 3 9 1 2 1 2
~2 |AappellF1[2, n, =, =, Tan[= d , —Tan|[= (c+d -
( [ppe [4 n S, an[z(c+ x) | an[z(c+ x)]7]
5 1 9 1 2 1 2
2nAppellFl|[>, 1+n, =, =, Tan[= (c+d , —Tan[ = d
n Appe [4 +n . an[2 (c+dx)] an[2 (c+dx)]7]
Sec[l(c+dx”2Tan[l(c+dx)]+5 —LAppellFl[E, n, i, 2,
2 2 10 4 2 4
Tan[l(c+dxH2,—Tan[l(c+dxH2} Sec[l(c+dxH2Tan[l(c+dx)]+
2 2 2 2
1 5 1 9 1 2 1 2
= nAppellF1[>, 1+n, =, =, Tan[= (c+dx)]", ~Tan[= (c+d
5n ppe [4 +n . an{z(c+ x) ] an[z(c+ x)]7]
1 2 1 1 2 5 9 5
Sec[= (c+dx) ] Tan[= (c+d ~2Tan[ =~ (c+d -2 appellFi[ =, n, 2,
ec[2 (c+dx)] an[2 (c+dx)] an[2 (c+dx)] ; ppe [4 n A
E, Tan[l(c+dx)}2,—Tan[l<c+dx)]2]5ec[1(c+dx)]2Tan[l(c+dxH+
2 2 2 2
5 9 3 13 1 2 1 2
2 nappellF1[ =, 1+n, =, ==, Tan[= (c+dx)|", -Tan[ = (c+d
n Appe [4 +n > an[z(c+ x) | an[z(c+ x)]7]
1 2 1 5 9 3 3
Sec[~ (c+dx) | Tan[—(c+dx)]—2n(——AppellFl[—,1+n, e
2 2 18 4 2 4
Tan[l(c+dx”2,—Tan[l(c+dx)]2]5ec[l(c+dx)]2Tan[£(c+dx)}+
2 2 2

2
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1
1+n) AppellFl[=, 2+n, =, =, Tan|[= (c+d ,
(1+n) Appe [ +n > an[2<c+ x) |
—Tan[l(c+dx)] ]Sec[l(c+dx)]2Tan[1 (c+dx)}))])/
2 2 2
[SAppellFl[ 103 Tan[~ (c+dx) | Tan[1 (c+dx)]7]
Ty T - + - N + -
2 4 2 2
Z(AppellFl[E, n, i, 2, Tan[f (c+dx)] s —Tan[f (c+dx” ]—ZnAppellFl[f 1+
4 2 4 2 2
1 9 1 2 1 2 1 2) 2
, =, =, Tan[= (c+dx]]%, ~Tan[= (c+d Tan[= (c +d
n > an[2 (c+ XH an[2 (c+ x)] }) an[2 (c+ x”) +
(5 21*”nAppe11F1[1 n, l, E, Tan|— (c+dx)} , -Tan| = (c+dx” ]
4 2 4 2
1 2 -1+n

VSin[c +dx]

7Cos[1 (c+dx) ]| secic+dx] Sin[1 (c+dx)]+
2 2

5 1

2, Tan[= (c+d T

. an[z(c+ x)] an|

1 2
Cos[~ (c+dx) | Sec[c+dx]Tan[c+dx])
2

[5 AppellFl[l, n, l, (c+dx)] ]
4 2

N |

-b\Ln

5 3 1 2 1 2
2(Appe11F1[Z, n, 5, ,Tan[f (c+dx” B —Tan[;<c+dx)] ]—ZnAppellFl[

4 2
eon]

2

-
—
Q
=)

1 (c+dx)]2, —Tan[l (c+dx)]2]J Tan|

19
1+n, =, =
27 4 2 2

Problem 159: Result more than twice size of optimal antiderivative.

(a+asec[c+dx])"
J dx

Sin[c+dx]3/?
Optimal (type 6, 105leaves, 5steps):

A E E 5/4
- | |AppellFi[1-n, =, —n,2—n,Cos[c+dx],—Cos[c+dx}}(1—Cos[c+dx})
4 4

Cos[c +dx] (1+Cos[c+dx]);"n (a+aSec[c+dx])”]/ (d (1-n) Sin[c+dx]5/2))

Result (type 6, 1743 leaves):

> 42, Tan[% (c+dx”2, —Tan[% <c+dx)]2]

" (a (1+Sec[c+dx}))”]/

2 1 2
(c+dx)]7, —Tan[; (c+dx)]7] +

1
- ( [3 25" AppellF1l[- =, n, -
4

Cscfc+dx]? (Cos[l (c+dx)]25ec[c+dx]
2

1 1
(d [3Appe11F1[—Z, n, —5,
, Tan[f (c+dx)]2, —Tan[l (c+dx”2} +2nAppellF1[E,
4

3 1 7
2 (AppellFl[f, n, —, —
4 2 4 2 2
<c+dx)]2]

Tan[1

1(c+dx)]2] 5

7 1 2
=, Tan[= (c+dx)]%, ~Tan[ =
. an[2<c+ x)] an[2

1
1+n, -—,
2
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n 1
3 2"AppellFl[- =, n, s
4 2

Cos[1 (c+dx)

Cos[c+dx]
2

X
)
-
|
—
QU
=
I
—
g)
+
Q.
X
N
+
N
=)
>
©
©
()
[
=
M
=
|
-

n

w
>

o

©
]
[
=
M
=

I

N
N | R
N

(3 2% AppellF1|-

1 2
Cos[—(c+dx” Sec[c +dx]
2

—Tan[% (c+dx”2}) Sec[% (c+dx)}2Tan[§ (c+dx)]+

7 1 2 1 2
o Tl (erax) )% Tan[ (e rdx)]]
1

—

3

N |

1 3
3 (— = AppellF1| =, n,
6 4

1 2 1 3
S - d T - d - —nA 11F1|—, 1 -
ec[z(c+ x) | an[z(c+ x) ] 3n ppe [4, +n,

1 2 1 1 3 7
_Tan[= (c+d sec[= (c+dx)]*Tan[= (c+d > nAppellFi| -,
an[z(c+ x)]7] ec[z(c+ x) | an[z(c+ x)]+7n ppe [4
1 11 1 2 1 2 1 2
1 y 7)T - d ,*T - d S - d
+n > 4 an[z(c+ XH an[2<c+ x)]} ec[z(c+ x)]
11

1 3 7 1 1 2
Tan[ = (c+dx)]|+2n (—AppellFl[—, 1+n, =, —, Tan[ = (c+dx)],
2 14 4 2" a4 2
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—Tan[% (c+dx)]2] Sec[l (c+dx)]2Tan[§ (c+dx) +E (1+n)

2 I3
7 1 11 1 ) 1
appellf1| 2, 24n, 2, 2 ran( L (cidx) 13, _Tan[E (c+d
ppe [4 +n > an[z(c+ x) | an[2<c+ x)]°]
1 2 1
— _ \/.7
Sec[2 (c+dx)] Tan[2 (c+dx) ] )])/ Sin[c+dx]

(SAppellFl[— an[l (c+dx)}2, —Tan[1 (c+dx) ]2} +2 [AppellFl[
2 2

1 (c+dx)]2, —Tan[l (c+dx”2] +2nAppe11F1[i, 1+n,
2 4

-
—
Q
=

, Tan[ = (c+dx)]°, ~Tan|* <c+dx)]2]] Tan[% (c+dx>}2]2] }

-1+n

7Cos[1 (c+dx)]secic+dx] Sin[1 (c+dx)]+
2 2

/

Cos[1 (c+dx”25ec[c+dx}

1 2
Cos[7<c+dx)] Sec[c+dx] Tan[c +d X]
2

. 1 1 3 1 2 1 2

(\/Sln[c+dx] 3AppellFl[-~, n, - =, =, Tan[~ (c+dx)} ,—Tan[7<c+dx)] |+
4 2 4 2 2
3 1 7 1 2 1 2 3
2 (AppellFl[f, n, —, —, Tan[f (c+dx)} , —Tan[f <c+dx)] ]+2nAppe11F1[f
4 2 4 2 2 4
1 7 1 2 1 2 1 2
1 y ——y — T - d , =T — d T — d
+n > an[z(c+ x) ] an[z(c+ XH}) an{z(c+ x)])]]

Problem 164: Result more than twice size of optimal antiderivative.
JCsc[c+dx} (a+bSec[c+dx]) dx
Optimal (type 3, 26 leaves, 5 steps):

aArcTanh[Cos[c+dx]] blog[Tan[c +dx]]
- +
d d

Result (type 3, 65leaves):
dx

_aLog[Cos[§+d7XH blog[Cos[c+dx]] aLog[Sin[§+7H . bLog[Sin[c+dx]]

d

+

d d

d
Problem 171: Result more than twice size of optimal antiderivative.
JCsc[c+dx}2 (a+bsec[c+dx]) dx

Optimal (type 3, 37 leaves, 7 steps):
bArcTanh[Sin[c+dx]] aCot[c+dx] bCsc[c+dx]

d d d

)

]
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Result (type 3, 106 leaves):
bCot[%(c+dx” aCot[c+dx] bLog[Cos[i(c+dx)]—Sin[§(c+dx>H

- - - +

2d d d
bLog[Cos[% (c+dx)] +Sin[§ (c+dx)]] bTan[% (c+dx)]

d 2d

Problem 172: Result more than twice size of optimal antiderivative.

JCsc[c+dx}4 (a+bsec[c+dx]) dx

Optimal (type 3, 69 leaves, 8 steps):
bArcTanh[Sin[c+dx]] aCot[c+dx] aCot[c+dx]® bCsc[c+dx] bCsc[c+dx]?

d d 3d d 3d

Result (type 3, 190 leaves):

7bCot[ > (c+dX)|  acotic+dx]
124 3

bCOt[i (c+dx)] CSC[% <c+dx)]2 aCot[c+dx]Csclc+dx]?2

24d 3d
bLog[Cos[% (c+dx)] —Sin[i (c+dx)]] bLog[Cos[i (c+dx)] +Sin[§ (c+dx)]]

+ —

d d

7bTan[§ (c+dx>] ) bSec[i (c+dx>]2Tan[i (c+dx”

12d 24d

Problem 173: Result more than twice size of optimal antiderivative.

JCsc[c+dx}6 (a+bsec[c+dx]) dx

Optimal (type 3, 101 leaves, 8steps):
b ArcTanh[Sin[c+dx]] aCot[c+dx] 72aCot[c+dx13

d d 3d
aCot[c+dx]® bCsc[c+dx] bCsc[c+dx]® bCsc[c+dx]®

5d d 3d 5d

Result (type 3, 272leaves):
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149bCot[§ (c+dx) ] 8aCot[c+dx] 29bCot[§ (c+dx)] Csc[% (c+dx)]2

240d 15d 480 d
bCOt[i (c+dx)] Csc[i <c+dx)]4 _4aCot[c+dx]Csclc+dx]?
160 d 15d
aCot[c+dx] Csc[c+dx]* bLog[Cos[% (crdx)] —Sin[% (c+dx)]]
- +
5d d

bLog[Cos[% (c+dx) ] +Sin[% (c+dx)]] _149bTan[% (c+dx)]

d 240d
29bSec[§ (c+dx)]2Tan[§ (c+dx)] bSec[i (c+dx)]4Tan[i (c+dx)]

480d 160 d

Problem 178: Result more than twice size of optimal antiderivative.

JCsc[c+dx}3 (a+bSec[c+dx])2dlx

Optimal (type 3, 114 leaves, 6 steps):
(2ab+ (a?2+b?) Cos[c+dx]) Cscl[c+dx]? (a+b) (a+3b) Log[l-Cos[c+dx]]

2d 4d
2ablog[Cos[c+dx]] (a-3b) (a-b)Log[l+Cos[c+dx]] b2Sec[c+dx]

- +

d 4d d

Result (type 3, 329 leaves):
1

Csc[c+dx]*4

24 [esc[? (crdx)]? - sec[ (cdx)]?)

(2a2—2b2+2 (a®+3b?) Cos[2 (c+dx) | -a?Cos[3 (c+dx) | Log|[Cos|

N |

(crdx)]]+
4abCos[3 (c+dx)] Log[Cos[% (c+dx)]]-3b2Cos[3 (c+dx)] Log[Cos[% (cedx)]] -
4abCos[3 (c+dx)] LogCos[c+dx]] +a’Cos[3 [c+dx)] Log[Sin[% (crdx)]] +
4abCos[3 (c-dx)] Log[sm[% (c+dx)]]+3b%Cos[3 (c+dx)] Log[sm[% (cedx]]]+
Cos[c+dx] [8ab+ (a®-4ab+3b?) Log[Cos[% (c+dx)]] +4ablog[Cos[c+dx]] -

aZLog[Sin[i (c+dx)]] 74abLog[Sin[§ (c+dx)]] —3b2Log[Sin[§ (c+dx)H])

Problem 182: Result more than twice size of optimal antiderivative.

JCsc[c+dx]2 (a+bsec[c+dx])?dx

Optimal (type 3, 59 leaves, 8 steps):
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2abArcTanh[Sin[c+dx]] (a?+b?) Cot[c+dx] 2abCsc[c+dx] b2Tan[c+dx]
- +

d d d d

Result (type 3, 138 leaves):

7([Csc[§ (c+dx>]35ec[§ (c+dx)] [4abCos[c+dx] + (a?+2b?) Cos[2 (c+dx) | +
Log[Cos[% (c+dx)] 7Sin[§ (c+dx)]]-Log[Cos|

1
2
i(c+dx)“) Sin[2 (c+dx)]))]/ [4d (—1+Cot[§ (c+dx”2])]

a(a+2b

(c+dx>] +Sin|

Problem 183: Result more than twice size of optimal antiderivative.

JCsc[c+dx}4 (a+bSec[c+dx])2dlx

Optimal (type 3, 100 leaves, 9 steps):
2abArcTanh[Sin[c +dx]] (az+2b2) Cot[c+dx]

d d
(a2 +b?) Cot[c+dx]® 2abCsc[c+dx] 2abCsclc+dx]® b2Tan[c+dx]
- - +
3d d 3d d

Result (type 3, 259 leaves):
1

96d [-1+Cot[2 (c+dx)]]

Csc[1 (c+dx)] Sec[1 (c+dx)]3 (73a2714abCos[c+dx] -2 (a?+4b?) Cos[2 (c+dx) ] +
2 2
6abCos|3 (c+dx)} +a2Cos[4(c+dx)] +4b2Cos[4(c+dx)] -

6abLog[Cos[§ (c+dx)] 7Sin[§ (c+dx)]]sin[2 (c+dx)] +

6abLog[Cos[§ (crdx)] +Sin[§ (c+dx)]]sin[2 (crdx)] +
3abLog[Cos[§ (c+dx)] —Sin[% (c+dx)]]sin[4 (c+dx)] -

1
3ablog[Cos|

N (c+dx) | +Sin[% (c+dx)]]sin[4 (c+dx)]

Problem 184: Result more than twice size of optimal antiderivative.

JCsc[c+dx}6 (a+bSec[c+dx])?dx

Optimal (type 3, 143 leaves, 9steps):
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2abArcTanh[Sin[c+dx]] (a?+3b?) Cot[c+dx] (2a?+3b?) Cot[c+dx]?

d d 3d
(a2+b2)Cot[c+dx]5 2abCsc[c+dx] 2abCsc[c+dx]® 2abCsc[c+dx]® b2Tan[c+dx]
- - - +
5d d 3d 5d d

Result (type 3, 368 leaves):

1 1 o 5
—7680d (—1+Cot[§ <C+dx>]2) CSC[; (c+dx)] Sec[2 (c+dx)]

(40a2+196abCos[c+dx] +20 (a®+6b%) Cos[2 (c+dx)]-130abCos|3 (c+dx)] -
16a°Cos |4 (c+dx)| -96b?Cos[4 (c+dx) | +30abCos|[5 (c+dx) | +4a’Cos[6 (c+dx) ]|+
24b?Cos [6 (c+dx) | +75abLog{Cos[1 (c+dx)] —Sin[l (c+dx)]]sin[2 (c+dx)] -

2 2
75abLog[Cos[1 (c+dx)] +Sin[1 (c+dx)]]sin[2 (c+dx)] -
2 2

60abLog[Cos[§ (crdx)] —Sin[% (c+dx)]]sin[a (crdx)] +

60abLog[Cos[§ (c+dx)] +Sin{§ (c+dx)]]sin[4 (c+dx)]+

15abLog[Cos[% (c+dx) | —Sin[% (c+dx)]]sin[6 (c+dx)] -

15abLog[Cos[§ (c+dx)] +Sin[% (c+dx)]]sin[6 (c+dx)]

Problem 189: Result more than twice size of optimal antiderivative.

JCsc[c+dx]3 (a+bSec[c+dx])?dx

Optimal (type 3, 162 leaves, 6 steps):

a? (b 3+la’—§)+a(1+3a—22)Cos[c+dx})Csc[c+dx]2

) 2d :

(a+b)?(a+4b) Log[1-Cos[c+dx]] b (3a2+2b?) Log[Cos[c+dx]]
4d ) d )

(a-4b) (a-b)®Log[1+Cos[c+dx]] 3ab2Sec[c+dx] b*Sec[c+dx]?
4d ' d ' 2d

Result (type 3, 669 leaves):



Mathematica 11.3 Integration Test Results for 4.5.1.3 (d sin)”n (a+b sec)”m.nb | 81

3ab2Cos[c+dx]3 (a+bSec[c+dx])3

+

d (b+aCos[c+dx])3

1
((7a373a2b73ab27b3) Cos[c+dx]3Csc|~
2

(c+dx)]2 <a+bSec[c+dX}>3J/

(Sd (b+aCos[c+dx])3) +

((—a3+6a2b—9ab2+4b3> Cos[c+dx]3Log[Cos[1

2 (c+dX>H <a+bSEC[C+dX}>3]/

(Zd (b+aCos[c+dx])3) . (-3a2b-2b%) Cos[c+dx]?Log[Cos[c+dx]] (a+bSec[c+dx])3

+

d (b+aCos[c+dx])3
((a3+6a2b+9ab2+4b3) Cos[c+dx}3Log[Sin[1 (c+dx)]] (a+bSec[c+dx])3)/
2

(Zd (b+aCos[c+dx])3) +
((a3—3a2b+3ab2—b3) Cos[c+dx}35ec[1 (c+dx”2 (a+bSec[c+dx])3]/
2

b*Cos[c+dx]? (a+bSec[c+dx])?

+

(8d(b+aCos[c+dx])3)+ -
4d (b+aCos[c+dx])? (Cos[% (c+dx)] 7Sin[§ <c+dx)])

3ab2Cos[c+dx]3 (a+bSec[c+dx}>3Sin[§ (c+dx) ]

+

d(b+aCos[c+dx])? (Cos[% (c+dx)] —Sin[% (c+dx)”

b3 Cos[c+dx]3 (a+bSec[c+dx])3

4d (b+aCos[c+dx] (Cos[ (c+dx)]+$in[§(c+dx)])2

1)?
3ab2Cos[c+dx]* (a+bSec| c+dx1)3sin[% (c+dx)]
3

d(b+aCos{c+dx]) (Cos[ (c+dx)] +Sin[§ (c+dx)”

Problem 190: Result more than twice size of optimal antiderivative.

J(a+b$ec[c+dx])3Sin[c+dx]6d1x

Optimal (type 3, 299 leaves, 21 steps):
5alx 45 ab? x 3a?2bArcTanh[Sin[c+dx]] 5b*ArcTanh[Sin[c+dx]]
- — +

16 8 d 2d
3a2bSin[c+dx] 5b3Sin[c+dx] 5aCos[c+dx]Sin[c+dx] a’bSin[c+dx]3
d ' 2d ) 16d ) d '
5b3Sin[c+dx]® 5a*Cos[c+dx] Sin[c+dx]®> 3a?bSin[c+dx]®
6d ) 244 ) 5 d )
a?Cos[c+dx] Sin[c+dx]® 45ab?Tan[c+dx] 15ab?Sin[c+dx]2Tan[c+dx]
6d : 8d ) 8d )

3ab?Sin[c+dx]*Tan[c+dx] b3Sin[c+dx]3>Tan[c+dx]?
+

4d 2d
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Result (type 3, 818 leaves):

5a (a?-18b?) (c+dx) Cos[c+dx]> (a+bSec:[c+dx])3

+

16d (b+aCos[c+dx])?
((—6a2b+5b3) Cos[c+dx]3Log[Cos[1 (c+dx)] 7Sin[1 (c+dx)]] (a+bSec[c+dx])3)/
2 2
(Zd (b+aCos[c+dx])3> +

((6a2b—5b3) Cos[c+dx}3Log[Cos[1 (c+dx)] +Sin[1 (c+dx)]] (a+bSec[c+dx}>3]/
2 2

b3 C dx]3 bs dx])?
(zd(b+acOs[c+dx])3)+ osfc+dx)? (arbSec(c+dx)) N

4d (b+aCos(c+dx])? (Cos[i (c+dx) ] —Sin[i (c+dx)])2

3ab2Cos[c+dx]3 (a+bSec[c+dx1)3Sin[§ (c+dx)]

d(b+aCos[c+dx])? (Cos[i (c+dx)] 7Sin[§ (c+dx)”

b3 Cos[c+dx]3 (a+bSec[c+dx])3

+

4d (b+aCos[c+dx])? Cos[i (c+dx)] +Sin[§ (c+dx)])2

3ab2Cos[c+dx]3 <a+bSec[c+dx})3Sin[§ (c+dx) ]

+

d(b+aCos[c+dx])> (Cos[i (c+dx)] +Sin[% (c+dx>”

3b (-11a%+6b?) Cos[c+dx]> (a+bSec[c+dx])BSin[c+dx1

8d (b+aCos[c+dx])>

3a (5a2-32b%) Cos[c+dx]? (a+bSec[c+dx])’Sin[2 (c+dx) ]|

64d (b+acCos[c+dx])?

b (-21a%+4b?) Cos[c+dx]3 (a+bSec[c+dx])3Sin[3 (c+dx) |

+

48d (b+aCos[c+dx])>

3a (a2-2b?) Cos[c+dx]® (a+bSec[c+dx])>Sin[4 (c+dx)]

64d (b+acCos(c+dx])?

3a?bCos[c+dx]3 (a+bSec[c+dx])3Sin[5 (c+dx) |

ged (b+acCos[c+dx])?

a’Cos[c+dx]? (a+bSec[c+dx])’>sin[6 (c+dx)]

192d (b+aCos[c+dx])?

Problem 191: Result more than twice size of optimal antiderivative.

J(a+bSec[c+dx])3Sin[c+dx]4dlx

Optimal (type 3, 236 leaves, 8 steps):
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Ea <32—12b2) s 3b (232,b2> ArcTanh[Sin[c +d x] ] i

8 2d
b (17a%-b?) Sin[c+dx] a (21a?-2b?) Cos[c+dx] Sin[c+dXx]
2d ) 8 d )
(6a®-b?) (b+aCos[c+dx])?Sin[c+dx] (4a2-b?) (b+aCos[c+dx])>Sin[c+dx]
4bd ) 4b%d '
a (b+aCos[c+dx})4Tan[c+dx] (b+aCos[c+dx])4Sec[c+dx} Tan[c +d x]
b2 d : 2bd

Result (type 3, 696 leaves):
3a (a?-12b?) (c+dx) Cos[c+dx]> (a+bSec[c+dx])3

+

8d (b+aCos[c+dx])>

(3 (-2a%b+b?) Cos[c+dx]3’Log[Cos[1 (c+dx)] 7Sin[1 (c+dx)]] (a+bSec[c+dx])3)/
2 2

(Zd (b+aCos[c+dx])3) -

(3(72a2b+b3)Cos[c+dx]3Log[Cos[1(c+dx>]+sin[1(c+dx)]](a+bSec[c+dx])3)/
2 2

b3 C dx]3 bs dx])?
(2d(b+aCos[c+dx])3)+ os[c+dx]® (a+bSec[c+dx]) N

4d (b+acCos[c+dx])? (Cos[i (c+dx)] —Sin[i <c+dx)])2

3ab2Cos[c+dx]3 (a+bSec[c+dx})3Sin[i (c+dx)]

d (b+aCos[c+dx])3 (Cos[i <c+dx)] —Sin[i (c+dx)”

b3 Cos[c+dx]3 (a+bSec[c+dx])3

N
4d (b+aCos[c+dx])? (Cos[i (c+dx)] +Sin[§ (c+dx)])2

3ab2Cos[c+dx]3 <a+bSec[c+dx})35in[§ (c+dx) ]

+

d(b+aCos[c+dx])? (Cos[% (c+dx)] +Sin[% (c+dx”)

b (-15a%+4b?) Cos[c+dx]> (a+bSec[c+dx])3Sin[c+dx1

4d (b+acCos[c+dx])?

a(a?-3b%) Cos[c+dx]® (a+bSec[c+dx])>Sin[2 (c+dXx)]

+

4d (b+acCos[c+dx])?

a’bCos[c+dx]3 (a+bSec[c+dx1)3Sin[3 (c+dx) ]

+

4d (b+acCos[c+dx])?

a*Cos[c+dx]? (a+bSec[c+dx])’>Sin[4 (c+dx) |

32d (b+aCos[c+dx])>
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Problem 192: Result more than twice size of optimal antiderivative.

J(a+bSec[c+dx])BSin[c+dx]2d1x

Optimal (type 3, 138 leaves, 8steps):

la (22 6b7) x b (6a%-b?) ArcTanh[Sin[c+dx]] i

2 2d
15a’bSin[c+dx] 5a3Cos[c+dx] Sin[c+dx]
- +
2d 2d
3a (b+aCos[c+dx})2Tan[c+dx] (b+aCos[c+dx})3Sec[c+dx] Tan[c +d x]
+
2d 2d

Result (type 3, 327 leaves):

L%Sec[udx]2 (a3cf6ab2c+a3dxf6ab2dxf6a2bLog[Cos[% (c+dx)] —Sin[% (c+dx)]]+
b3Log[Cos[§ (crdx)] 7Sin[§ (cedx)]] +6a2bLog[Cos[§ (c+dx)] +Sin[§ (cedx)]] -
b3Log[Cos[§ (crdx)] +Sin[§ (c+dx)]]+Cos[2 (crdx)]
(a (a - 6b2) (c+dx)+ (-6a’bb?) Log[Cos[% (crdx)] —Sin[% (cedx)]] -

b (-6a+b?) Log[Cos[% (c+dx)] +Sin[§ (c+dx)]]|+(-3a’b+2b’) Sin[c+dx] -
%a3sin[2 (c+dx)] +6absin[2 (c+dx)] -3a’bsin[3 (c-dx]] —ia3sin[4(c+dx)]

Problem 193: Result more than twice size of optimal antiderivative.

JCsc[c+dx}2 (a+bSec[c+dx])3d1x

Optimal (type 3, 133 leaves, 15 steps):
3aZbArcTanh[Sin[c+dx]] 3b3ArcTanh[Sin[c+dx]] a*Cot[c+dx] 3ab?Cot[c+dx]

+ _
d 2d d d
3a2bCsc[c+dx] 3b3>Csc[c+dx] b3Csc[c+dx] Sec[c+dx]? 3ab?Tan[c+dx]

+ +

d 2d 2d d

Result (type 3, 406 leaves):
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- ! Csc[i(c+dx)}55ec[

16d (-1+Cot[2 (c+dx)]?)’

<c+dx)]

N |

(12a2b+2b3+6a (a>+2b%) Cos[c+dx] +6 (2a’b+b?) Cos[2 (c+dx)] +2a’Cos[3 (c+dx)] +

12ab’Cos|[3 (c+dx) | +6a2bLog[Cos[1 (c+dx)] 7Sin[1 (c+dx)]]|sin[c+dx] +
2 2

3b3Log[Cos{l (c+dx)]-sin[= (c+dx)]|]sin[c+dx] -

1

6 a’ b Log|Cos
2

(c+dx)]+sin[= (c+dx)]|]sin[c+dx] -

N |

3b%Log[Cos|~ (c+dx) ] +Sin[= (c+dx)]|]Sin[c+dx] +

6 a’b Log|Cos

N |

2
[
1
2
[~ (c+dx)]-sin[= (c+dx)]]sin[3 (c+dx) ]|+
3b3Log[Cos{l (c+dx)]-sin[= (c+dx)]]sin[3 (c+dx)] -

N
[y

6a’blog[Cos[ = (c+dx) ]| +Sin

A (c+dx)]]sin[3 (c+dx)] -

N |

=

3b%Log[Cos|[~ (c+dx) ]| +Sin[ = (c+dx)]]Sin[3 (c+dx) ]|

N R N R N R N R
N |

N

Problem 194: Result more than twice size of optimal antiderivative.

JCsc[c+dx}4 (a+bSec[c+dx])3dlx

Optimal (type 3, 205 leaves, 17 steps):
3a2bArcTanh[Sin[c+dx]] 5b3ArcTanh[Sin[c+dx]] a*>Cot[c+dx] 6ab?Cot[c+dx]

+ —

d 2d d d
a3 Cot[c+dx]® ab?Cot[c+dx]3 3a’bCsc[c+dx] 5b3Csc[c+dx]
3d ) d ) d ) 2d :
a?bCsc[c+dx]® 5b3Csc[c+dx]?® b3Csc[c+dx]3Sec[c+dx]? 3ab?Tan[c+dx]
d ) 6d : 2d : d

Result (type 3, 610leaves):
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1

768d (-1 +Cot[2 (crdx)]?)”

Csc[1 (c+dx)]7Sec[l (c+dx”3 (84a2b+22b3+32a (a®>+3b%) Cos[c+dx] +
2 2

8 (6a’b+5b?) Cos |2 (c+dx” +4a’Cos |3 (c+dx” +48ab? Cos |3 (c+dx)] -
36a’bCos[4 (c+dx)] -30b°Cos[4 (c+dx)] -4a’Cos[5 (c+dx)] -

48 ab” Cos |5 (c+dx) | +36a2bLog[Cos[1 (c+dx)] —Sin[l (c+dx)]]sin[c+dx]+
2 2

(c+dx) | —Sin[l (c+dx)]]sin[c+dx] -

30 b® Log|Cos |
2

36 a% b Log | Cos

N |

(c+dx)] +Sin[§ (c+dx)]]sin[c+dx] -

30 b% Log[Cos |~ (c+dx) ] +Sin[§ (c+dx)]]sin[c+dx] +
(cedx)] -sin[= (cdx)]]sin[3 (c+dx)] +

18 a’ b Log|Cos
2

N |

15b® Log[Cos [~ (c+dx) ] —Sin[% (c+dx)]]sin[3 (c+dx)] -
18a?b Log[Cos|[~ (c+dx) | +Sin[§ (c+dx)]]sin[3 (c+dx)] -
1

15b° Log[Cos [~ (c+dx) | +Sin[= (c+dx)]|]Sin[3 (c+dx)] -

N

18 a’ b Log|Cos

N |

(cedx)] —Sin[% (c+dx)]]sin[5 (crdx)] -

[y

15b° Log[Cos[ = (c+dx)| -Sin[= (c+dx)]]Sin[5 (c+dx)] +

N

18 a® b Log|Cos

N |

(c+dx)] +Sin[§ (c+dx)]]sin[5 (c+dx)]+

=

15b° Log|[Cos |~ (c+dx) | +Sin[= (c+dx) ]| Sin[5 (c+dx) |

NR — NP — NP — NP — N|Rr — N|R
N R

N

Problem 195: Result more than twice size of optimal antiderivative.

JCsc[c+dx16 (a+bSec[c+dx1)3dlx

Optimal (type 3, 279 leaves, 17 steps):
3a2bArcTanh[Sin[c+dx]] 7b3ArcTanh[Sin[c+dx]] a*Cot[c+dx] 9ab?Cot[c+dx]

+ —

d 2d d d
2a3Cot[c+dx]® 3ab?Cot[c+dx]® a3Cot[c+dx]> 3ab?Cot[c+dx]>

3d d 5d 5d
3aZbCscjc+dx] 7b3Csc[c+dx] a’bCsc[c+dx]3 7b3Csclc+dx]3
d 2d d 6d
3a2bCsc[c+dx]® 7b3Csc[c+dx]®> b3Csc[c+dx]>Sec[c+dx]? 3ab?Tan[c+dx]
- + +

5d lod 2d d



Mathematica 11.3 Integration Test Results for 4.5.1.3 (d sin)”n (a+b sec)”m.nb | 87

Result (type 3, 812leaves):

- ! Csc|

61440d (-1+Cot[L (c+dx)]?|*

N |

(c+dx)]95ec{% (c+dx)]5

(1176a2b+412b3+80a (5a>+18b%) Cos[c+dx] +66 (6a’b+7b?) Cos[2 (c+dX) |+

16a°Cos |3 (c+dx) | +288ab?Cos[3 (c+dx)| -66@a’bCos[4 (c+dx)] -
700 b® Cos[4 (c+dx) | -48a%Cos[5 (c+dx)| -864ab’Cos[5 (c+dx)] +
180 a’ b Cos [6 (c+dx” +210 b® Cos [6 (c+dx” +16a’ Cos |7 <c+dx)] +

288 ab? Cos[7 (c+dx) | +450a2bLog[Cos[1 (c+dx)] 7Sin[£ (c+dx)]]sin[c+dx]+
2 2

525b3Log[Cos[1 (c+dx)] —Sin[1 (c+dx)]]sin[c+dx] -
2 2

450a2bLog[Cos[l (c+dx)] +Sin[l (c+dx)]]sin[c+dx] -
2 2

525b3Log[Cos[l (c+dx)] +Sin[1 (c+dx)]]sin[c+dx] +
2 2

9OaZbLog[Cos[1 (c+dx)] 7Sin[1 (c+dx)]]sin[3 (c+dx)]+
2 2

105b3Log[Cos[§ (c+dx)] —Sin[; (c+dx)]]sin[3 (c+dx)]| -

=

90a’bLog|[Cos|~ (c+dx)]+Sin[= (c+dx)]]sin[3 (c+dx)] -

105 b® Log[Cos[~ (c+dx) | +Sin[ = (c+dx)]] Sin[3 (c+dx)]| -

— NPy R

N |

276 a’b Log[Cos |~ (c+dx)] -Sin[= (c+dx)]] Sin[5 (c+dx) ] -

N |

315b° Log[Cos [~ (c+dx) | -Sin[= (c+dx)]|]|Sin[5 (c+dx)] +

— N |k

N |

276 a’b Log[Cos|~ (c+dx)] +Sin[= (c+dx)]]Sin[5 (c+dx)] +

P — NP — NP
N R

315b° Log[Cos [~ (c+dx) | +Sin[= (c+dx)]|]Sin[5 (c+dx)] +

N

90a’bLog[Cos|~ (c+dx)]-Sin[= (c+dx)]]sSin[7 (c+dx) ]+

N |-
P jRr MR

105b3Log[Cos[§ (c+dx)] —Sin[; (c+dx)]]sin[7 (c+dx)]| -

90a2bLog[Cos[§ (c+dx)] +Sin[§ (c+dx)]]sin[7 (c+dx)] -

105b3Log[Cos[§ (c+dx) ] +Sin[§ (c+dx)]]sin[7 (c+dx)]

Problem 202: Result more than twice size of optimal antiderivative.

Csc[c+dx]>
J dx

a+bSec[c+dx]
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Optimal (type 3, 179leaves, 7 steps):

(4a2b-a(3a%+b?) Cos[c+dx])Csc[c+dx]? (b-aCos[c+dx])Csc[c+dx]*
8 (a2-b%)%d ' 4 (a?-b?) d

a(3a+b)Llog[l-Cos[c+dx]] a(3a-b)Llog[l+Cos[c+dx]] a*bLlog[b+aCos[c+dx]]

+

- +

16 (a+b)>d 16 (a-b)>d (a?-b?)°d

Result (type 3, 409 leaves):
(-3a-b) (b+aCos[c+dx]) Csc[% (c+dx)]25ec[c+dx]

32 (a+b)?d (a+bSec[c+dx])

b+aCos[c+dx]) Csc|[t (c+dx)]|*secc+dx]
( ) Cse[;

+

64 (a+b)d(a+bSec[c+dx])

(3a2-ab) (b+aCos[c+dx]) Log[Cos[i (c+dx)]]sec[c+dx]

8 (—a+b)3d (a+bsec[c+dx])
a*b (b+aCos[c+dx]) Log[b+aCos[c+dx]]Sec[c+dx]

+

(—a2+b2)3d (a+bsec[c+dx])
(3a2+ab) (b+aCos[c+dx]) Log[Sin[% (c+dx)]]seclc+dx]

+

8 (a+b)’d (a+bSec[c+dx])

(3a-b) (b+aCos[c+dx] Sec[ <c+dx)]25ec[c+dx]

) —
(

a+bSec[c+dx])

32 (- a+b)

(b+acCos[c+dx]) Sec[; <c+dx)] Sec[c +dx]

64 (-a+b)d(a+bSec[c+dx])

Problem 226: Result unnecessarily involves imaginary or complex numbers.

Csc[c+dx]3
J dx
(a+bSec[c+dx])?

Optimal (type 3, 229 leaves, 5steps):
b3 b? (3 a%+b?)

- + +

2 (az—bz)zd (b+aCos[c+dx])2 (az—b2)3d (b+aCos[c+dx])

(b (3a%+b?) ~a (a?+3b?) Cos[c+dx])Csc[c+dx]? (a-2b)Log[l-Cos[c+dx]]

N _
2(a2—b2)3d 4(a+b)4d
(a+2b) Log[1+Cos[c+dx]] b (3a*+8a’b?+b*) Log[b+aCos[c+dx]]

+

4 (a-b)*d (a2 -b2)*d

Result (type 3, 332leaves):
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2i (3a*b+8a?b>+b°) (c+dx) i (-a-2b)ArcTan[Tan[c+dx]]

(a-b)* (a+b)*d 2 (-a+b)*d
i (a—2b> ArcTan[Tan[c +d x]] b3
2 (a+b)*d 2 (-a+b)?(a+b)?*d (b+aCos[c+dx])?
b? (3 a2+ b?) _Csc[i (c+dx)]® ) (-a-2b) Log[Cos[i (c+dx)]?] )
(-a+b)? (a+b)’d (b+aCos[c+dx]) 8 (a+b)’d 4 (-a+b)*d

(3a4b+832b3+b5)Log[b+aCos[c+dx]} (—Zb)Log[Sln{ (C+dXH2] Sec[%(c+dx)]2

(-a2+b2)*d 4 (a+b)*d 8 (-a+b)’d

Problem 227: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
Csc[c+dx]>
J dx
(a+bsec[c+dx])?
Optimal (type 3, 313 leaves, 7 steps):
22 b3 3ab? (a%+ b?) 1
- + +
2 (az—b2)3d (b+aCos[c+dx])2 (az—b2)4d (b+aCos[c+dx]) 8 (az—b2)4d

(4b(3a*+8a’b”+b*) -3a (a*+10a*b*+5b*) Cos[c+dx]) Csclc+dx]*+
(b (3a%+b?) ~a (a?+3b?) Cos[c+dx])Csc[c+dx]* 3a(a-3b)Log[l-Cos[c+dx]]
+

4 (a?-b?)°d 16 (a+b)°d
3a(a+3b)Log[l+Cos[c+dx]] 3a?b (a*+5a?b?+2b*) Log[b+aCos[c+dx]]

+

16(a7b)5d (az—bz)sd

Result (type 3, 780 leaves):



90 | Mathematica 11.3 Integration Test Results for 4.5.1.3 (d sin)”n (a+b sec)”m.nb

a’b? (b+aCos[c+dx]) Sec[c+dx]?

+

2(-a+b)?(a+b)>d (a+bSec[c+dx])>

3a2b? (-ia+b) (ia+b) (b+aCos[c+dx])ZSec[c+dx]3

(-a+b)* (a+b)*d (a+bSec[c+dx])>
(61’1<a6b+5a4b3+2a2b5) (c+dx) (b+aCos[c+dx])3Sec[c+dx}3)/
((a—b)s(a+b)5d(a+bSec[c+dx])3)+
(31‘1 (-a*+3ab) ArcTan[Tan[c+dx]] (b+aCos[c+dx])3Sec[c+dx]3)/
(8 (a+b)5d(a+bSec[c+dx])3)—

(31‘1 (a*+3ab) ArcTan[Tan[c +d x] ] (b+aCos[c+dx})3Sec[c+dx}3)/
(8(—a+b)5d(a+bSec[c+dx}>3)+

3(-a+b) (b+aCos[c+dx})3Csc[i (c+dx”25ec[c+dx]3
32 <a+b>4d (aerSec[Cerx})3

(b+aCos[c+dx])3Csc[i (c+dx)]45ec[c+dx]3

+

64 (a+b)3d <a+bSec[c+dx]>3

(3 (a?+3ab) (b+aCos[c+dx])>Log[Cos|

N |

(c+dx)]2} Sec[c+dx}3)/

(16 (-a+b)°d (a+bSec[c+dx])3) -

(3 (a®b+5a*b*+2a?b°) (b+aCos[c+dx])>Log[b+aCos[c+dx]] Sec[c+dx]3)/
((—a2+b2)5d (a+bSec[c+dx])3) -

(3 (-a*>+3ab) (b+aCos[c+dx])3Log[Sin[ (c+dx)]2] Sec[c+dx]3

N |

(16 (a+b)°d (a+bSec[c+dx1)3) +

3 (a+b) (b+aCos[c+dx])3Sec[i (c+dx)]25ec[c+dx]3

32 (-a+b)*d (a+bSec(c+dx])>

(b+aCos[c+dx])3Sec[i (c+dx)]45ec[c+dx]3

64(—a+b)3d (a+bSec[c+dx1)3

Problem 228: Result more than twice size of optimal antiderivative.

Sin[c+dx]®
J( dx

a+bSec(c+dx])’

Optimal (type 3, 539 leaves, 11 steps):
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(5a®- 180 a* b? + 600 a% b* - 448 b®) x

16 a°
1
mbm (6 a% _ 47 32 b? + 56 b4> Ar‘CTanh[mTan{;(de)}]

a+b

.
a’d

b (213 a*-985a%b? + 840 b*) Sin[c +dx] (43 a*-244a2b?+224b%) Cos[c+dx] Sin[c+dx]

- +

30a%d 16a’d
(45 a* - 291 a2 b2 + 280 b*) Cos[c+dx]2Sin[c+d x]
30a®bd
(24 a* - 169 a2 b2 + 168 b*) Cos[c +d x]>Sin[c +d x]
24 a° b%d

Cos[c+dx]*Sin[c+dx] aCos[c+dx]>Sin[c+dx]

+ +
4bd(b+aCos[c+dx])2 10b2d(b+aCos[c+dx})2
(9a*-60a2b?+56b*) Cos[c+dx]>Sin[c+dx] 4bCos[c+dx]®Sin[c+dx]

+ —

60a*b2d (b+acCos[c+dx])? 15a2d (b+aCos[c+dx])?

Cos[c+dx]7Sin[c+dx] (15a4—110a2b2+112b4) Cos[c+dx]*Sin[c +dx]
+

6ad (b+aCos[c+dx])? 20a*b?d (b+aCos[c+dx])

Result (type 3, 2091 leaves):

~||(b+acCos[c+dx])*Sec[c+dx]>

1
2b (15a¢ - 2022 b? + 8 b¢) AncTanh [ 22 (0]
2 2
8 (c+dx) + ab +
(az_bz)S/Z

ab (3a?-4b?) Sin[c+dx] 3a(2a*-7a2b?+4b%) sin[c+dx] /
(a-b) (a+b) (b+aCos[c+dx])? (a-b)?(a+b)?(b+aCos[c+dx])

(64a3d (a+bSec[c+dx])3) +3 (b+aCos[c+dx])3Sec[c+dx13

-a+b) Tan“— (c+d x)w
[ ] (b (a?+2b%) +a (2a%+b?) Cos[c+dx]) Sin[c+dx] /
+
JaZ_ bz (b+acCos[c+dx])?

6 abArcTanh| (
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(256 (a—b)2 (a+b)2d (a+bSec[c+dx}>3) +
1

1024 a’ d (a+bSec[c+dx])3
3 (b+aCos[c+dx])’Sec[c+dx]?

~12b (105 a® - 840 a° b + 2016 a* b® - 1920 a” b° + 640 b?)

(aszZ)S/
Ar‘cTanh{(_aer) Tan{i(c+dx” ) 1
NEY (az—b2)2<b+aCos[c+dx]>2

(48a19c—960a8b2c+1776a6b4c+2976a4b6c—7680a2b8c+3840b1°c+48a19dx—

960 a®b2dx + 1776 a° b* d x + 2976 a* b® d x - 7680 a> b® d x + 3840 b®d x + 192ab (a2 - b?)?
(a*-20a’b®>+40b*) (c+dx) Cos[c+dx] +48 (a3—ab2)2 (a*-20a’b®+40b*) (c+dX)
Cos[2 (c+dx) ] +114a°bSin[c+dx] +788a’ b>Sin[c+dx] - 5696 a° b> Sin[c +d x] +

8640 a> b’ Sin[c+dx] - 3848 ab°Sin[c+dx] -36a'Sin[2 (c+dx)] +

1221a%b?Sin[2 (c+dx)] -5182a°b*Sin[2 (c+dx) | +6888a*b®Sin[2 (c+dX) | -

2880a>b®sin|2 (c+dx)| +120a°bSin|3 (c+dx) ] -560a’ b’Sin[3 (c+dx)] +

760 a°b>Sin[3 (c+dx) | -320a*b’Sin|3 (c+dx)|-8a'Sin[4 (c+dx)] +

56a°b”Sin[4 (c+dx)| -88a°b*Sin[4 (c+dx)] +40a*b®Sin[4 (c+dx)] -

8a’bsSin|[5 (c+dx)] +16a’b>Sin[5 (c+dx) | -8a°b>Sin[5 (c+dx)] +

+

2a'sin(6 (c+dxH -4a%b%sin(6 (c+dx” +2a°b*sin|6 (c+dx)])

1

(b+aCos[c+dx])3Sec[c+dx]3
256 (a+bSec[c+dx])?

i

b (-693 a'® + 9240 a® b? - 36960 a® b* + 63360 a* b® - 49280 a? b® + 14336 b“’)

(-a+b) Tan[% (c+dx)]

A/azibz

ArcTanh [

}J/ (agm (—a2+b2)2dJJ .

! (-1200a12 (c+dx) + 43200 a® b? (c+dx) -

60 a° (az—bz)zd (b+aCos[c+dx])2
198000 a® b* (c +dx) + 83040 a°b® (c+dx) + 691200 a*b® (c+dx) -
1048320a>b'® (c+dx) + 430080 b (c+dx) -4800a' b (c+dx) Cos[c+dx] +
182400 a° b (c+dx) Cos[c+dx] -1156800a’ b> (c+dx) Cos[c+dx] +
2645760 a° b’ (c+dx) Cos[c+dx] -2526720a*b® (c+dx) Cos[c+dx] +
860160 ab' (c+dx) Cos[c+dx] -1280a'? (c+dx) Cos[2 (c+dx) ]|+
45600 a'° b? (c+dx) Cos[2 (c+dx)] -289200a°b* (c+dx) Cos[2 (c+dx)] +
661440 a°b® (c+dx) Cos[2 (c+dx)] -631680a*b® (c+dx) Cos[2 (c+dx)] +
2150402 b™ (c+dx) Cos[2 (c+dx)] -4530a'" bSin[c+dx] -
11060 a° b Sin[c+dx] + 332800 a’ b>Sin[c+dx] -1042880a°b’ Sin[c+dx] +
1155848 a°b? Sin[c +dx] -430080a b Sin[c+dx] +96@a'?Sin|[2 (c+dx)] -
49125a'°b*Sin|2 (c+dx) | +362830a°b*Sin|[2 (c+dx) ] -903680a°b®Sin|2 (c+dx)| +
911680 a* b®Sin[2 (c+dx) | -322560a%b'®Sin|2 (c+dx) | -
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4344 3™ bsSin|3 (cidx)]'+37808a9b351n[3 (c+dx)] - 9842427 b5 Sin|3 (c+dx)]+
100800 a° b’ Sin[3 (c+dx) | -35840a°b°Sin|3 (c+dx)| +200a'2Sin[4 (c+dx) ] -
3256a'°b”Sin(4 (c+dx)| +16392a%b*Sin[4 (c+dx)| -11816a°b°Sin[4 (c+dx) | +
4480 a* b®Sin[4 (c+dx) | +392a' bSin[5 (c+dx)| -1680a°b>Sin[5 (c+dx)] +
21842’ b>Sin|5 (c+dx) | -896a°b’ Sin[5 (c+dx)| -50a'?Sin[6 (c+dx) | +

3242 b?Sin(6 (c+dx) | -498a®b*Sin(6 (c+dx)] +224a°b°Sin(6 (c+dx)] -
64a'bsin|[7 (c+dx) | +128a°b?>Sin[7 (c+dx)|-64a’b>Sin[7 (c+dx)] +

20a'Sin (8 (c+dx)| -40a'b?Sin[8 (c+dx)| +20a°b*Sin[8 (c+dX)|)

Problem 229: Result more than twice size of optimal antiderivative.

Sin[c+dx]*
J dx
(a+bSec[c+dx])3

Optimal (type 3, 333 leaves, 9steps):
~/a-b Tan :—(c+dx)w

4 2 K2 4
3 (a%_24a2b2+a0b?) x 3P (2a*-11a2b?+10b*) ArcTanh| ]
( ) x Jarb X
8a’ a’/a-b +Ja+b d
b (13a2-30b%) Sin[c+dx] 3 (7a?-20b?) Cos[c+dx] Sin[c+dx]
- +
2a%d 8a°d

(3a?-1@b2) Cos[c+dx]?Sin[c+dx] (4a*-15b?) Cos[c+dx]>Sin[c+dXx]

2a*bd 43a*b%d
(a%-b?) Cos[c+dx]*Sin[c+dx] (2a%-7b?) Cos[c+dx]*Sin[c+dXx]

+

2a’bd (b+aCos[c+dx])? 2a2b%d (b+aCos[c+dx])

Result (type 3, 1320leaves):

-113 (b+aC05[c+dx])3Sec[c+dx]3

1
2b (15a* - 20 a2 b? + 8 b*) ArcTanh]| (-avb) Tan[} (v | ]
a2_p2

8(C+dx)+ +
(a27b2)5/2

ab (3a?-4b?) Sin[c+dx] 3a(2a*-7a%b?+4b*) Sin[c+dx] /
(a-b) (a+b) (b+aCos[c+dx])2 (a—b)2 (a+b)2 (b+aCos[c+dx])
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(128a3d <a+bSec[c+dx})3) +|3(braCosic+dx])?Secic+dx]3

(-a+b) Taan (c+d x) }

6abArcTanh|

]

a2 (b (a?2+2b?) +a (2a%+b?) Cos[c+dx]) Sin[c+dx] /
a? _p? (b+aCos[c+dx])?

(128 (a-b)? (a+b)*d (a+bSec[c+dx})3) -

1

(b+aCos[c+dx])’Sec[c+dx]® |-24 (a>-8b%) (c+dx) *W

(-a+b) Tan[% (c+dx) ]

6b (-35a°+140 a® b? - 168 a> b* + 64 b®) ArcTanh |

] -

“/az_bz
ab (-5a*+20a’b?-16b*) Sin[c+dx]
96abSin[c+dx] + +

(a-b) (a+b) (b+aCos[c+dx])?

a (10a°-115a*b? +220a%b* - 112 b®) Sin[c + d x]
(a-b)? (a+b)* (b+acCos[c+dx])
1

+8a?Sin[2 (c+dx) |

/

(128a5d (a+bSec[c+dx}>3) +
256a’d (a+bSec[c+dx})3

(b+acCos[c+dx])>Sec[c+dx]?

<1>5/212b <105 a8,84@ a6 b2+2016 a4 b4*1920 az b6+640 bg)
a27b2
Ar~cT;,mh[(_a+b> Tan[; (c+dx)] 1
+
m (asz2>2<b+aCos[c+dx}>2

(48a19c—960a8b2c+1776a6b4c+2976a4b6c—7680a2b8c+3840b1°c+48a19dx—

960 a® b2 d x + 1776 a° b* d x + 2976 a* b® d x - 7680 a> b® d x + 3840 b d x + 192 ab (a2 - b?)?
(a*-20a’b®>+40b*) (c+dx) Cos[c+dx] +48 (ag—abz)2 (a*-20a’b®+40b*) (c+dX)
Cos[2 (c+dx) | +114a°bSin[c+dx] +788a’ b>Sin[c+dx] - 5696 a° b® Sin[c +d x] +

8640 a> b’ Sin[c+dx] - 3848 ab°Sin[c+dx] -36a'Sin[2 (c+dx)] +

1221a%b?Sin|2 (c+dx)] -5182a°b*Sin[2 (c+dx) | +6888a*b®Sin[2 (c+dXx) | -

2880a>b®sSin|2 (c+dx)| +120a°bSin|3 (c+dx) | -560a’ b’Sin[3 (c+dx)] +

760 a°b>Sin[3 (c+dx) | -320a*b’Sin[3 (c+dx) | -8a'Sin[4 (c+dx)] +

56a°b?Sin[4 (c+dx)]| -88a°b*Sin[4 (c+dx)] +40a*b°Sin[4 (c+dx)] -

8a’bsSin|[5 (c+dx) ] +16a’b>Sin[5 (c+dx) | -8a°b>Sin[5 (c+dx)] +

2a'sin(6 (c+dxH -42a%b?sin(6 (c+dx” +2a°b*sin|6 (c+dx)])
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Problem 233: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

])7/2

dx

J(esin[c+dx

a+bSec[c+dx]
Optimal (type 4, 516 leaves, 15steps):

b (a2 - b2)°>/* e7/2 Ar‘cTan{ﬁ e3inlc+dx] | b (a?-b2)**e72 Ar‘cTanh{ﬁ esinlc-dx] ]
(az—bz)l/"\/? (az—bz)l"'\/?

a9/2d N a9/2d

1
(2 (5a*-28a%b?+21b*) e* EllipticF |~ (c—£+dx], 2| v/sin[c+dx]
B 2] VSin[c +dx]

2 2
(21a5d\/eSin[c+dx} )+

2a 1
b% (a2 - b2)2 e* EllipticPi| —————, = [c_ T dx
a-+vaz-p2 2 2

(aS [az—bz—a\/asz2 ) d+/eSin[c +dx] )+

/

2a 1
(bz (a® - b?)? e* EllipticPi| —————, = [c— Tidx|, 2] \/sin[c+dx] /
a+VaZz-p? 2 2

a® [az—b2+a«/a2—b2 ) dveSin[c+dx] )+
2e®(21b (a?-b?) -a (5a%-7b?) Cos[c+dx]) VeSin[c+dx]

21a*d
2e (7b-5aCos[c+dx]) (eSin[c+dx])5/2

+

35a2d

Result (type 6, 2249 leaves):
(23a2-28b%) Cos[c+dx] bCos[2(c+dx)| Cos[3 (c+dx)]

+

42 33 5 a2 14 a

(b+acCos[c+dx])

Csclc+dx]®Sec[c+dx] (eSin[c+dx])7/2]/ (d (a+bSec[c+dx])) -

1
420a°d (a+bSec[c+dx]) Sin[c+dx]7/?

(b+aCos[c+dx]) Sec[c+dx]

])7/2 1

(esin[c+dx
(b+acCos[c+dx]) (1-Sin[c+dx]?)

b+a\/1—Sin[c+dx12

A/ Si + 4/ Si +
V2 Ja Sin[c +dx] ]+2ArcTan[1+\/?\/? Sin[c +d x]

(—a2+b2)1/4 (—a2+b2)1/4

2 (-100 2%+ 98ab?) Cos[c+dx]?

|

b —ZArcTan[l—

] _
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Log[~/ -a® + b? —\/7\/?(—a2+b2)1/4\/sin[c+dx} +asinfc+dx]] +
Log[~/ -a® + b? +\/?\/?(—a2+b2)1/4x/sin[c+dx] +asinfc+dx] |

/

1 1 5
(4\/7\/? (—a2+b2>3/4> - (Sa (a*-b?) AppellFi[—, - —, 1, —,
4’ 2 4
a2Sin[c+dx]?
Sin[c+dx]?, #} \/Sin[c+dx] \/1—Sin[c+dx}2 /
a?-b?
1 1 5 a?Sin[c+dx]?
((5 (a®-b?) AppellFi[~, - =, 1, =, Sin[c+dx]?, #} +
4" 27 a a2 _ b2
5 1 9 a?Sin[c+dx]?
2 {ZazAppellFl[, -=,2, =, Sin[c+dx]?, #] + (-a*+b?)
4 2 4 a2 - b2
5 1 9 , a’Sin[c+dx]? . 5
AppellFl[ =, =, 1, =, Sin[c+dx]?, ————————] | Sin[c+dx]
4 2 4 a? - b?

1

(b?+a? (1+Sin[c+dx]2)>” +
(b+acCos[c+dx]) \/1—Sin[c+dx]2

el

2 (89a*b-70b%) Cos[c+dx] b+a\/1—Sin[c+dx]2

<a2_b2)3/4 8 8
(1+1i) Va +/sin[c+dx] (1+1i) Va +/sin[c+dx]
2ArcTan|1 - | -2ArcTan|1+ |+
<a27b2)1/4 (aZ,bZ)l/“

Log[+/a?-b* - (1+1i)Va (a®-b?)Y*+/Sin[c+dx] +iaSin[c+dx]] -
Log[+/a® - b? +(1+Ji)ﬁ(az—b2)1/4\/sin[c+dx] +iasSinfc+dx]]

+

/

) o 1 1 5 . , a*Sin[c+dx]? _
5b (a?-b?) AppellF1[~, —, 1, =, Sin[c+dx]?, ————————| V/Sin[c+dX]
2 4

a%-b?

I

1 5 . 5
, —» 1, —, Sin[c+dx]*,

(\/1—Sin[c+dx12 (5 (a% - b?) AppellFl[l
4’ 2 4

a?sin[c+dx]2 X 5 1 9 ,
—————————| +2|2a%AppellF1[=, =, 2, =, Sin[c+dx]?,
a’-b? 4" 2 4
a?Sin[c+dx]? 5 3 9
#] + (a? - b?) AppellF1[~, =, 1, =, Sin[c+dx]?,
a?-b? 4" 2 4
a?sin[c+dx]?
#]]Sin[CerX}z (b2+a2 (1+Sin[c+dx]2>)]]+
a? - b?

! (-231a°b+210b3)

(b+acCos[c+dx]) (1-2Sin[c+dx]?) \/1—Sin[c+dx}2
Cos[c+dx] Cos[2 (c+dx) |

(b+a\/175in[c+dx]2
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(l_ jl_) (32—2b2> Ar‘cTan[l— (1+i) Va Sin/[c+dx} }
2 2 (az—b2>1/4

33/2 <a2 _ bZ) 3/4

(l— L) (aZ—ZbZ) Ar‘cTan{1+ (1+1) Va +/Sin[c+dx) ] .
2 2 (az_b2)1,/4 1 i R R
+ (( *] (a® - 2b?)
4 4

a3’ (a27b2>3/4
Log[\/a2 - b ~ (1+1) Va (a2-b2)** VSin[crdx] +iasinc-dx]]|/
(a7 (a2 -b7)*%) - ((1,) (a2~ 2b?) Log[+[a2 ~b? + (1+1) Va (a2 b2)"*
Vsinfcrdx]

4 4
ry . . 3/2 2 2\3/4 4
Vsin[c+dx] +iaSin[c+dx]] (a (a%-b?) )+
a
5 . , a’Sinf[c+dx]? _
, 1, =, Sin[c+dx]?, ———————] /Sin[c+dx]

4 a? - b2

/

)

FQNIN
N |

(10 b (a®- b®) AppellF1]|

: 2 2 2 11 5 s 2
\/1—51n[c+dx} 5 (a —b)AppellFl[f, =, 1, =, Sin[c+dx]?2,
4 2 4

a?Sin[c+dx]? , 5 1 9 . ,
—} +21(2a AppellFl[f, -, 2, —, Sin[c+dx]*,

a2 _b? 4> 2" 7 a
a?sSin[c+dx]? 5 3 9
#] + (a® - b?) AppellFl[ =, =, 1, =, Sin[c+dx]?,
a2 - b? 4 2
a?Sin[c+dx]?
M]] Sin[c+dx}2) (b>+a® (-1+Sin[c+dx]?)) | +
a?-b?
5 1 9 a?Sin[c+dx]?
(36b (-a®+b?) AppellF1|[ =, —, 1, =, Sin[c+dx]?, #] Sin[c+dx]5/2]/
4 4 a?-b?
5 1 9
[5 \/1—Sin[c+dx]2 {9 (a>-b?) AppellF1[=, =, 1, =, Sin[c+dx]?,
4’ 2 4
a?Sin[c+dx]? , 9 1 13 5
————————] +2|2a%AppellF1] =, =, 2, —, Sin[c+dx]?,
a2 _ b2 4’ 2 4
a?Sin[c+dx]? 9 3
#] + (az—bz) AppellFl[f, =, 1, , Sin[c+dx]?,
a?-b2 4 2

9 s 2
M]] sin[c+dx}2) (b?+a? (-1+Sin[c+dx]?))

a? - b?

Problem 234: Result unnecessarily involves higher level functions and more

than twice size of optimal antiderivative.

(esin[c+dx])®?
J dx
a+bSec[c+dx]

Optimal (type 4, 430 leaves, 14 steps):
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b (az—b2)3/4e5/2Ar‘cTan[ﬁ esinlcrdx] | b (az—b2)3/4e5/2Ar‘cTanh[ﬁ esinlcrdx] ]
(azibz)l//’zl\/? <asz2)1/4\/?
a7/2d a7/2d
2a 1
b? (a? - b?) e* EllipticPi[ ————, = (c— Zidx|, 2] Vsin[c+dx] /
a-+/a2-p? 2 2

(a“ (a—«/az—b2 ) dveSin[c+dx]

2 1
(bz (a®-b?) € EllipticPi[ia, = (c—z+dx , 2] V/sin[c+dx] /
a+Va?-b? 2 2

+

(a“ (a+\/a2—b2 ) d+veSin[c+dx]
2 (3a%-5b?) e2EllipticE[§ (c7§+dx), 2] Vesin[c+dx]
5a3d+/Sinfc +dx]

2e (5b-3aCos[c+dx]) (eSin[c+dx])>?
15a%d

+

Result (type 6, 1247 leaves):
1

5a2d (a+bsec[c+dx]) Sin[c+dx]>?2

(b+acCos[c+dx]) Sec[c+dx] (eSin[c+dx])*?

1
(b+aCos[c+dx]) (1-Sin[c+dx]?)

\/.7 \/.7
[{b \/7\/; Sln[c+dx]]+2ArcTan[1+\/7\/; Sin[c +dx]

(—a2+b2)1/4 (—a2+b2)1/4
A -a?+b? —A/2 Va (—a2+b2>1/4\/Sin[c+dx] +asin[c+dx]] - Log|
/ —a? + b2 +\/?\/?(—a2+b2>1/4\/Sin[c+dx] +asin(c+dx]] ]/

2 (-3a%+5b%) Cos[c+dx]? bJra\/l—Sin[Cerx}2

-2ArcTan|1 -

| +Log]|

3 1 7
(4x/2 a’/? (—a2+b2)1/4> - [7a (az—bz) AppellFl[—, -—, 1, -,
4’ 2 4
a?sin[c+dx]?
Sinfc+dx]?, %]Sin[c+dx]3/2\/1—Sin[c+dx}2/
a‘-b

3 1 7 a?Sin[c+dx]?
[3 [7 (az—b2> AppellFl[f, -=,1, —, Sin[c+dx]?, #] +2
4

2 4 a? - b2

) 7 1 1 . , a’sin[c+dx]?
2a AppellFl[—, -—, 2, —, Sin[c+dx]°, ———
4 2 4 a2 - b2

|+

y o 7 1 , a’Sin[c+dx]?
(-a%+b?) AppellFl[—, =, 1, —, Sin[c+dx]?, ———————|
4" 2 4 a? - b?
Sin[c+dx]?| (b*+a® (1+Sin[c+dx]2>))]+
1

abCos[c+dx] bJra\/lfsin[c+dx}2

6 (b+aCos[c+dx]) \/l—Sin[c+dx}2
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(1+i) Va VSin[c+dx]
(3+31) |2ArcTan|1- | -2
(az_b2)1/4
1+1)+a +/Si d
Ar‘cTan[1+< +i) Va inferdx | -Log[+/a?-b* - (1+1i)+/a
(az_b2>1/4

(az—b2)1/4\/5in[c+dx] +iaSin[c+dx] | +Log[y/a®-b? + (1+1)
\/?(az_b2>1/44/sin[c+dx] +J‘1aSin[c+dx1]] /(\/; (az_b2>1/4)+

3 1 7 a?Sin[c+dx]?
[56b (a* - b*) AppellF1[ =, =, 1, —, Sin[c+dx]?, #] Sin[c+dx]3/2]/
4 2 4 a%-b?
: 2 2 2 3 1 7 : 2
\/1751n[c+dx] 7 (a —b)AppellFl[f, =, 1, —, Sin[c+dx]?2,
4 2 4
a?Sin[c+dx]? 5 7 1 1 ,
————————] +2|2a%AppellF1]~, —, 2, —, Sin[c+dx]?,
a2 _ b2 4’ 2 4
a?Sin[c+dx]? 7 3 11
#} + (a®-b?) AppellF1][—, =, 1, =, Sin[c+dx]?,
a2 _ b2 4 2 4
a?sin[c+dx]?
#})Sin[Cerx]z (b2+a2(1+Sin[c+dx]2)>]]]+
aszz

((b+aCos[c+dx]) Csc[c+dx]?Sec[c+dx] (eSin[c+dx])®?

2bSin[c+dx]

3 a2

Sin[2 (c+dx) |
5a

J/(d(a+

b
Sec[c+dx]))

Problem 235: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

3/2
dx

J(esin[c+dx])

a+bSec[c+dx]

Optimal (type 4, 444 leaves, 14 steps):
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“Ja +/eSin[c+dx] }

Ja yesin(crdx] | b (a?-b?)¥*e¥2ArcTanh]| o) e
a*-b?) " e

(aszz) 1/4 \/?

aS/Zd a5/2d

2 (a2 -3b2) eZEllipticF[i (c—§+dx), 2] V/sin[c+dx]
3a3d+eSin[c+dx]
2a 1 7T .
_ = (c——+dx), 2| \/sin[c+dx]
a-+a2z-p? 2 2
(a3 [az—bz—ax/az—b2 ) dveSin[c+dx]

2a 1 T
_, - (c——+dx
2

, 2] V/sin[c+dx] /
N 2
2e (3b-aCos[c+dx])VeSin[c+dx]

b (a2 - b?) 1% e3/2 prcTan |

+

/

(bz (a*-b*) e® EllipticPi |

+

(bZ (a®-b%) e® EllipticPi|

+

(a3 (a27b2+a\/a2—b2)d\/esin[c+dx] ;

3a°d
Result (type 6, 2159 leaves):
2 (b+acCos[c+dx]) Csclc+dx] (eSin[c+dx}>3/2
- +

3ad (a+bSec[c+dx])
1
(b+acCos[c+dx]) Sec[c+dx] (eSin[c+dx])*?

6ad (a+bSec[c+dx])Sinf[c+dx]??

1
(b+acCos[c+dx]) (1-Sin[c+dx]?

|

4acCos[c+dx]? b+a\/175in[c+dx]2

V2 +va VSin[c +dXx] V2 +a VSin[c +dXx]
]+2Ar‘cTan[1+ ]—
(_a2+b2)1/4 (_a2+b2)1/4

Log[~/ -a® + b? —\/?\/?(—a2+b2)1/4x/sin[c+dx] +asinfc+dx] ]|+
Log[+/ -a® + b? +ﬁ\/?(—a2+b2)1/4\/Sin[c+dx} +asin[c+dx] |

b —2Ar‘cTan[1 -

/

(4\5\5 <7a2+b2)3/4) - (Sa (a® - b?) AppellFl[l, 71, 1, =,
4° 2 4

ZS‘ d 2
Sin[c+dx]?, w} vVSin[c +dx] \/1—Sin[c+dx}2

a2-b?

1 1 5
[(5 (a®-b%) AppellF1[—, - =, 1, =, Sin[c+dx]?,
4 4

/

a?Sin[c+dx]?
a2_b2 }+
25‘ d 2
a‘Sin[c+dx] ] N <7a2+b2>
a%-b?

a?Sin[c+dx]?

2

2 s 1,2
2 |2a? AppellF1| =, , 2, =, Sin[c+dx]?,
4" 2 4

1 9 . R
—, 1, —, Sin[c+dx]*,
2 4 a2 - b2

1

)

AppellF1| ]J Sin[c+dx12J

H |

(b4 22 (1+Sin[c+dx]2)>]J :
(b+aCos[c+dx]) \/1—Sin[c+dx]2
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2bCos[c+dx] b+a\/1—Sin[c+dx}2 _;(1_3]\/?
(a27b2)3/4 8 8
(1+i)\/?\/Sin[C+dX] (1+i)\/?\/m
2ArcTan|1- | -2ArcTan|1 + ] +
(az_b2)1/4

(az_bz)l/A
Log[+/a’ - b —(1+J‘1)\/?(az—bz)l”x/sin[urdx] +iasinfc+dx]] -
Log [~/ a? - b? +(1+1‘1)\/?(az—bz)l/4\/sin[c+dx] +iasinfc+dx]|

5 . , a’Sinfc+dx]? _
, 1, —, Sin[c+dx]*, —] \/Sin[c+dx]

4 a2 -b?

+

/

N |

)

»R

[5 b (a® - b?) AppellF1|

. 1 1 5
(\/151n[c+dx}2 (5 (a* - b%) AppellF1[~, =, 1, =, Sin[c+dx
4 2 4

a%?sin[c+dx]?

a?-b?

2

| +2 [2 a? AppellF1| >
4

a?sin[c+dx]? 5 3
#] + (a% - b?) AppellF1[ =, =, 1, =, Sin[c+dx]2,

a’-b? 4’ 2 4
a2sin[c+dx]?
M]]Sin[c+dx]2 (b2+a2 (—1+Sin[c+dx}2>)]]+

a2_b2

1
3bCos[c+dx]

(b+aCos[c+dx]) (1-2Sin[c+dx]?) \/l—Sin[c+dx12
Cos[2 (c+dx)]
(bJra\/l—Sin[c+dx]2

(1+i) vVa Sin[c+dx]}

(asz2> 1/4

(% - i) (a?-2b?) ArcTan|1 -

33/2 <a2 _ bz) 3/4

(1+i) v a Sin[c+dx]]

2_p2)1/4 1 1

) +((7f] (a2 - 27)
4 4

(i - i) (a2 - 2b2) Ar‘cTan[l +

a3/2 (az _ b2> 3/4

Log[+/a? - b? —<1+Jl)\E(Bz—bz)l/4\/Sin[C+dX] +iasinfc+dx]]

/

(aa/z (a27b2>3/4) B [(1 ji] (a2 -2b2) Log[+/a?-b% + (1+1) /a (a2-b2)*

474
\/.7
\/Sin[c +dXx] +iaSin[c+dx]])/(a3/2 (az—b2>3/4)+4 Sin[c+dXx]
a

5 . , a’Sinfc+dx]2 ;
, 1, —, Sin[c+dx]%, —} \/Sin[c +dx]
4

az-b?

+

/

)

FNQUN
N R

[10 b (a® - b®) AppellF1]

5 . )
> 1, Z, Sin[c+dx]~,

)

I
N |

{\/151n[c+dx}2 (5 (a - b%) AppellF1|
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a?Sin[c+dx]? 5 5 1 9 . 5
————————] +2 [2a*AppellF1[~, =, 2, =, Sin[c+dx]?,
a?-b? 4 2 4
a?Sin[c+dx]? 5 3 9
#] + (a®-b?) AppellF1[ =, =, 1, =, Sin[c+dx]?,
a? _p? 4 2
a?Sin[c+dx]?
#]} Sin[c+dx}2) (b*+a* (-1+Sinfc+dx]?)) | +
a27b2
5 1 9 a?Sin[c+dx]?
(36b (-a®+b?) AppellF1][ =, —, 1, —, Sin[c+dx]?, #] Sin[c+dx]5/2]/
4" 2 4 a? - b?
5 1 9
(5 \/1—Sin[c+dx]2 [9 (a*-b%) AppellF1[ =, =, 1, =, Sin[c+dx]?,
4 2 4
a?sin[c+dx]? 5 9 1 13 . 5
———————] +2|2a%AppellF1| =, =, 2, =, Sin[c+dx]?,
a? _ b2 4" 2 4
a?sin[c+dx]? 9 3
#] + (a2 -b?) AppellFi[=, =, 1, =, sinfc+dx]2,
aZ - b? 4 2

2¢4 2
M]] Sin[c+dx}2) (b*>+a® (-1+Sin[c+dx]?))

a%-b?

Problem 236: Result unnecessarily involves higher level functions.

J\/esin[c+dx1 dx

a+bSec[c+dx]

Optimal (type 4, 356 leaves, 13 steps):
[v? eSin[c+dx] ]
<asz2)1/4\/?

a3/2 (az _ bZ) 1/4 d

b@Ar‘cTan[ﬁ eSin[c+dx] | b+/e ArcTanh
<a27b2>1/4\/?

a3/2 (az _ bz) 1/4 d

2 L(coz . dx), 2] VEinlc dx]

a-+/a?-b? ’ 2

a2 (a—\/asz2 ) dveSin[c+dx]

—22—, 1 (c-Z.dx|, 2] VSinlcrdx]

b?e EllipticPi| s
a++/ a%-b? 2
N
a2 (a+\/a2—b2 ) d+/eSin[c+dx]

2EllipticE[§ (c—§+dx), 2] veSin[c+dx]
ad+/Sin[c+dx]

Result (type 6, 548 leaves):

b e EllipticPi|
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1
d(b+aCos[c+dx])Sin[c+dx]
\/__T___________ \/__T___________
b \/7\/? Sln[c+dx]]+2ArcTan[1+\/7\/? Sin[c +dx]
(—az+b2)1/4 (—a2+b2)1/4

Log[+/-a? + b? —\/7\/?(—a2+b2)1/4\/sin[c+dx] +asinfc+dx]] -
Log[+/-a%+b? +/2 /a (-a?+b?)Y*+/Sin[c+dx] +aSin[c+dx]]

vJeSin[c+dx]

2 (b+a Cos[c+dx]?

-2ArcTan[1 -

]+

/

3 1 7
(4\/7a3/2(—a2+b2)1/4)—[7a(a2—b2)Appe11F1[— - 1, , Sin[c+dx]2,
4
a?Sin[c+dx]?
#]x/Cos[c+dx]2 Sing c+dx3/2] [ ~a?+b?+a’Sinf[c+dx]?)
a%-b?
3 1 7 a?Sin[c+dx]?
(7 (a®-b?) AppellF1[=~, - =, 1, —, Sin[c+dx]?, #] +
4 2 4 a?-p?
) 7 1 1 , a’sin[c+dx]?
2 [2a*AppellFl[~, - =, 2, =, Sin[c+dx]?, ——————— | +
4 2 4 a%-b?

\ ~N

1 1 , a’Sinf[c+dx]?
~-,1, —, Sin[c+dx]?, ——

-a% + b?) AppellF1
(-a% 1) Appe b 2 4 a2 - b2

}J Sin[c +dx]?

I

Problem 237: Result unnecessarily involves higher level functions.

1

J(a+bSec[c+dx]) vesin[c+dx]

dx

Optimal (type 4, 370leaves, 13 steps):

[\/? eSin[c+dx] } [\/? esSin[c+dx] ]
(a2-b2)¥*\[e (a-b2) ¥4 Ve

\/?(az—bz)”“d\/F - \/?<a2—b2)3/4d\/?
2EllipticF[%(c—§+dx),2] A/sinfc +dx]
ad+veSin[c+dx]

2 . . . 2a 1 o \/7
b E111pt1cP1[a_ o > 5 (c N +dx>, 2} Sinf[c +dx]

a (aszzfa\/aszz ) d+eSin[c+dx]

b2 Ellipticpi[ —22 ,%(c-%dx),z}«/sm[udx]

+1/ a%-b? 2

a (az—b2+a\/az—b2 ) d+eSin[c+dx]

b ArcTan b ArcTanh

+

Result (type 6, 546 leaves):
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1 2(b+a Cos[c+dx}2)\/sin[c+dx]
d(b+aCos[c+dx])veSin[c+dx]
[[b ﬁ\/?\/sin[c+dx] ﬁ\/?\/sin[c+dx] ]

| +2ArcTan[1 +
(—a2+b2)1/4 (—a2+b2)1/4

Log[+/-a? + b? —\/7\/?(—a2+b2)1/4\/sin[c+dx] +asinfc+dx]] +
Log[+/-a%+b? +/2 /a (-a?+b?)Y*+/Sin[c+dx] +aSin[c+dx]]

-2ArcTan[1 -

/

(4\/?\/? (—a2+b2)3/4) - [Sa (a® - b?) AppellFi[—, —l, 1, E, Sinf[c+dx]2,
4

2
a?Sin[c+dx]? 2 _
2—] \JCos[c+dx]° VSin[c +dXx]

a% - b?

NP

/[(—a2+b2+azsin[c+dx}2)

a?Sin[c+dx]?
FoAner ).

1 1 5
(5 (a®-b?) AppellFl[Z, -=,1, =, Sin[c+dx]?,

2”4 a2 _ b2
) 5 1 9 . , a’Sinf[c+dx]?
2 [2a%*AppellF1[~, - =, 2, =, Sin[c+dx]?, ———————] +
a4’ 27 74 a2 _ b2
5 1 9 a?Sin[c+dx]?
(-a®+Db?) AppellF1|[ =, —, 1, —, Sin[c+dx]?, [Jr]]] Sin[c+dx12J
4 2 a2 - b2

Problem 238: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

1
J(a+bSec[c+dx]) (esin[c+dx])>?

Optimal (type 4, 430 leaves, 14 steps):

A/a bArcTan Va eSin/[c+dx] ,—a b ArcTanh Va eSin’[c+dx]
[ (az—b2>1/4\5 ] [ <az—b2)1/4\/? ]

(a27 b2>5/4de3/2 - (az _ b2)5/4de3/2

b2 Ellipticpi [ —22 ,l(c-%dx),z]m
2 (b-acCos[c+dx]) afaror 2 2

(a?2-b?) deveSin[c+dx] (a2 - b?) (a—\/az—b2 ) de+eSin[c +dx]

b2 Ellipticpi[ —22—, 1 (C— 1+dx), 2] +/sinfc+dx]
anfazb? 2 2
(a% - b?) (a+\/a2—b2 ) de+eSin[c+dx]
2aEllipticE[i (c—§+dx), 2] VeSin[c+dx]
(a?-b?) de?+/Sin[c+dx]

Result (type 6, 1229 leaves):
1

(a-b) (a+b)d(a+bSec[c+dx]) (eSin[c+dx])>?
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a(b+aCos[c+dx])Sec[c+dx]Sin[c+dx]>?

1
(b+acCos[c+dx]) (1-Sin[c+dx]?)

\/.7 \/.7
[{b V2 a Sln[c+dx]]+2ArcTan[1+\E\E Sin[c +dx]

(-a2+b2)M* (-a2+b2)M*
A -a?+b? -2 Va (—a2+b2)1/4\/sin[c+dx] +asSin[c+dx]] - Log]|
/- a? + b2 +\E\E<7a2+b2>1/4\/sin[c+dx] +asinfc+dx]] ]/

2aCos[c+dx]?

b+a\/1—Sin[c+dx}2)

-2ArcTan[1 - ] +Log|

(4\/?a3/2 (—a2+b2)1/4> - (7a (a% - b?) AppellFl[i, —1, 1, —,
4 2 4

a?Sin[c+dx]?

Sin[c+dx]?,
a2_b2

]Sin[c+dx]3/2\/1—sin[c+dx12 /

3 1 7 a2Sin[c+dx]?
[3 [7 (a? - b2) AppellF1[>, - =, 1, =, Sin[c+dX]2, #] +2
4

2 4 a?-b?

5 7 1 1 . , a’Sinfc+dx]?

2a%AppellfFl[—, - =, 2, =, Sin[c+dx]?, ——————| +
4 2 4 a?-b?

1 . , a’Sin[c+dx]?
,1, =, sinfc+dx]?, —/———————]

-a% +b?) AppellF1 =
(-a® +b?) AppellFi[ -, =, 1, = 2 b2

2

SN

Sin[C+dx}2J (b%+a? (—1+Sin[c+dx]2>)J] +

1

bCos[c +dx] bJra\/l—Sin[c+dx]2

6 (b+aCos[c+dx]) \/1751n[c+dx}2

(1+1) Va Vsin[c+dx]
(3+31) |2ArcTan|1- | -2
(az_b2>1/4
1+1i)+a +/Si d
Ar‘cTan[1+< +i) Va inferdx | - Log[+/a*-b* - (1+1i) /a
(az_b2>1/4

(az—b2)1/4\/sin[c+dx] +iaSin[c+dx] | +Log[ya®-b? + (1+1)
\/?(az_b2>1/41/sin[c+dx] +jaSin[c+dx}] /(\/; (az_b2>1/4)+

1 7 a?sSinf[c+dx]?
(56b (a*-b*) AppellF1[ =, —, 1, —, Sin[c+dx]?, #] Sin[c+dx]3/2]/

2 4 a2 - p?

N lw

7 X )
, 1, Z, Sin[c+dx]*,

N

B

D w

[\/lsin[c +dx]2 [7 (a® - b?) AppellF1]

a?sinfc+dx]?
a? - b? ]
aZSin[c+dx]2}

az-b?

X 7 1 1 . R
+2|2a AppellFl[f, —5 2, —, Sin[c+dx]%,
4 2 4
7 3 11
+ (a® - b?) AppellFl[—, =, 1, —, Sin[c+dx]?,
2 4

IN
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a2sSin[c+dx]?

: 2
2 b2 })Sln[c+dx]

(b2+a2 (—1+Sin[c+dx]2)>]]] -

2 (b-acCos[c+dx]) (b+aCos[c+dx]) Tan[c +dx]

(-a2+b2) d (a+bSec[c+dx]) (eSin[c+dx])>?

Problem 239: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

1
J(a+bSec[c+dx]) (esinfc+dx])®>?

dx

Optimal (type 4, 452 leaves, 14 steps):

a¥2 b ArcTan | \E( 2 EZS;F/EC\;d—X] | a%2bArcTanh| Va Jesin[c+dx] ]
a‘-bs} "/ e

(a27b2>1/4\/?
(az _ b2) 7/4 4 @5/2 - (az _ bz) 7/4 4 @5/2
2 (b-acos[c+dx]) 2 a EllipticF[! (c— §+dx), 2] /sin[c+dx]
+ +
3 (a?2-b%) de (eSin[c+dx})3/2 3 (a?-b?) de?+esSin[c+dx]
. . . 27 l s \/.7
ab? E111pt1cP1[ai aj,bz > 5 (c ’2T+dx), 2} Sinf[c +dx]

+

(a% - b?) (az—bz—a\/az—b2 ) de?+/eSin[c+dx]

ab? EllipticPi| —22—, % (c—§+dx), 2] V/sin[c+dx]

a+/ a?-b?

(a2 - b?) (asz2+a\/a27b2 ) de?+/eSin[c+dx]

Result (type 6, 1233 leaves):
1

3(a-b) (a+b)d(a+bSec[c+dx]) (eSin[c+dx])*>?
a(b+aCos[c+dx]) Sec[c+dx]Sin[c+dx]>?

- ! : 2acCos[c+dx]? b+a\/1—Sin[c+dx]2
(b+acCos[c+dx]) (1-Sin[c+dx]?)
’\/.7 ’\/.7
b —2Ar‘cTan[1—\/?\/; sinfc+dx] ]+2ArcTan[1+\E\/; sinfc+dx] ]7
(—a2+b2)1/4 (—a2+b2)1/4

Log[/-a%+b? -2 v/a (-a2+b?)V*+/Sin[c+dx] +aSin[c+dx]]+
Log[+/ -a® + b? +\/7\/?(—a2+b2)1/4\/sin[c+dx} +asinfc+dx] |

/

(4\5\5 <fa2+b2)3/4) - (Sa (a® - b?) AppellFl[l, —l, 1, >
4 2 4

B
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/

. , a’Sinfc+dx]?
Sln[c+dx],—}\/51n c+dx] A/1-Sin[c+dx]?

a?-b?
1 1 5 a?Sin[c+dx]?
5 (a®-b?) AppellF1[~, - =, 1, =, Sin[c+dx]?, #] +
4 2 4 a?-p?
) 5 1 9 . , a’sin[c+dx]?
2 |2a%*AppellFl[~, - =, 2, =, Sin[c+dx]?, ———————] +
a4’ 277 a a2 _ b2
5 1 9 a?Sin[c+dx]?
(-a®+b?) AppellF1|[~, —, 1, —, Sin[c+dx]?, #]]
4 2 4 aZ-p?

Sin[c+dx]?| (b®+a? (1+Sin[c+dx]2)>J] +

1

4bCos[c+dx] bJra\/lfsin[c+dx]2

(b+acCos[c+dx]) \/1fsin[c+dx]2

,;[lfi] Ja

<a2_b2>3/4 8 8 (az—b2)1/4
(1+1i) \Ja +/Sin[c+dx]

(a27b2)1/4 ]+
Log[+/a (1+1) (2—b2)1/4x/Sin[c+dx] +iasSinfc+dx]] -
Log[+/a (1+1) (2—b2)1/4\/sin[c+dx] +iasinfc+dx]]

1 5 . , a’Sinf[c+dx]? _
=, 1, =, Sin[c+dx]?, ————————] v/Sin[c+dx]
4

(1+J'1> \/?\/Sin[c+dx}

2 ArcTan [1 -

2 ArcTan [1 +

+

/

a? - b?

e
N

[5 b (a®-b®) AppellFi[—,

N R

5 . )
, 1, Z, Sin[c+dx]*,

[\/1—Sin[c+dx]2 [5 (a? - b?) AppellFl[1
4

a?Sin[c+dx]? 5 1 9 . 5
—————————] +2 |2a%AppellF1] =, =, 2, =, Sin[c+dx]?,
- b? 4 2 4
a?sin[c+dx]? 5 3 9
#} + (az—bz) AppellFl[f =,1, =, sin[c+dx]?,
4" 2 4

~ b2

a?sin[c+dx]?
a? - b?

}) Sin[c+dx]?| (b?+a? (1+Sin[c+dx]2)>]]] -

2 (b-aCos[c+dx]) (b+aCos[c+dx]) Tan[c+dx]

3 (-a*+b?)d(a+bSec[c+dx]) (eSin[c+dx])*?

Problem 240: Result unnecessarily involves higher level functions and more

than twice size of optimal antiderivative.
1

J dx
(a+bSec[c+dx]) (eSin[c+dx

J>7/2

Optimal (type 4, 511 leaves, 15steps):



108 | Mathematica 11.3 Integration Test Results for 4.5.1.3 (d sin)”n (a+b sec)”~m.nb

{\/? eSinfc+dx] } {\/? esSinf[c+dx] }

a®/2 b ArcTan a®/2 b ArcTanh

(az—bz)l//"\/? (azibz)l,ﬂ\/?
(az—b2>9/4de7/2 (a27b2)9/4de7/2
2 (b-aCos[c+dx]) 2 (5a%b-a(3a%+2b?) Cos[c+dx])
N _
5(a?2-b%) de (eSin[c+dx})5/2 5 (az—bz)zde3x/eSin[c+dx}
a?b? Ellipticpi[ —22—, 1 <C— ﬂ+dx), 2] \/sin[c+dx]
a-+/ a2-b? 2 2

(az—bz)2 (a—\/az—b2 ) de3*+eSin[c+dx]

a?b? EllipticPi[ —22—, 1 (c - ﬂ+dx), 2] V/sin[c+dx]
a+/ a2-b? 2 2

(aszz)z (a+\/a27b2 ) de3+/eSin[c+dx]
2a (3a%+2b?) EllipticE[% (c—§+dx), 2] Vesin[c+dx]
5 (a2 -b%)*de*+/Sin[c+dx]

Result (type 6, 1324 leaves):
1

5(a-b)?(a+b)?d (a+bSec[c+dx]) (eSin[c+dx])’?

a(b+aCos[c+dx])Sec[c+dx]Sin[c+dx]"?

1
(b+acCos[c+dx]) (1-Sin[c+dx]?)

[(b 2 a /Sin[c+dx] ]+2Ar‘cTan[1+\E\E Sin[c +dx]

<—az+b2>1/4 (—a2+b2>1/4
\-a?+b? —/2 +/a (-a?+b?)V*+/Sin[c+dx] +aSin[c+dx]] - Log|
\-a?+b? +/2 Wa (-a?+b?)V*+/Sin[c+dx] +aSin[c+dx]] ]/

2 (3a’+2ab?) Cos[c+dx]? b+a\/1—Sin[c+dx]2

-2ArcTan|1- | + Log

3 1 7
(4 V2 a2 (7a2+b2)1/4) - (7a (a2 - b2) AppellF1[=, - =, 1, —,
4 2 4
a?Sin[c+dx]?
Sin[c+dx]?2, #] Sin[c+dx]-°’/2\/1—sin[c+dx}2 /
a?-b?
3 1 7 a?Sin[c+dx]?
[3 [7 (a>-b?) AppellF1[=, - —, 1, —, Sin[c+dx]?, #] +2
4 2 4 22 _ b2

a2Sin[c+dx]?
FoAner ).

5 7 1 1, 5
2a AppellFl[f, -—, 2, —, Sin[c+dx]°,
4 2 4 a? - b?

1 , a’sinf[c+dx]?
, =1, —, Sin[c+dx]?, ——————|

-a% +b?) AppellF1
<a : ) ppe { 2 4 a2 - b2

7
4

Sin[C+dXJ2] (b* + a? (—1+Sin[c+dx]2))J] +
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1

(8a’b+2b?) Cos[c+dx]

12 (b+aCos[c+dx]) \/1—Sin[c+dx]2

(b+a\/1—Sin[c+dx}2

(1+i)Va VSin[c+dx]
(3+31) |2ArcTan|1- | -2
(a27b2>1/4
1+1)+a +/Si +d
Ar‘cTan[1+< 1) Va inferdx | - Log[+/a*-b* - (1+1i) +/a
(a27b2>1/4

(a27b2)1/4\/sin[c+dx] +iaSin[c+dx] | +Log[y/a®-b? + (1+1)
\/?(az—bz)l/4\/sin[c+dx] +iasSinfc+dx]] /(\/? (az—b2)1/4)+

3 1 7 a?Sin[c+dx]?
{56b (a* - b*) AppellF1[—, =, 1, —, Sin[c+dx]?, #] Sin[c+dx]3/2]/
4 2 4 a%-b?
: 2 2 12 3.1 7 e 2
\/1—Sln[c+dx] 7 (a*-b*) AppellF1[ =, —, 1, —, Sin[c+dx]?,
4’ 2 4
a?Sin[c+dx]? 5 7 1 1 ,
———————] +2 |2a*AppellFi[~, =, 2, —, Sin[c+dx]?,
aZ-b? 4 2 4
a?Sin[c+dx]? 7 3 11
—} + (az—bz) AppellFl[f, =,1, —, sin[c+dx]?,
az-b? 4 2 4

a?Sin[c+dx]?

|| sinfc+dx]?
a? - b? )

(b2+a2 (1+Sin[c+dx]2)>]] +

2 (-5a’b+3a*Cos[c+dx] +2ab?Cos[c+dx]) Csclc+dx]

5 (—a2+b2)2

(b+aCos[c+dx])

2 (b-acCos[c+dx]) Csc[c+dx]?
5 (—a2+b2>

Sin[c+dx]3Tan[c+

/

(d (a+bsSec[c+dx]) (eSin[c+dx])7/2>

d x]

Problem 241: Result unnecessarily involves higher level functions.

])9/2

dx

J (esin[c+dx
(

a+bSec[c+dx])?

Optimal (type 4, 1070 leaves, 35 steps):
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7b® (a? - b?)**e®2 ArcTan| Ja yJesinlc-dx] ] 2b(a?-b?)7*e*2ArcTan| Ja yesin(crdx] ]
(aszz)l/"\/? (aszz)l’m\/?

2a13/2d al3/2d

7b® (a? - b2)** %2 ArcTanh | Ve esinlc-dx] | 2b (a?-b?)"/*e%2ArcTanh | Ve esin[c-dx] ]
(a2-62) V4 e (22-62) /% &

2313/2d N al3/2d
JT
c—7+de, 2] V/sin[c+dx] /

1
a- az—bz,2 2

(Za7 [a—\/az—b2 ) dveSin[c+dx] )7

7b* (a® - b?) e® EllipticPi|

2a 1
2b2 (a2 -b?)2 €S EllipticPi| —————, = [c—£+dx , 2] /Sin[c+dx] /
a-+a2-p2 2 2
[a7[a—\/az—szd\/eSin[c+dx} +
2 1
(7 b* (a? - b?) €% EllipticPi| —————, = [c— T dx|, 2] Vsin[c-dx] /
a++Va?-b? 2 2
(Za7 [a+«/a27b2)dx/esin[c+dx])7
2 1
[2b2 (a% - b?)2 €5 EllipticPi| — ) = [c_5+dx , 2] /sin[c+dx] /
a+Vaz-p? 2 2

14 e* EllipticE[i (c— §+dx), 2] veSin[c+dx]

+ —

15a2d+/Sin[c +dx]
7b? (3a? - 5b?) e4EllipticE[§ (c—§+dx>, 2| Vesin[c+dx]

(a7 (a+«/a27b2 J dveSin[c+dx]

5a%d+/Sin[c+dx]
402 (8a%-5b?) e4EllipticE[i (c7§+dx>, 2] Vesin[c+dx] 7
5a%d+/Sin[c +dx]

14 e3 Cos[c + d x] (eSin[c+dx})3/2 7b%e® (5b-3acCos[c+dx]) (eSin[c+dx})3/2

.
45 a%d 15a°d

4be (5 (a2-b?) +3abCos[c+dx]) (eSin[c+dx])*? 4be (eSin[c+dx])’?
N _

15a°d 7ad

2eCos[c+dx] (eSin[c+dx])7/2 bZe (eSin[c+dx})7/2
+

9a%d a*d (b+aCos[c+dx])

Result (type 6, 1368 leaves):
1

30a°d (aerSec[cerx])ZSin[c+dx]9/2

1
(b+acCos[c+dx]) (1-Sin[c+dx]?)

(b+aCos[c+dx])ZSec[c+dx12 (eSin[c+dx])9/2

2 (142a% - 159 a* b + 165 b*) Cos[c +dx]? b+a\/1—Sin[c+dx]2
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Vsin[c+dx] JSinfcrdx]
(b —2Ar‘cTan[17\/7\/? Sln[j/de} ]+2ArcTan[1+\/?\/? sinfc +dx]
(—az+b2)

e

Log[~/ -a® + b? —\/?\/?(—a2+b2)1/4x/sin[c+dx] +asinfc+dx]]| -

Log[~/ -a® + b? +ﬁ\/?(—a2+b2)1/4\/Sin[c+dx} +asin[c+dx] |

3 1 7
(4\/2 a3/2 (—a2+b2)1/4) - [7a (a2 - b?) AppellF1[=, - =, 1, —,
2 4
a?sSin[c+dx]?
Sin[c+dx]?, %}Sin[c+dx}3/2\/1—sin[c+dx]2/
a‘-b

) w2 3 1 7 . , a’Sinf[c+dx]?
3|7 (a —b)AppellFl[—, -=,1, —, Sin[c+dx]?, —————
4’ 2 4

]+
a? - b?
) 7 1 1 , a’Sin[c+dx]?
2 |2a%AppellFl|—, - =, 2, —, Sin[c+dx]?, ———————| +
4" 2 4 a2 _ b2
7
)

(-a® +b?) AppellF1] :
2 4

IN

1 , a’Sinfc+dx]?
, 1, —, Sinfc+dx)?, ———————]
a? - b?

Sin[c+dx]?

(b2+a2 (—1+Sin[c+dx]2)>” +
1

(-46a°b+66ab’) Cos[c+dx]
12 (b+aCos[c+dx]) \/l—Sin[c+dx12

(b+a\/1—sin[c+dx]2

o

1+i Vsin[c+dx]
2Ar‘cTan[1+( +l>g b;)”:/[;+ l | - Log[~/a%-b? -

(1+i) vVa Vsin[c+dx]
2ArcTan|1 - |-
(a27b2)1/4

(1+]’1)ﬁ(az—bz)w‘\/sin[cmx] +iasSinfc+dx]]| +Log[+/a?-b* +

(1+14) Va (az—b2)1/4x/Sin[c+dx] +iaSin[c+dx]]J

1 7 a2Sin[c+dx]?
[56b (a?-b2) AppellF1[>, =, 1, =, Sin[c+dx]?, a’sinfcrdxj”
2 4

s 3/2
- | sinfc+dx] ]/
{\/I—Sin[c+dx}2 (7 (a - b?) AppellF1|

301 7
=, =,1, —, Sin[c+dx]?,
4" 2 4

a?Sin[c+dx]? 5
—————————] +2 [2a%AppellF1|

a27b2

a?Sin[c+dx]?

#] + (a® - b?) AppellF1]

a27b2

Sjw

7 . 5
- —» 2, —, Sin[c+dx]*%,
4 2 4

)

, 1, —, Sin[c+dx]?,
4

BN
N W

a?Sin[c+dx]? . 5
—————————] | Sin[c+dx]
a? - b?

(b2 4 22 (1+Sin[c+dx}2))]] .

/(Va (a-p2) )

| 111



112 | Mathematica 11.3 Integration Test Results for 4.5.1.3 (d sin)”n (a+b sec)”~m.nb

[(bJraCos[Cerx])ZCsc[Cerx]“Sec[Cerx}2 (esin[c+dx])®?

+

b (-37a%+56b?) Sin[c+dx]
[_ 21a°

a?b%Sin[c+dx] -b*Sin[c+dx]

a®> (b+aCos[c+dx]) )
(1982 -54b%) sin[2 (c+dX) |

90 a* )

bsin[3 (c+dx) ]

7 a3
Sin[4 (c+dx) |

36 a?

+

J/ (d (a+bSec[c+dx}>2)

Problem 242: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

])7/2

dx

J (eSin[c+dx
(

a+bSec[c+dx])2

Optimal (type 4, 1101 leaves, 35 steps):
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“Ja +/esSin[c+dx] ]

5 b3 (az—bz)l/4 e’/2 ArcTan [ :
(a2-67) "% V&

2 a11/2 d

2b (a?-b2)*>'%e”/2 ArcTan Ja yesin[crdx] ] 5b%(a?-b2)**e’/2 ArcTanh| Ja yJesin(crdx] ]
(az—bz)l/”'\/? (az—bz)l"‘\/?

a11/2 d 2 a11/2 d

2 h2)\5/4 ,7/2 va -/eSin[c+dx] o .
2b (a?-b?)>'* 7’2 ArcTanh | EEITN ] 106 EllipticF[! <C— §+dx), 2] \/Sinfc+dx]
+
att’2d 21a2d~+/eSin[c +dx]
5b? (a2 - 3b?) e EllipticF |2 (c—§+dx>, 2] \/sin[c+dx] )
3ad+eSin[c+dx]
4b? (4a%-3b?) e4E11ipticF[§ (c—§+dx>, 2| v/sin[c+dx]

3ad+eSin[c+dx]
2a 1
5b% (a? - b?) e* EllipticPi[ ————, = [szerX , 2] /sinfcrdx] /
a-+/a2-p? 2 2

+

(Za6 [az—bz—ax/az—b2 ) dveSin[c+dx]

2 1
27 (a2 - b?)2 e EllipticPi| —————, = [c— T idx|, 2] Vsinfc+dx] /
a74/327b2 2 2

(as (az—bz—a\/asz2 ) d+/eSin[c +dx] )7

4 (32 _p?) et Ellipticpi| — 22 L T .
5b* (a? - b?) e E1lipticPi| s c +dx|, 2] V/sin[c+dx]
a+VaZz-p? 2 2

[Za6 [az—b2+ax/a2—b2 ) d+veSin[c+dx]

/

+

, 2] V/Sin[c+dx]

/

2a 1
(2 b2 (az—bz)ze“EllipticPi[—, hut (c, X idx
2

a+vVaZ-b? 2
(aG (az—b2+a a’ - b? ) dveSin[c+dx]

10e3Cos[c+dx] VeSin[c+dx] 5b’e®(3b-acCos[c+dx])eSin[c+dx]

- +

21a%d 3a°d
4be* (3 (a2-b?) +abCos[c+dx]) \/m+4be (eSin[c+dx])5/2_
3a°d 5a%d
2eCos[c+dx] (eSin[c+dx])>? b%e (eSin[c+dx])*?
7 a%d +a3’d(b+aCos[c+dx1)

Result (type 6, 2295 leaves):
(23a%-84b?) Cos[c+dx] b? (-a?+ b?)
42 a* a® (b+aCos[c+dx])

(b+acCos[c+dx])? |-
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2bC 2 +d C 3 +d
os[2 (c+dx)] + 0s[3 (c+dx)] Csc[c+dx]3Sec[c+dx]2(eSin[c+dx])7/Z/
5a3 14 a2

1

(d (a+bSec[c+dx])2) +
210a°d (a+bSec[c+dx])?Sin[c+dx]7/2

7/2 1
(b+acCos[c+dx]) (1-Sin[c+dx]?)

(b+acCos[c+dx])?Sec[c+dx]? (eSin[c+dx])

b+a\/1—3in[c+dx}2

ﬁ\/?\/sin[c+dx] ﬁ\/?\/sin[c+dx]
| +2ArcTan|1+

(—a2+b2)1/4 (—a2+b2)1/4
Log[+/-a2+b?* -/2 Va (7a2+b2)1/4x/sin[c+dx} +asinfc+dx]]| +
Log[~/-a?+b? ++/2 Va (—a2+b2)1/4\/5in[c+dx1 +asinfc+dx] ]|

2 (50 a* - 273 a* b + 105 b*) Cos[c + d x]?

|

b

-2ArcTan[1 -

] _

/

(4\/?\/? <7a2+b2)3/4) - (Sa (a® - b?) AppellFl[l, 71, 1, 5,
4 2 4

a%?sin[c+dx]?

a?-b?

| Vsinfc+dx] x/lfsin[c+dx}2

Sin[c+dx]?,

/

1 1 5 a?Sin[c+dx]?
5 (a-b?) AppellF1|—, - =, 1, =, Sin[c+dx]?, #} +
4 2 4 a? - b?
5 1 9 a?sin[c+dx]?
2 [2 a’AppellF1[ =, - =, 2, =, Sin[c+dx]?, #] + (-a?+ b?)
4 2 4 a? - b?
5 1 9 . , a’Sinfc+dx]? . 5
AppellFl][ =, =, 1, =, Sin[c+dx]?, ————————] | Sin[c+dx]
4 2 4 aZ-b?

1

(b2+a2(—1+Sin[c+dx]2)>]J+
(b+aCos[c+dx})\/1—Sin[c+dx]2
_;(E_E)\/a—
(a27b2)3/4 8 8
(1+Ji)\/?\/sin[c+dx} (1+Ji)\/?\/sin[c+dx}
| -2ArcTan|1+
(az_bz)l/A (az_b2)1/4
Log[+/a’ - b? —(1+J‘1)\/?(az—b2)1/4\/sin[c+dx] +iasSinfc+dx]] -
Log[+/a?-b* + (1+1i)Va (a®-b%)Y*+/Sin[c+dx] +iaSin[c+dx]]

2 (-1392*b+210ab?) Cos[c+dx] (b+a\/1—Sin[c+dx]2

2ArcTan|1 -

|+

+

)

[5 b (a® - b?) AppellF1|

N |

5 . , a’Sinfc+dx]? ]
1, —, Sin[c+dx]°, —] \/Sin[c +dXx]
4

a2 -b?

/

»R

1 5
{\/151n[c+dx}2 (5 (a* - b%) AppellFl[~, =, 1, =, Sin[c+dx]?,
2

1
4 4
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5 1 9 . ,
- —» 2, —, Sin[c+dx]*°,

I

a?Sin[c+dx]? 5
—————————] +2 [2a%AppellF1|
a’-b?
a?Sin[c+dx]? s
—] + (a% - b?) AppellF1|
a?-b?

9 . )
, —» 1, —, Sin[c+dx]*,

H |
MW

(b2+a2 (1+Sin[c+dx}2>)]] +

a?sSin[c+dx]? . ,
T] Sin[c +dx]
a‘-b
1
(231a’b-420ab’)

(b+acCos[c+dx]) (1-2Sin[c+dx]?) \/1fsin[c+dx}2
Cos[c+dx] Cos[2 (c+dx) |

(b+a\/1—sin[c+dx]2

(; 1'1) (3272b2> Ar‘cTan[lf (1+i) va +/Sin[c+dx] }
2 (asz2>1/4

33/2 <a2 _ b2) 3/4

(lfi—) (a2 - 2b%) ArcTan[1+ (1) Vs fsinerdn) | |
2 2 (a2-b2) /4 1 iy, R

. (( —] (a2 - 207)
4 4

a3/2 (az _ b2> 3/4
Log [~/ a® - b? —(1+]’1)\H(az—bz)l/4\/sin[c+dx] +iasinfc+dx]] /

: j] (- 207) Log[\[a? b2 + (1+1) Va (a2 b2V

(33/2 (az_bz>3/4) ~ ((4 >
4+/Sin[c +dx]

Sin[c+dx] +jaSin[c+dX]] /(as/z (a27b2>3/4) .
a
22 11 5 . , a’sinfc+dx]? i
leb (a -b ) AppellFl[_) e 11 ) Sln[CerX] N —} Sln[c+dX} /
4" 2 4 a? - b2

11 5 . 5
, 1, —, Sin[c+dx]*,

{\/1—Sin[c+dx}2 (5 (a* - b?) AppellF1[—,
4" 2

a?sin[c+dx]? X 5 1 9 ,
—————— | +2|2a%AppellF1[=, =, 2, =, Sin[c+dx]?,
a’-b? 4" 2 4
a?Sin[c+dx]? 5 3 9
TENLEEEXI) L (a2 - p2) appellf1[ >, 2, 1, 2, Sinfc+dx]?,
a’ - b? 4" 2

+

(b?+a® (-1+Sin[c+dx]?))

a?Sin[c+dx]? . 5
——————— ]| Sin[c+dx]

a27b2
5 aZSin[c+dx]2] Sin[c+dx]5/2]/

;L 5 1 9
36b (-a”+b?) AppellF1[ =, —, 1, =, Sin[c+dx]?,
4" 2 4 a? - b?
5 1 9
(5\/151n[c+dx]2 {9 (a®-b?) AppellF1[ =, =, 1, =, Sin[c+dx]?,
4" 2 4
a?sin[c+dx]? ) 9 1 13 . 5
———————] +2|2a%AppellF1| =, =, 2, =, Sin[c+dx]?,
a2 _ b2 4" 2 4
a?Sin[c+dx]? 9 3
#] + (a2 - b?) AppellFi[ =, =, 1, =, sinfc+dx]2,
4" 2

a%-b?
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a?sin[c+dx]?

F— ]]Sin[c+dx}2) (b*+a* (-1+Sin[c+dx]?))
a‘-b

Problem 243: Result unnecessarily involves higher level functions.

5/2

dx
2

J (esinfc+dx])
(

a+bSec[c+dx])

Optimal (type 4, 850 leaves, 32 steps):

[ﬁ eSin[c+dx] }
(a2-b2) Y4 e

2 39/2 (az—b2)1/4d a%/2 g

\Ja +Jesin[c+dx] ]
<a27b2)1/4 Ve

3b3e%2 ArcTan 2b (a2 —b2)3/4 e/2 ArcTan|

3 b3 e%/2 ArcTanh | Va eSi",[“dx] | 2b (a% - b?) 3/4 @5/2 ApcTanh [ Va eSi”/[“dx] ]
(a2-02) V4 Ve (a2-02) V4 Ve

2 39/2 (az _ bz) 1/4 d - a%/2 d

4 .3 s i DS 2a 1 _ \/7
3b%e ElllpthPl[ai 0 (c 2+dx), 2| v/sin[c+dx]

2a’ (afx/asz2 ) d+/eSin[c+dx]

/

(2 b® (a® - b?) e’ E1lipticPi|

2a 7T -
c—7+de, 2] V/sin[c+dx]

e
a- az—bz,2 2

+

(as [a— a? - b2 J dveSin[c+dx]

3b% e? EllipticPi| —22—, 1 (c— ﬂ+dx), 2] Vsin[c+dx]
a++/ a2-b? 2 2

2a° (a+\/a2—b2 ) d+/eSin[c+dx]

2 (o2 L2y .3 L. 2a 1 7T .
2b? (a? - b?) e EllipticPi[ —————, f[c—erdx , 2] /sin[c+dx] /
a+Vaz-b?2 2 2
6e2EllipticE[l(c—1+dx),2}x/esin[c+dx]
(as(a+ aZ—bZJd\/eSin[c+dx])+ 2 2 -
5a2d+/Sin[c +dx]
7b2e2EllipticE[%(c—§+dx),2]\/esin[c+dx1 abe (esin[c+dx])?
N _
a*d+/sin[c +dx] 3a’d

2eCos[c+dx] (eSin[c+dx])*? b’e (eSin[c+dx

+

5a2d a*d (b+aCos[c+dx])

}>3/2

Result (type 6, 1280 leaves):
1

10a*d (a+bSec[c+dx])?Sin[c+dx]>?
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1
(b+aCos[c+dx]) (1-Sin[c+dx]?)

5/2

<b+aCos[c+dx}>ZSec[c+dx]2 (esin[c+dx])

b+a\/1—Sin[c+dx}2)

2 (-6a®+35b%) Cos[c+dx]?

’\/.7 ’\/.7
b —2Ar‘cTan[1—\/7\/? Sinfc+dx] ]+2Ar‘cTan[1+\/7\/; Sinfc+dx] | +Log|
(—a2+b2>1/4 <fa2+b2>1/4
—a“+b° -2 va (-a°+b Sin[c+dx] +aSin[c+dx]| -Lo
J=# 6 T (-2t b) STTe dx] - asinlc-dx)] - Log]
\-a?+b? +/2 +/a (-a?+b?)V*+/Sin[c+dx] +aSin[c+dx]] ]/
3/2 2 2\1/4 2 2 3 1 7
(4\/?a (-a®+b?) )—(7a(a -b )AppellFl[Z, - 1, L

a2sin[c+dx]?
Sinfc+dx)2 M]Sin[c+dx]3/2\/1—Sin[c+dx]2J/

3

a%-b?
3 1 7 a?Sin[c+dx]?
[3 [7 (a® - b%) AppellFl[ =, - =, 1, —, Sin[c+dx]?, #] +2
4 2 4 aZ-b?
) 7 1 1 . , a’sin[c+dx]?
2a? AppellFl|—, - =, 2, —, Sin[c+dx]?, ———————] +
4 2 4 a%-b?
7 1 11 a?sin[c+dx]?
(-a%+b?) AppellFl[—, =, 1, —, Sin[c+dx]?, M}J
4 2 4 aZ-p?
Sin[c+dx]?| (b*+a® (1+Sin[c+dx]2>))]+

1

b+a\/1—Sin[c+dx}2)

7abcCos[c+dx]

6 (b+aCos[c+dx]) \/l—Sin[c+dx}2

(1+1i) vVa Vsin[c+dx]
(3+31) |2ArcTan|1- | -2
(a27b2>1/4
1+1)+a +/Si d
Ar‘cTan[1+< +i) Va nlerdx] | - Log[~/a* - b? —(1+J’1)\/?
(asz2>1/4

(az—b2)1/4\/sin[c+dx] +iaSin[c+dx] | +Log[y/a®-b? + (1+1)
\/?(az—bz)l/4\/sin[c+dx] +iasSinfc+dx]] /(\/? (az—b2)1/4)+

3 1 7 a?Sin[c+dx]?
(Ssb (a*-b*) AppellF1[ =, =, 1, —, Sin[c+dx]?, %] Sin[c+dx]3/2]/
2 4 a‘-b

IN

; 2 2 2 3.1 7 2
\/1—Sln[c+dx] 7 (a*-b*) AppellF1[=, =, 1, —, Sin[c+dx]?,
4" 2 4
a?sin[c+dx]? ) 7 1 1, ,
—] +2|2a AppellFl[f, -5 2, —, Sin[c+dx]°,
a2 - b2 4" 2 4

3 1, 5
, —» 1, —, Sin[c+dx]7%,

2 cs 2
SINLe dXITy (32 p2) appellFa|
2 4

az-b?

F N
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aZSin[c+dx]2}

P )Sin[c+dx]2
a‘-b

(b2+a2 (—1+Sin[c+dx]2))]]] +

[(b+aCos[c+dx])ZCsc[c+dx]ZSec[c+dx12 (esinf[c+dx])®?

4bSin[c+dx]

3a3

+

b2 Sin[c+dx]

a® (b+aCos[c+dx])
Sin[2 (c+dx) | J/ (d

5 a2
(a+bSec[c+dx])2)

Problem 244: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

])3/2

dx

J (esin[c+dx
(

a+b5ec[c+dx])2

Optimal (type 4, 882 leaves, 32 steps):



Mathematica 11.3 Integration Test Results for 4.5.1.3 (d sin)”n (a+b sec)”~m.nb

b3 e3/2 ArcTan { Ja eSin’[c+d x] ] 2b (az N b2> 1/4 43/2 ppcTan [ \a eSin’[c+d X] ]
(aszz)l/“\/? (aszz)l/"\/?

237/2 (az _ b2> 3/4 d a’’2d

b3 e3/2Ar‘cTanh[ﬁ esinlerdx] | 2b(a2-b?)¥* e3/2Ar‘cTanh[ﬁ esinlerdx] ]

(azin)l/A\/? (az—bz)l/"\/?
237/2 <a2_b2)3/4d a’/2 ¢
. . l s \/.7
2e2E111pt1cF[2 (c—’;+dx),2} Sin[c+dx] i
3a2d+/eSin[c+dx]

5 b2 2 EllipticF[% (c—§+dx), 2] /sin[c+dx]
a*d+eSin[c+dx]
b*e? EllipticPi| —22—, % (c— 5+dx), 2] V/sin[c+dx]

a-+/ a?-b? 2 2

+

2a% (az—bz—a\/az—b2 ) d+eSin[c+dx]

2 2 K2 2 . . . 2a l _z \/.7
2b* (a® - b?) e’ EllipticPi| —————, c +dx|, 2] V/sin[c+dx]
a-VaZz-p? 2 2

(a“ [az—bz—a\/az—b2 ) d+eSin[c +dx]
b*e? Ellipticpi| —22—, % (c— ﬂ+dx), 2] Vsin[c+dx]

a++/ a?-b? 2

/

+

2a% (az—b2+a\/a2—b2 ) d+esSin[c+dx]

> 0 o L. 2a 1 7T -
2b? (a? - b?) e? EllipticPi[ ————, = (c—7+dx , 2] V/sin[c+dx]
a+Va?-b? 2 2
4be+eSin[c+dx
a* az—b2+a«/a2—b2)d\/esin[c+dx] + S [cvdx]
a’d

2eCos[c+dx] vVeSin[c+dXx] b2e+eSin[c+dx]
+

3a%d a*d (b+aCos[c+dx])

Result (type 6, 2212 leaves):
2Cos[c+dX] b?

N
3 a? a®> (b+aCos[c+dx])

/(d (a+bSec[c+dx])2) -

[(bJraCOS[CerX])Z

Csc[c+dx] Sec[c+dx]? (eSin[c+dx])??

1 3/2

(b+aCos[c+dx])ZSec[c+dx]2 (esinfc+dx])
6a3d (a+bSec[c+dx])ZSin[c+dx]3/2

1
(b+acCos[c+dx]) (1-Sin[c+dx]?)

2 (-2a*+3b%) Cos[c+dx]? b+a\/1—Sin[c+dx]2

| 119
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|

ﬁ\/?\/sin[c+dx] \/?\/?\/Sin[c+dx] ]

| +2ArcTan|1 +
(—a2+b2)1/4 (—a2+b2)1/4

Log[~/ -a® + b? 7ﬁ\/?(7a2+b2)1/4x/sin[c+dx} +asinfc+dx]]| +
Log[+/ -a% + b? +\/7\/?(—a2+b2)1/4\/5in[c+dx1 +asinfc+dx] ]|

b |-2ArcTan[1-

/

(4\/?\/? <7a2+b2)3/4> - (Sa (a® - b?) AppellFl[l, 71, 1, =,
4 2 4

a?sin[c+dx]?
Sinf[c +dx]?, #} \/Sin[c +dx] x/lfsin[c+dx}2

a?-b?

/

+

1 1 5 a?Sin[c+dx]?
[(5 (a? - b?) AppellF1[~, - =, 1, =, Sin[c+dx]2, #}
4" 2 4 a2 _ p2
1 9 a?Sin[c+dx]?
s 2, =, Sin[C+dX]2, e+ } ]+ (—a2+b2>
4 a27b2

5
2 {2 a’ AppellF1[ =, - =
4 2

5 1 9 . , a’Sinfc+dx]? . 5
AppellF1][ =, =, 1, =, Sin[c+dx]?, ————————] | Sin[c+dx]
4" 2 4 a? - b2
1
(b2+a2(—1+Sin[c+dx]2)>]J+

(b+aCos[c+dx]) \/1—Sin[c+dx]2

b+a\/1—Sin[c+dx}2) _;(1_3] Ja
(a27b2>3/4 8 8

(1+1) \a +/Sin[c +dx] | -2 ArcTan[1+ (1+1) \a +/Sin[c +dx]

(az—b2)1/4 (az_bz)l/zl
Log[+/a® - b? —(1+J‘1)\/?(az—bz)l”\/sin[urdx] +iasinfc+dx]] -
Log[+/a?-b* + (1+1i)Va (a®-b?)Y*+/Sin[c+dx] +iaSin[c+dx]]

8abCos[c+dx]

|+

2ArcTan|1-

+

- 11 5 . , a’Sin[c+dx]? -
5b (a?-b?) AppellF1[~, —, 1, =, Sin[c+dx]?, ————————| V/Sin[c+dX] /
4’2" 7 a a2 _ p?
. 2 2 2 1 1 > 0 2
\/1—Sln[c+dx} 5 (a —b)AppellFl[—, =,1, =, Sin[c+dx]?,
4 2 4
a?sin[c+dx]? 5 5 1 9 5
————————] +2|2a?AppellF1| =, =, 2, =, Sin[c+dx]?,
a2 _ b? 4”2 a4
a?sin[c+dx]? 5 3 9
#] + (a®-b?) AppellF1[ =, =, 1, =, Sin[c+dx]?,
a2 _ b? 42" 4
a?Sin[c+dx]?
#]]Sin[c+dx12 (b +a? (—1+Sin[c+dx12>)]]—
a’-b?
1
6abCos[c+dx]

(b+aCos[c+dx]) (1-2Sin[c+dx]?) \/1—Sin[c+dx}2

Cos[2 (c+dx)] (b+a\/1—sin[c+dx]2
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(l_ jl_) (32—2b2> Ar‘cTan[l— (1+i) Va Sin/[c+dx} }
2 2 (a27b2>1/4

33/2 <az _ bZ) 3/4

(l— L) (aZ—ZbZ) Ar‘cTan{1+ (1+d) Va Si"/[c*dx] ] .
2 2 (az_b2>1/4 1 i R R
+ (( *] (a® - 2b?)

4 4

a3/2 (az _ b2> 3/4
Log[+/a? - b? —(1+Ji)\/?(az—bz)l/4\/sin[c+dx] +iasinfc+dx]] /

1 j] (a®-2b?) Log[+/a® - b? +(1+J‘1)\/?(a2—b2)1/4

3/2 (92 _p2)3/4 _(( _
(a (a ) ) P
4+/Sin[c +dx]
+ +

\/Sin[c +dx] +iaSin[c+dx]])/(a3/2 (az_b2>3/4)
a
2¢cy 2
, 1, 5, Sinfc+dx]?, M} \/sin[c +dx] /

a? - b?

)

N |

4

FQNIN

(10 b (a®- b®) AppellF1]|

5 . )
, 1, —, Sin[c+dx]*,

[\/1$in[c+dx}2 (5 (a® - b%) AppellFl[l, 1
4 2

5 1 9 . R
-5 —» 2, —, Sin[c+dx]*,

a?sin[c+dx]2 )
—————————] +2|2a?AppellF1]
a2 _b? 4> 2" a
a?sSin[c+dx]? 5 3 9
#] + (a%-b?) AppellFl[ =, =, 1, =, Sin[c+dx]?,
a? - b? 4 2

+

<b2+a2 (—1+Sin[c+dx]2>)

a?Sin[c+dx]? . 5
—] Sin[c +dx]

a2_b2
a?Sinf[c+dx]?
2 #] Sin[c+dx]5/2J/

5 1 9
(36b (-a®+b?) AppellF1|[ =, —, 1, =, Sin[c+dx]?,
4 4 a?-b?
5 1 9
[5 \/1—Sin[c+dx]2 (9 (a>-b?) AppellF1[=, =, 1, =, Sin[c+dx]?,
4’ 2 4
a?Sin[c+dx]? , 9 1 13 5
————————] +2|2a?AppellF1| =, =, 2, =, Sin[c+dx]?,
a2-b? 4 2 4
a?Sin[c+dx]? 9 3
#] + (a® - b?) AppellFl[ =, =, 1, —, Sin[c+dx]?,
a? - b2 4 2

9 s 2
M]] Sin[c+dx]?| (b®*+a* (-1+Sin[c+dx]?))

a? - b?

Problem 245: Result unnecessarily involves higher level functions.

\JeSin[c+dx]
J dx
(

a+bSec[c+dx])2

Optimal (type 4, 809 leaves, 27 steps):
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A/ a eSin[c+dx] A/ a eSin[c+dx]
b®>+e ArcTan 2b+/e ArcTan
[ <az—b2>1/4 'y ] [ (az—b2>1’/4 [e ]

2 35/2 (az—b2>5/4d ! a5/2 (az—b2)1/4d

3 +Ja +/eSin[c+dx] “Ja /eSin[c+dx]
b>+/e Ar‘cTanh[ (akbz)l/"“ﬁ ] 2b+e Ar‘cTanh[ (aszz)i/“ﬁ }

2 35/2 <az_b2>5/4d a5/2 (az_b2>1/4d
2b2eEllipticPi[ —22—, L (c— ﬂ+dx), 2] V/sin[c+dx]
a-+/ a%-b? 2 2
a3 (a—\/az

d+VesSin[c+dx]

c——+dx) 2| V/sin[c+dx]

b* e E111pt1cP1[ s %

7]
azb2 (
233 (az—bz) (a—\/asz2 ) d+esSin[c+dx]

2b2 e EllipticPi[ —22—, L (c- 2+ dx], 2] VSin[c+dx]
a+/ a2-b? 2 2

a3 (a+\/a2

)d\/eSm [c+dx]
(c——+dx) 2] v/sin[c+dx]
2a% (a2 - b?) (a+\/a27b2 ) d+/eSin[c+dx]

2 EllipticE |t (c- l+dx), 2] /eSin[c+dx]

b* e EllipticPi[ —22— , %

a+ab2

+

2
2d+/Sin[c +dx]
b2|5111pt1cE[ (—72—T dx) }\/esin[c+dx] b2 (eSin[c+dx])3/2
a% (a®?-b?) d+/Sin[c+dx] +a(az—bz)de(b+aCos[c+dx})

Result (type 6, 1248 leaves):
1
2a(-a+b) (a+b)d (a+bSec[c+dx})2\/m
(b+aCos[c+dx])?Sec[c+dx]?\eSin[c+dx]

! 2 (-2a%+3b%) Cos[c+dx]? b+a\/175in[c+dx]2
(b+acCos[c+dx]) (1-Sin[c+dx]?)
b —2Ar‘cTan[1—ﬁ\/? Sin[c+dXx] ]+2Ar‘cTan[1+ﬁﬁ Sin[c+dX] |+
(7az+b2)1/4 (7az+b2)1/4

Log[+/ -a% + b? —ﬁ\/?(—a2+b2)1/4\/sin[c+dx} +asinfc+dx]] -
Log[~/ -a® + b? +\/7\/;(—a2+b2)1/4\/Sin[c+dx} +asinfc+dx] ]| ]/

)

(4\/7a3/2 (—a2+b2)1/4) - [7a (a®>-b?) AppellFl[z, —l, 1, ’
4 2 4
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a?Sin[c+dx]?

Sinf[c +dx]?, %}Sin[c+dx}3/2\/1—sin[c+dx]2]/
a‘-b

aZSin[c+dx]2}

ar-inie+dxjmy .

2 p2 31,7 2
3|7 (a b)AppellFl[ B ,1, =, Sin[c+dx]?2,
4 2 4 a? - b?

71 2
b)

) 1 a?Sin[c+dx]?
2 [2a%AppellF1] =, 2, =/, Sinfc+dx]?, ——————— ] +
4

2 4 a2 - b?
7 1 11 25i dx]?
(-a®+b?) AppellF1|[—, —, 1, —, Sin[c+dx]?, w]]
4 2 4 a?-b?
Sin[c+dx]? (b2+a2 <1+Sin[c+dx]2)>]J +
1 .
abCos[c+dx] (b+a\/1751n[c+dx]2

6 (b+aCos[c+dx]) \/1—Sin[c+dx]2

(1+i) Va VSin[c+dx]
(3+31) |2ArcTan|1- ] -
(az_b2>1/4
1+1)+a +/Si d
2ArcTan[1+ (1+1) (aaz bZ;T/[4C+ X | - Log[+/a®-b? -

(1+1‘1)\/?(az—bz)l/4m+iasin[c+dx}]+Log[ a?-b% +
(1+1) Va (a®-b2)"*+/sin[c+dx] +iaSin[c+dx1]] /(\/? (az—b2>1/4)+

)

1 7 a?Sin[c+dx]?
=, 1, —, Sin[c+dx]?, #} Sin[c+dx}3/2]/
4 a?-b?

(56 b (a®- b®) AppellF1]|

pw
N

\/ : 2 2 p2 31 7 s 2
1-Sin[c+dx]? |7 (a -b ) AppellFl[f, =, 1, —, Sin[c+dx]?2,
4 2 4
a?Sin[c+dx]? 5 7 1 1 5
————————] +2|2a?AppellF1|—, =, 2, =, Sin[c+dx]?,
a2 _b? 4’ 2 4
a?Sin[c+dx]? 7 3 11
#] + (az—bz) AppellFl[f, =,1, =, sin[c+dx]?,
a2 _ b2 4’ 2 4

a?Sin[c+dx]?

a%-b?

b2 (b+aCos[c+dx]) Sec[c+dx] VeSin[c+dx] Tan[c+dXx]

a(a?-b?)d(a+bSec[c+dx])?

]] Sin[c+dx]? <b2+a2 (1+Sin[c+dx}2>)]] +

Problem 246: Result unnecessarily involves higher level functions.

1

J(a+bSec[c+dx1)zx/eSin[c+dx]

Optimal (type 4, 838 leaves, 27 steps):

dx
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3b3Ar‘cTan{ﬁ eSine+dx] ] 2bAr‘cTan[ﬁ esin(c+dx] ]
(a2-62)"* Ve (a2-b2)¥* /e
2a3/2 (a27b2>7/4d,\/? a3/2 (a27b2>3/4d\/?
3b3Ar‘cTanh[\/f=T esinlerdx] ] 2bAr‘cTanh[\g esinfc+dx] ]
(aszz)l/‘l\/? (azib2>1/4\/?
- +
2 a3/2 (asz2)7/4d\5 3372 (asz2>3/4d\/?
. . 1 n \/7 > . . 1 oz \/.7
2E111pt1cF[2(c 2+dx),2] Sin[c +d x] +b ElllpthF[z(c 2+dx),2] Sin[c +d x] )
a?d+eSin[c+dx] a’ (a?-b?) d+eSin[c+dx]

2b? Ellipticpi| —22—, 1 (c _z, dx) , 2] /sin[c+dx]
a-+/ a%-b? 2 2

+

a2 (az—bz—a\/az—b2 ) d+veSin[c+dx]

3b*Ellipticpi[ —22—, L (c_ ﬁ+dx), 2] Vsin[c+dx]
a-+/ a%-b? 2 2
2a% (a2 - b?) (aszzfa\/aszz)d\/esin[c+dx]
2b?Ellipticpi[ —22—, L (c- 1+dx), 2] \/sin[c+dx]
i 22
az(az—b2+a\/a2—b2)d\/eSin[c+dx]
3b*EllipticPi[ —22—, L (c— ﬂ+dx), 2] Vsin[c+dx]

a++/ a®-b? 2

+

+

b2/ eSin[c+dx]
+
2 32 (az_b2> (az—b2+a\/a2—b2 ) d\/ESiI’\[C-%—dX] a (asz2> de (b+aCos[c+dx}>

Result (type 6, 1246 leaves):
1
2a(-a+b) (a+b)d (a+bSec[c+dx])*/eSin[c+dx]
(b+aCos[c+dx])ZSec[c+dx}2\/Sin[c+dx]

= 2 (-2a%+b?) Cos[c+dx]2(b+a\/1—sin[c+dx]2
(b+acCos[c+dx]) (1-Sin[c+dx]?)
’\/-7 ’\/.7
b —2Ar‘cTan[1—\/7\/? Sinfc +dx] ]+2Ar‘cTan[1+\/7\/? Sinfc+dx] ] -
(—a2+b2)1/4 (—a2+b2)1/4
Log[~/-a2+b? -v/2 Va (-a?+b?)"*+/Sin[c+dx] +aSin[c+dx]]+
Log[~/ -a® + b? +V2 Va (—a2+b2)1/4\/sin[c+dx} +asinfc+dx] | ]/
(4\/7\/? (—a2+b2>3/4) - (Sa (a% - b?) AppellFl[l, —l, 1, 5,
4’ 2 4

a?sSin[c+dx]?
Sin[c +dx]?, #} v/Sin[c +dx] \/1—Sin[c+dx12

aZz-b?

/
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1 1 5 a%2Sin[c+dx]?
{(5 (a®-b?) AppellFi[~, - =, 1, =, Sin[c+dx]?, #} +
4 2 4 a? - b?

5 1 9 a?Sin[c+dx]?
2 {2 a’AppellF1[ =, - =, 2, =, Sin[c+dx]?, #] + (-a*+b?)
4 2 4 a2 - b2

5 1 9 . , a’Sin[c+dx]? . 5
AppellFl[ =, =, 1, =, Sin[c+dx]?, ————————] | Sin[c+dx]
4 2 4 a?-b?
1
(b2+az(1+Sin[c+dx]2)>]J+

(b+acCos[c+dx]) \/1—Sin[c+dx]2

el

(az_b2>3/4 8 8

4abcCos[c+dx] b+a\/1751n[c+dx}2)

|+

(1+1) \a /sin[c+dx] | - 2ArcTan[1+ (1+1) \a /sin[c +dx]

2ArcTan|1 -
<a27b2)1/4 (aZ,bZ)l/“

Log[+/a?-b* - (1+1i)Va (a®-b?)Y*+/Sin[c+dx] +iaSin[c+dx]] -
Log[+/a® - b? +(1+i)ﬁ(az—b2)1/4\/sin[c+dx] +iasSinfc+dx]]

+

iy

) o 1 5 . , a’Sin[c+dx]? _
5b (a?-b?) AppellF1[ =, —, 1, =, Sin[c+dx]?, ———————| V/Sin[c+dX] /
2 4

a27b2

I

[\/1—Sin[c+dx12

5 . 5
, 1, —, Sin[c+dx]*°,

aZSin[c+dx]2]
- | +
4 a% - b2

)

(5 (a* - b?) AppellF1|

SN
N e

5 1 9 a?sSin[c+dx]?
2 [2 a2 AppellF1[ >, =, 2, =, sin[c+dx]?, #} + (a2 - b2)
4’2" 7 a a2 _ b2
5 3 . , a’Sinfc+dx]? . ,
AppellF1| =, =, 1, =, Sin[c+dx]?, ————————] | Sin[c +d x]
4’ 2 4 22 _ b2

b? (b+aCos[c+dx]) Sec[c+dx] Tan[c+dx]

(b2+a2 <_1+Sin[c+dX]2)>]J +
a(a?-b?)d (a+bSec[c+dx1)2\/eSin[c+dx]

Problem 247: Result unnecessarily involves higher level functions.

1
J(a+bSec[c+dx})2 (esin[c+dx

J>3/2

Optimal (type 4, 1054 leaves, 33 steps):
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[\E eSinfc+dx] } {\/? eSinfc+dx] }
(aszz)l//“\/? <327b2>1/4\/?

.
2\/?(a2—b2)9/4de3/2 \/?(a27b2>5/4de3/2

5 b3 ArcTan 2bArcTan

5 b3 ArcTanh [ Va +/eSin[c+dx] } 2 b ArcTanh [ Va \/esin[c+dx] ]

(az—bz)l/“\/? (aszz>1/4\/?
2+/a (a2-b?)**de3? Va (a2-b?)**de¥?
2Cos[c+dx] b?
+ +
a’de+eSin[c+dx] a(a?-b?)de (b+aCos[c+dx])VeSin[c+dx]
4b (a-bCos[c+dx]) b> (5ab- (3a?+2b?) Cos[c+dx])

+

a? (a?-b?) de+eSin[c+dx] a? (aszz)zde\/esin[c+dx}

4 . . . 2a 1 oz \/7
S5b E111pt1cP1[7ai — >, (c N +dx), 2} Sin[c +dx]

2a (az—bz)2 (a—\/az—b2 ) de+eSin[c+dx]
2b2EllipticPi| —22—, % (c—1+dx), 2] V/sin[c+dx]
a-+/a?-b? 2 2
a (a?-b?) (a—\/az—b2 ) de+eSin[c+dx]

5b*Ellipticpi[ —22—, L (c—§+dx), 2] \/sin[c+dx]

a+/ a®-b? 2

2a (az—bz)2 (a+\/a2—b2 ) de+veSin[c+dx]

2b2EllipticPi| —22—, 1 (c I, dx) , 2] /Sin[c+dx]
a+/ a?-b? 2 2

a (a2 - b?) <a+m)dem
2 EllipticE|! (c-§+dx), 2] Vesin[c+dx]
a?de?/Sinfc dx] _
4b?EllipticE |t (c_§+dx), 2] Vesin[c+dx]
a? (a?-b?) de2~/Sin[c+dx] 7
b? (3a%+2b?) EllipticE[? (c_§+dx), 2] Vesin[c+dx]
a? (a>-b?)?de?+/Sin[c+dx]

Result (type 6, 1316 leaves):
1

2 (a-b)*(a+b)?d (a+bSec(c+dx])? (eSin[c+dx])>?

<b+aCos[c+dx}>2Sec[c+dx]zsin[c+dx]3/2

1

2 (2a*+3ab?) Cos[c+dx]? bJra\/lfsin[c+dx]2

(b+aCos[c+dx]) (1-Sin[c+dx]?)
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| 127
b —2Ar‘cTan[1—\/?\/? Sinfc+dx] ]+2Ar‘cTan[1+\/7\/? Sinfc+dx] | +Log]|
(—a2+b2>1/4 (—a2+b2)1/4

N —\/?\/?(—a2+b2)1/4\/sin[c+dx] +asinfc+dx]] - Log|

|/

+/ -a? + b? +\/7\/?(—a2+b2)1/4\/sin[c+dx] +asSinfc+dx]]

(4x/2 a’/? (7a2+b2)1/4) - [7a (aszz) AppellFl[i, *1, 1, Z,
2 4
sinfcsdx]?, a?sin[c+dx]?

F— ]Sin[c+dx]3/2\/1—sin[c+dx}2/
a‘-b

3 1 7 a?Sin[c+dx]?
[3 [7 (az—b2> AppellFl[f, -=,1, —, Sin[c+dx]?, #]
4 4

+2
2 a2 -b?
) 7 1 11 . , aSinf[c+dx]?
2a%AppellFl|—, - =, 2, —, Sin[c+dx]?, ———————| +
4" 2 4 a2 - b2

(-a® +b?) AppellF1]

BN

)
2 4

1 , a’Sinfc+dx]?
, —» 1, —, Sin[c+dXx] —}
a’-b?

Sin[c +dx]?

+

(b2+a2 (1+Sin[c+dx]2)))

1

(6a*b+4b’) Cos[c+dx]
12 (b+aCos[c+dx]) \/1fsin[c+dx]2

(b+ax/1—sin[c+dx}2

[

1+ 1 A/ Si d
Ar‘cTan[1+ ( +]l) \(/i bz;r:/[4c+ al ]—Log[ a’-b? - (1+J’1) JVa

(1+]'L) \/?\/Sin[c+dx}
2Ar‘cTan[1—

-2
(a27b2>1/4 ]

(a27b2)1/4\/sin[c+dx] +iaSin[c+dx] | +Log[y/a®-b? + (1+1)

Va (az—b2)1/4\/sin[c+dx] +iasSin[c+dx]]

/(Va (a-p2) )

7 . a?sin[c+dx]?
,1, 4 Sin[c+dx]?, —————"1—

F— ]Sin[c+dx]3/2]/
a‘-b

7 . 2
, 1, —, Sin[c+dx]*,
4

(56 b (a®-b®) AppellF1|

)
[\/1—Sin[c+dx]2 [7 (a® - b?) AppellF1]|
a?Sin[c+dx]? 5
————————] +2 |2a®AppellF1]
a? - b?

2cy 2
%} + (a% - b?) AppellF1|
a —

»|w

)

N |

3
4

1 . R
sy —» 2, —, Sin[c+dx]7,
2 4

N

1 . )
, = 1, —, Sin[c+dx]~%,
2 4

N

a?2sSin[c+dx]? . 5
—————————]| sin[c+dx]
a? - b?

(b2+a2 (1+Sin[c+dx]2)>” +
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2 (-2ab+a?Cos[c+dx] +b?Cos[c+dx]) Csclc+dx]

- +

(b+aCos[c+dx])2
(—a2+b2)2

ab?2Sin[c+dx] ]
<7az+b2>2 <b+aCOS[C+dX}>

Tan[c+dx]?

/(d (a+bsec[c+dx])?

(eSin[c+dx})3/2)

Problem 248: Result unnecessarily involves higher level functions.

1

J(a+bSec[c+dx])2 (esinfc+dx])®?

Optimal (type 4, 1089 leaves, 33 steps):
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A/ a eSin[c+dx] A/ a eSin[c+dx]
7+ a b3ArcTan 2+/a bArcTan
{ (aszz)l/" e } { (aszz)l/" e }

2 (a27b2>11/4de5/2 (az 7b2)7/4de5/2

A/ a eSin[c+dXx] A/ a eSin[c+dx]
7+ a b3ArcTanh - 2+ a bArcTanh
[ <a27b2)1/4 [e ] [ (az—bz)l/a [e ]

2 (az _ b2) 11/4 4 g5/2 - (a2 _ bZ) 7/4 4 @5/2
2Cos[c+dx] b?

+ +
3a’de (eSin[c+dx])*? a(a?-b?)de (b+aCos[c+dx]) (eSin[c+dx])>?

4b (a-bCos[c+dx]) . b? (7ab- (5a%+2b?) Cos[c+dx])
3a2 (a2-b?)de (eSin[c+dx])>? 3a?(a?-b?)*de (eSin[c+dx])>?
2 EllipticF |1 (c-§+dx), 2] V/sin[c+dx]  4b2EllipticF[? (c-§+dx), 2] \/sinfc+dx]
3a2dets/esin(cdx] ) 327 (a2 b?) de? /eSin[c s dx] )
b? (5a2+2b?) E1lipticF |2 (c-§+dx), 2] Vsinfc+dx]
3 a2 (az—bz)zdezm

7b%Ellipticpi[ —22—, 1 (c— E+dx), 2] \/sin[c+dx]
a-+/ a%-b? 2 2

+

N
2(a2—b2>2(az—bz—a\/az—bz)deZ\/eSin[c+dx}
2 b2 EllipticPi[ai zaibz s % (c—§+dx), 2] V/sin[c+dx]
\ N
(a2 - b?) (az—bz—a\/az—bz)deZ\/eSin[c+dx]
7% Ellipticpi[ —22 ,i(C—§+dx),2}\/Sin[c+dx}
2_K2
a+y/ a‘-b .

2 (az—b2>2 (az—b2+a\/a2—b2 ) de?+/eSinf[c+dx]

2 pticPi 2a 1 (c_ = \Sinfc+dx]
2b E111p‘c1cP1[a+ az7bz,2(c 2+dx),2} Sinfc +dx]

(a2 - b?) (a27b2+a\/a27b2 ) de?+/eSin[c+dx]

Result (type 6, 1320 leaves):
1

6(a-b)?(a+b)?d (a+bSec[c+dx])? (eSin[c+dx])*>?

1
(b+aCos[c+dx]) (1-Sin[c+dx]?)

<b+aCos[c+dx}>ZSec[c+dx]ZSin[c+dx]5/2{

bJra\/l—Sin[c+dx]2
V2 va VSin[c+dx] V2 va VSin[c+dx]
| +2ArcTan[1 +
(—a2+b2)1/4 (—a2+b2)1/4

A/ -a? + b? —\/7\/?(—a2+b2)1/4\/sin[c+dx] +asSin[c+dx]] +Log]|

2 (-2a’-5ab?) Cos[c+dx]?

l

-2ArcTan[1- ] - Log|
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|/

\-a?+b? ++/2 W/a (-a?+b?)V*+/Sin[c+dx] +aSin[c+dx]]

(4\/?\/? (—a2+b2)3/4) - [Sa (a®>-b?) AppellFl{l, —l, 1, =,
4’ 2 4

a?sin[c+dx]?
Sin[c+dx]2, #] v/Sin[c+dx] \/l—Sin[c+dx]2

/

a%-b?
1 1 5 a’?sSin[c+dx]?
[[5 (a? - b2) AppellF1[=, - =, 1, >, Sin[c+dx]2, #] +2
4" 27 a4 a2 - b2
) 5 1 9 . , a’Sinf[c+dx]?
2a?AppellFl| =, - =, 2, =, Sin[c+dx]?, ———————| +
4 27 4 a? _ b2
5 1 9 a?sSin[c+dx]?
(-a®+b?) AppellF1[ =, —, 1, —, Sin[c+dx]?, #]]
4 2 4 aZ-b?
Sin[c+dx]? (b2+a2 (—1+Sin[c+dx]2>)J +
1 2 3
2 (186a*b+4b%) Cos[c+dx]

(b+acCos[c+dx]) \/1fsin[c+dx]2

(b+a\/1—sin[c+dx12
(1+1) \a +/Sin[c +dx]

(az _ b2)1/4

} _

2ArcTan|1 -

1 1 i
el
(1+1) Va /sin[c+dx] ]

(az _ b2> 1/4

Log[+/a? - b? —<1+Ji)\/?(az—bz)l/4\/sin[c+dx} +iasin[c+dx]] -
Log [~/ a® - b? +<1+J'1)\E(az—bz)l/A\/Sin[Cerx} +iasSinfc+dx]]

5 . , a’Sinfc+dx]2 _
, 1, —, Sin[c+dx]%, —} V/Sin[c +dx]
4

2 ArcTan [1 +

+

/

B
aZz-b?

NN
N |

[5 b (a®- b®) AppellF1]|

B

N R

1 5
[\/lsin[c+dx]2 [5 (a® - b?) AppellF1[~, =, 1, =, Sin[c+dx]?,
4 4
a?Sin[c+dx]? 5 1 9 . 5
—] +2|2a AppellFl[ s —» 2, —, Sin[c+dx]*,
a? - b? 2 4
a?sSin[c+dx]?
#} + (a® - b?) AppellF1]|
a? - b?

5
4

9 ,
, —» 1, —, Sin[c+dx]~,

NIV
N W

a?sin[c+dx]?

2 _p2 (b2+a2(—1+Sin[c+dx]2))]} +

}J Sin[c +dx]?

ab?

(—a2+b2)2 (b+aCos[c+dx])

(b+aCos[c+dx])2[
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2 (-2ab+a?Cos[c+dx] +b?Cos[c+dx]) Csclc+dx]?
3 (—a2+b2>2

Sin[c +dx] Tan[c+dx}2]/ (d (a+bSec[c+dx})2

(eSin[c+dx1)5/2>

Problem 249: Unable to integrate problem.

J\/a+b5ec[e+fx] dx

Optimal (type 4, 125leaves, 1step):

e . a+b a-b
- 2 Cot[e + fx] E111pt1cP1[ R Ar‘cSm[ R
\Va+b f a+b va+bSecle+ fx] a+b

\/_b (1-sece+fx]) \/b (1+Sece+fx]) (a+bsecle+fx])

a+bSecl[e+fx] a+bSec[e+fXx]

Result (type 8, 16 leaves):

J\/a+bSec[e+fx] dx

Problem 251: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(a+b$ec[e+¥x])3/2d1x

Optimal (type 4, 309 leaves, 5steps):
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va+bSec[e+fx] a+b

J
Va+b a-b

]

—%2 (a-b)/a+b Cotle+fx] EllipticE|ArcSin|

b (1-Sec[e+fx]) b(1+Sece+fx]) 1
a+b a-b f

2 (2a-b) Va+b Cotle+fx] EllipticF[Ar‘cSin[\/a+bsec[e+fX] ], a+b]

Va+b a-b
b (1-Secle+fx]) b (1+Secfe+fx]) 1
a+b a-b f

b bsS f b
ava+b Cot[e+fx] EllipticPi[aJr ,Ar*cSin[\/a+ ecle+7x] ax ]

a Va+b a-b

b (1-Secle+fx]) b (1+Secfe+fx])
a+b a-b

Result (type 4, 882 leaves):

2bCos[e+fx] (a+bSec[e+fx])>*sin[e+fx]

+

f(b+aCosfe+fx])

-a+b 1
2 (a+bsec[e+fx])¥? |ab : Tan[~ (e+fx) ]+
a+b 2
-a+b 3
Tan| (e+fx) |-2ab Tan| e+-Fx} +
a+b a+b
-a+b 1 , | —a+b 1 5
Tan = (e+fx]) * b Tan = (e+fx ] +
a+b 2 a+b 2

a-+ a+b
2i a? EllipticPi|- L i ArcSinh| / Tan[ = (e+fx)]], ]
a- a+b a-b
\/1Tan[

2ia? EllipticPi|-

\/1Tan[

+

a+ a+b
X i ArcSinh| / Tan[ = (e+fx)]], | Tan|
a- a+b a-b

, a+b—aTan e+-Fx +bTan[ (e+FxH2
<e+-Fx)]

5 a+b-aTan| (e+fx) +bTan[ (eJr-I:xH2
(e+fx)]

N |

(e+1°x)]2

N |

N |

a+b
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i (a-b) bEllipticE[i ArcSinh| axh Tan[l(eﬂcx)H, a+b]\/1—Tan[—(e+fx>]2
a+b 2 a-b

1+Tan|

a+b-aTan[L (e+fx)]*+bTan[L (e+fx)]’
<e+””2]J b-aTan2 (e #x)]*+bTan[L e x|

a+b

N |

i (a-b)?EllipticF|[i ArcSinh| axh Tan[l(eﬂcx)H, a+b]\/1—Tan[—<e+fx)]2
a+b 2 a-b

a+b

2]\/a+b—aTanE(e+fx”2+bTan[%(e+fx>]2 /

-a+b 1

f (b+aCos[e+Fx])3/25ec[e+fx}3/2
a+b

1—Tan[i (e+-FxH2

(—1+Tan[1 (e+fx)}2] (1+Tan[1 (e+fx)]

) 3/2
2 2 ]

a+b—aTan[i (e+fx)]2+bTan[i (e+-Fx)]2

1+Tan[§ (e+fx)]2

Problem 253: Unable to integrate problem.

1
j dx
va+bSec[e+fx]

Optimal (type 4, 106 leaves, 1step):

a+b Ja+bSecle+fx] ] a+b}

1
-—2+/a+b Cot[e+fx] EllipticPi[ , Ar‘cSin[

af a Ja+b a-b

b (1-Secle+fx]) b (1+Secfe+fx])
a+b a-b

Result (type 8, 16 leaves):

1
J dx
va+bSecle + fx]
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Problem 255: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1
J dx
(a+bsecle+fx])>?

Optimal (type 4, 347 leaves, 6 steps):

L.  .a+bSec[e+fx] a+b
2Cot[e+fx] EllipticE|[ArcSin| , ]
ava+b f Va+b a-b
b (1-Secle+fx]) b (1+Secfe+fx]) 1
- - 2 Cot[e+fX]
a+b a-b ava+b f
a+bSec[e+f a+b b (1-Sec[e+fx b (1+Sec[e+fx
EllipticF[Ar‘cSin[\/ : [e+¥x] ]s - ] ( [ 1) - ( [ 1) _
Ja+b a-b a+b a-b
1 a+b a+bSece+f a+b
—~2+/a+b Cot[e+fx] EllipticPi[ Ar‘cSin[\/ . e X ], 22
a’f a Ja+b a-b
b(l*sec[e+'FX}> b(1+Sec[e+'FX}> 2b2Tan[e + f x]
- +
a+b a-b a(az_bz)f\/a+b5ec[e+1‘:x1
Result (type 4, 1249 leaves):
<b+aCOS[e+‘FX]>ZSeC[e+'FX]2(ZbSin[e”cX] + 2b%2Sinfe+f x] )
a (-a’+b?) a (a?-b?) (b+aCos[e+fx])

+

f(a+bSecle+fx])>?

a+b—aTan[§ (e+-FxH2+bTan[§ (e+-FxH2

2 (b+aCos[e+fx})3/25ec[e+fx]3/2
1 2
1+Tan[; (e+'FX)]

-a+b -a+b

Tan[l(e+fx)]+b2 Tan[l(e+fx)]—2ab
2 2

a+b a+b

3 -a+b

(e+fx” +ab -axb

<e+fx)]5—

_|

o

>
N R

Tan[l(eﬂcx)]s—b2 Tan|
2

N |

a+b a+b

.2 . . . a+b , . -a+b
2ia“EllipticPi [— , 1 Ar‘cSmh[

a-b a+b
\/1—Tan[

Tan[

N |

)11,

+

<e+fx)]2 \/a+b—aTan[§ (e+fx)]2+bTan[§ (e+fXH2

a+b

N |
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. 12 L. a+b | . -a+b 1 a+b
2i b? EllipticPi|- , 1 ArcSinh| Tan[ = (e+fx)]],

a-b a+b 2 a-b
\/1Tan[

2ia? EllipticPi|-

\/1Tan[

. . . .. a+b . -a+b
2ib E111pt1cP1[— —), 1 Ar‘cSmh[
a-b a+b

\/1Tan[1 <e+fx)]2 \/a+baTan[i (e+fx)]2+b-|-an[% (e+FxH2 7

]

<e+fx)]2 \/a+baTan[; (e+-Fx)]2+bTan[i (eJr-I:xH2

a+b

:il;, i ArcSinh| /_aa:bb Tan{% (e+fx)]], :iE]Tan[i (e+1°x)]2

<e+fx)]2 \/a+baTanB (e+-Fx)]2+bTan[i (e+~FxH2

a+b

N R

+

N |

2

Tan[% (e+-Fx)H, arb

1
a—b] Tan[g (e+Fx)]

a+b

i (a-b) bEllipticE[i Arcsinh| (e+fx)]”

“axh Tan[1 (e+-Fx>H, a+b] \/1Tan[

a+b 2 a-b

N |

. 1 5 a+b—aTan[i(e+-FxH2+bTan[§(e+fo2
( +Tan[—(e+fx”] +
2 a+b
. 2 2 . . . . -a+b 1 a+b
i (a®+ab-2b?) EllipticF[i ArcSinh| Tan[ =~ (e+fx)]], ]
a+b 2 a-b

\/1—Tan[l (e+fx)]2 [1+Tan[l (e+-FxH2)

2 2

\/a+b—aTan[§(e+-FxH2+bTan[%(e+fo2 /

a+b

-a+b

(a®-b?) f (a+bSec[e+fx])>? (71+Tan[

(e+fx)]2J

N

a+b

2

1+Tan[> (e+fx) |

2

N RN e

1-Tan] (e+-FxH
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[a (—1+Tan[% (e+1°x)]2) -b (1+Tan[% <e+fx)]2]]

Problem 256: Unable to integrate problem.
J Csc[e+fx]?
dx
(a+bsecle+fx])>?

Optimal (type 4, 318leaves, 6 steps):

o . .Va+bSec[e+fx] a+b
4acCot[e+fx] EllipticE [ArcSin| |» ]

Vva+b a-b

b (1-Secle+fx b (1+Sec[e+fx 3/2
J 1-secte ) J 2eseele )1/ (o b) (a0)) -

Ja+bSecle+ fx] a+b

(3a-b) Cotle~+fx] EllipticF|ArcSin|

]

Jaib “a-b
b (1-Secfe«fx]) | b(1+Secle+fx]) / ((a-b) (a=b)2) -
a+b a-b
Cot[e + f x] b2 Tan[e + f x]

+ +

f(a+bSecle+fx])>? (a2-b?)f (a+bSecle+fx])??
4ab?Tan[e + f x]

(az—bz)zf\/a+b5ec[e+fx]

Result (type 8, 25 leaves):

Cscle+fx]?
J( dx

a+bSec[e+fx])>?

Problem 260: Result more than twice size of optimal antiderivative.

dx

J(eSin[c+dx])'"

a+bSec[c+dx]

Optimal (type 6, 232 leaves, 4 steps):
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1-m 1-m a-b a+b
—7beAppellF1[1—m, —_—Y —— 2-m, - R
a’d (1-m) 2 2 b+aCos[c+dx] b+aCos[c+dx]

(a(l—Cos[c+dx]) (eSin[c+dx])’1*m+

1-m 1-m
2[3 (1+Cos[c+dx]) )2

b+acCos[c+dx] b+acCos[c+dx]

. 1 1+m 3+m X ) . 1em
Cos[c +dx] Hypergeometric2Fl[ —, s , Sin[c+dx]?] (eSin[c+dx]) J/
2 2 2

(ade (1+m) +/Cos[c+dx]?

Result (type 6, 3387 leaves):

2Sin[c+dx]" (eSin[c+dx])"‘Tan[l (c+dx)]

2
. 1+m 3+m 1 2 1 2\
-Hypergeometric2F1[ =, 1+m, ——, -Tan|[ = (c+dx) | ] [Sec[= (c+dx) | ) -
2 2 2 2
[b (a+b) (3+m) AppellFl[lJr—m, m, 1, M, —Tan[l (c+dx) ]2,
2 2

(a-b) Tan[% <c+dx)]2

}Cos[i(c+dx”2 -(a+b) (3+m)

a+b

/[(b+aCos[c+dx})

(a-b) Tan[i (c+dx)]2

1+m 3+m 1 2
AppellF1[~——, m, 1, —, -Tan[ =~ (c+dXx) ]|, ]+
2 2 2 a+b
3+m 5+m 1 2
2| (-a+b) AppellF1|——, m, 2, —, -Tan[ = (c+dx) ]|,
2 2 2
a-b)Tan[L (c+dx)]?
( ) [2< )] ]+(a+b)mAppe11F1[3+—m,1+m, 1, 5+m,
a+b 2 2

7Tan[1 (c+dx>}2, (a-b) Tan[i (c+dx)]2

2 a+b

- ! Sec[1<c+dx)]2sin[c+dx]m

ad(1+m) (a+bSec[c+dx
[ < >< [ ” a(1+m) 2

i 1+m 3+m 1 2
-Hypergeometric2F1[ =, 1+m, ——, -Tan| = (c+dx) ||

1 2\M
A A A Sec[—(c+dx>]] -

2

3+m
,my, 1, —, —Tan[
2

[b (a+b) <3+m)AppellF1[1+m (c+dx”2,

N |-
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(a-b) Tan[i (CerxH2

1 2
C — +d
o J cos[~ (cax))*| /
{(b+aCos[c+dx]) {—<a+b) (3+m) AppellFl[l;m, m, 1, 3+_m)
2 2
a-b)Tan[t (c+dx 2
—Tan[l(c+dx”2, ( ) [2< )] }Jr
2 a+b

3+m 5+m 1 2
2 {(—a+b> AppellFl[T, m, 2, —, —Tan[; (c+dx” ,

a-b)Tan[L (c+dx)]?
( ) [2 ( )] |+ (a+b)mAppe11F1[3%m, 1+m, 1, 542rm’

a+b

(a-b) Tan[% (c+dx”2

—Tan[% (c+dx)]2,

a+b

2mcos|[c+dx] Sin[c+dx}’1*’"Tan[1 (c+dx)]
a(1+m) 2

. 1+m 3+m 1 >
-Hypergeometric2F1[ —, 1+m, —, -Tan| — (c+dx” ]

1 2\
X A A Sec[f(c+dx)]) -

2

l1+m 3+m 1 2
,my 1, —, -Tan[= (c+dx) ]|,

2
1/
3+m

1+m
- (a+b) (3+m) AppellF1[——, m, 1, s
2 2

b (a+b) (3+m) AppellF1|

(a—b)Tan[§<c+dx)]2 1
. ]Cos[;(c+dx”

(b+acCos[c+dx])

, (a-b an§c+dx 2
,Tan[%(Cerx)] s ( Al a[+b( H

—

+

3+m 5+m
(—a+b) AppellFl[—, m, 2, —, —Tan[
2

A (c+dx)]2,

2

N |

a-b)Tan[L (c+dx)]?
( ) [2< )] ]+(a+b)mAppe11F1[3+—m,1+m, 1)5+m,
2

(a-b) Tan[i (c+dx)]2

2 a+b
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X 1+m
-mHypergeometric2F1 [ —, 1+m,

ZSin[c+dx}'"Tan[
2

(c+dx”

N | =

a(1+m)

3+m

s —Tan[l (c+dx)]2]

N N Sec[l(c+dx”2]mTan[1<c+dx)]+

2 2

1l+m 3+m 1 2
—\ym, 1, , -Tan[= (c+dx)]",

/

1+m 3+m
JmJ Bl 3

b(a+b) (3+m) AppellF1|

(a—b) Tana[+;b<c+dx>] ]Cos{i (c+dxH Sin[% (C+dXH

(b+aCos[c+dx]) |-(a+b) (3+m) AppellF1]

(a-b) Tan[% (c+dx”2

1 2
“Tan[= (c+d
an[2 (c+dx)], . ]+
2| (-a+b) AppellFl[?H—m, m, 2, S;m, 7Tan[1 (c+dx)]2,
2 2

a-b) Tan[L (c+dx)]?
( ) [2< H ]+(a+b)mAppellF1[3+7m,1+m,1,5+m,

a+b 2 2
(a-b) Tan[i (c+dx)]2

1 2
-T — d R
an[z(c+ XH .

1+m 3+m 1 2
——,m, 1, —, -Tan[ = (c+dx) ]|,

2 2
1+m 3+m

(b+aCos[c+dx])2{—(a+b) (3+m) AppellF1| ,m, 1, s
2 2

{ab (a+b) (3+m) AppellF1|

(a-b) Tan[i <c+dx)]2

]Cos[l (c+dxHZSin[c+dx}
a+b 2

(a-b) Tan[% (c+dx”2

|+

1 2
“Tan[= (c+d
an[z(c+ x) ], .

3+m 5+m 1 2
2| (-a+b) AppellF1|——, m, 2, , -Tan[= (c+dx) ]|,
2 2 2
a-b) Tan[L (c+dx)]?
( ) [2< H ]+(a+b)mAppellF1[3+7m,1+m, 1, M,

a+b 2 2
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(a-b) Tan[% (c+dx)]2

—Tan[%(c+dx”2, ] Tan{%(c+dx”

a+b

b(a+b) (3+m) Cos[1 (c+dx)]2 [[(ab) (1+m) AppellF1[1 + 1+m,

2 2

(a-b) Tan[% (c+dxH2

3+m 1 2
, -Tan[= (c+dx) ],
2 2 a+b

/ ((a+b) (3+m)) -

m, 2, 1+

]

1

Sec[1 (c+dx)]2Tan[1 (c+dx)]

2 2 3+m

1+m 3+m 1 2
m(1+m) AppellF1[1 + A ,1+m, 1,1+ 2 ,—Tan[;(c+dx” B

(a-b) Tan{% (c+dx”2

1 2 1
S — d T — d /
. ] ec[2 (c+dx) | an[2 (c+dx)]
(b+acCos[c+dx]) |- (a+b) (3+m)AppellF1[1+7m,m, ,Bﬂ,
2
a-b)Tan[t (c+dx)]’
—Tan[l(c+dx)]2, ( ) {2( )] |+
2 a+b
2| (-a+b) AppellFl[ﬂ, m, 2, 5+_m, —Tan[l (c+dx)]2,
2 2
a-b)Tan[L (c+dx)]?
( ) [2< )] ]+(a+b)mAppellF1[3+—m,1+m, 1, 5+m’
a+b 2 2

7Tan[l (c+dx>}2, (a—b) Tan[% (c+dx)]2

2 a+b

]

%(1+m) Csc[i (c+dx)] Sec[% (c+dx)] Sec[% (c+dx”2]m

) 1+m 3+m 1 Py
(Hyper‘geometr‘1c2F1[, 1+m, —, -Tan[~ (c+dx) ]|+
2 2 2

(1+Tan[§ <c+dx)]2]1m) +

b<a+b> (3+m>

(a-b) Tan[% (c+dxH2

1+m 3+m 1 2
AppellF1[—, m, 1, , -Tan[= (c+dx) ],
2 2 a+b
Cos[l(c+dx)]2 2| (-a+b) AppellFl[BJr—m, m, 2, M,—Tan[l(c+dx)]2,
2 2 2 2
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a-b) Tan[L (c+dx)]?
( ) [2< H ]+(a+b)mAppellF1[3+7m,1+m, 1’5+m,
2 2

a+b

(a-b) Tan[i (c+dx)]2

—Tan[i(c+dx)}2, ] Sec[%(c+dx”2

a+b

(a-b) (1+m) AppellF1 |1+ 1+m,

Tan[l(c+dx)]—(a+b) (3+m) "

2

1+m
m(1+m) AppellF1[1+ A A A

(a-b) Tan[% (c+dx)]2

+

. ]Sec[%(Cerx)}zTan[i(c+dx)]

2 (a-b) (3+m) AppellF1[1+ 3em
2

(a-b) Tan[i (CerxH2

1
m, 3, 1+ ;m,—Tan[g<c+dx)] s Tib ]
Sec[l(c+dx)]2Tan[l(c+dx” /((a+b) (5+m)) - !
2 2 5+m
3+m 5+m 1 2
m(3+m) AppellF1[1 + ,1+m, 2,1+ , -Tan[= (c+dx) ],

2 2 2
(a-b) Tan[% (c+dx)]2

(c+dx)]2Tan[1 (c+dx)] +

}Sec[ 5

N | R

a+b

+m 5+m
,1l+m, 2,1+ N
2 2

(a+b)m||(a-b) (3+m) AppellF1|1+ 3

7Tan[1 <c+dx)]2, (a-b) Tan[i (Cerx”2

2 a+b 2
Tan[i(c+dx)] / ((a+b) (5em) -~ (1em) (30m)
+m 5+m

,2+m, 1,1+

3 1 2
AppellF1|1 + , —Tan[; (c+dx)]",

]Sec[1 <c+dx)]2

| 141
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a-b) Tan[L (c+dx)]?
( >T a[+2b( )] }Sec[%<C+dX)]2Tan[§(c+dx>]

V

1+m 3+m
Jmll) 3
2

(b+aCos[c+dx]) |-(a+b) (3+m) AppellF1|

(a-b) Tan[2 (c+dx)]2

—Tan[1 (c+dxH2, 2 | +2|(-a+b) AppellF1]
2 a+b
3+4m 5+m (afb>Tan[§<C+dX”2

1
,m, 2, T, —Tan[g(c+dx>]2, ]+

a+b
+m

3+m 5 1 2
(a+b)mAppe11F1[T,1+m, 1, ,—Tan[g(c+dx” B

JII.

Problem 261: Result more than twice size of optimal antiderivative.

(a-b) Tan[% (c+dx)]2

]

Tan{l (c+dx)]

a+b 2

dx

J (esinfc+dx])"
(

a+bSec[c+dx])?

Optimal (type 6, 405leaves, 6 steps):

1-m 1-m a-b a+b
- ————2beAppellF1[1-m, S ,2-m, - s
a*d (1-m) 2 2 b+aCos[c+dx] b+acCos[c+dx]

1-m
2

1-C d
(_a( oslcr X]) (eSin[c+dx])’1”"+

5 [a (1+Cos[c+dx])

b+acCos[c+dx] b+acCos[c+dx]

) 1-m 1-m a-b a+b
b eAppellFl[Z—m, -, , 3-m, - s
2 2 b+aCos[c+dx] b+acCos[c+dx]

1-m
2

[ a(l-Cos[c+dx]) o [a (1+Cos[c+dx])

(esinf[c+dx] )1”“}/

b+acCos[c+dx] b+acCos[c+dx]

(a*d (2-m) (b+aCos[c+dx])) +

1 1+m 3+m
=, : s - , Sinfc+dx]?] (eSin[c+dx])1+m]/
2 2 2

Cos[c +d x] Hypergeometric2Fl|

[azde (1+m)+/Cos[c+dx]?

Result (type 6, 9072 leaves):

1 Tan[2 (c+dX)] "
2" (esin[c+dx])"Tan[ = (c+dX) | 2
2

1+Tan[% (c+dxH2
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3+m

. 1+m 1 2 1 o\ m
Hypergeometric2F1[ ——, 1+m, , -Tan[ = (c+dx) || 1+Tan[; (c+dx)] ] -
2 2 2

{Zab2 (a+b) (3+m)

1+m 3+m

,my 2, —, -Tan[ = (C+dx)]2, (a-b) Tan[i (c+dx>]2

2 i a+b ]]/

3+m

AppellFl[

1+m
- (a+b) (3+m) AppellF1|——, m, 2,
2

Ma—b>

a-b)Tan[L (c+dx)]?
( ) 5 | )] _z(a_b)AppellFl[M, m, 3, 5+m,
2

2

]+2

a+b

(a-b) Tan[i (c+dx)]2

—Tan[l (c+dx>]2,

|+ (a+b) mAppellFl[Bﬂ, 1+
2 a+b 2

(a-b) Tan[i (c+dx)]2

2 2

m 2, 8, Tan| (e dx) ], - || Tan [ (evax))’
o (-1eman[ (crax) ]| b [1oTan|2 (c+dx)]2)]2J _|2ab (a+b) (3+m)
Nmeﬂfl[i:m,m,1,3;m,qu§<c+dx>r,<ab)T“jf;C*dx”z]y/
[<a—m ~(a+b) (3+m) appeltFa[ T, m, 1, 2O, ran[ 2 (crdx) ],

(a-b) Tan[% (c+dx”2

3+m 5+m
| +2 | (-a+b) AppellF1| ——, m, 2, ,
a+b 2 2
a-b)Tan[L (c+dx)]?
,Tan[l(c+dx>]2, ( ) [2( )] }+(a+b)mAppellF1[L+m,1+
2 a+b
a-b)Tan[L (c+dx)]?
m,1,5+m, —Tan[l(c+dx”2, ( ) [2< ) Tan[l(c+dx”2
2 2 a+b 2

+

(a (71+Tan[1 (c+dx)]2) -b (1+Tan[1 (c+dx)]2J]

N N bz(a+b> (3+m>

1+m 3

o1, 2 (L (a7, L e T

;m 2 a+b ]]/

AppellF1|
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[(ab) ~(a+b) (3+m) AppellFl[l;m, m, 1, 3+m, 7Tan[l (c+dx”2,
2 2 2
a-b)Tan[L (c+dx)]?
( | [2( )] | +2|(-a+b) AppellFl[ﬂ, m, 2, 5+_m)
a+b 2 2

(a-b) Tan[% (c+dx)]2

—Tan[l(c+dx>] s }+(a+b)mAppe11F1[3+—m,1+
2 a+b 2

a-b)Tan[L (c+dx)]?

O A FI ]

2 2 a+b

m, 1,

Tan{% (c+dx”2

]

(a (—1+Tan[% (c+dx)]2) -b (1+Tan[i (c+dx)]2J]] J/

Tan{% (c+dx)]

m

[azd(1+m) (a+bSec[c+dx])? 2'“Sec[l(c+dx)]2

a? (1+m) 2

1+Tan[i (C+dx)]2

X 1+m 3+m 1 2 1 2\
[Hyper‘geometr‘1c2F1[2, 1+m, T, —Tan[g (c+dx)] ] [1+Tan[g (c+dx” ) -

{Zab2 (a+b) (3+m) AppellFl{ﬂ, m, 2, 3am
2

)

2

(a-b) Tan[i (c+dx”2

1 2
—Tan[;(c+dx>], b }J/

1+m 3+m
,my, 2, —, —Tan[
2

- (a+b) (3+m) AppellF1|

[(ab)

N |

(c+dx”2,

a-b)Tan[L (c+dx)]?
( > [z( H ]JrZ[z(ab)AppellFl{B;m,m; 3, o
2 2

bl

a+b

_Tan[i (e dx) }2, (a-b) Tana[fb(c+dx)]

| + (a+b) mAppellF1]|

a-b)Tan[L (c+dx)]?
3+m)1+m, 2, 5+m) —Tan[l(c+dx)]2, ( > [2( H ]J

2 2 2 a+b

Tan[% (c+dx)]2

[a (—1+Tan[§ (c+dx”2] -b (1+Tan[% (c+dx)]2)]2] -

1+m 3+m
-, m, 1:

2ab (a+b) (3+m) AppellF1]| ,—Tan{i(c+dx”2,
2
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(a-b) Tan[i <c+dx)]2

}]/{(ab) [(a+b) (3+m) AppellF1|

a+b
a-b)Tan[X (c+dx)]?
1+m,m, 1, 3+m,—Tan[1<c+dx)]2, | ) [z( ” ]
2 2 2 a+b
3+m 5+m 1 5
2 <7a+b) AppellFl[i, m, 2, T, fTan[g(c+dx)] s

(a—b)Tan[l(c+dx)]2 3+m 5+m
2 ]+(a+b)mAppellF1[T,1+m, 1, -

a+b

_Tan[i (c+dxH2, (a-b) Tan[; (c+dx)]

]

1 2
T — d
. an[z(c+ XH

+ | b? (a+b) (3+m)

[a (71+Tan[1 (c+dx)]2) -b (1+Tan[1 (c+dx>]2))

2 2
a-b) Tan[L (c+dx)]?
Appe11F1[1+m,m, 1, M,—Tan[l(cmx)]z, ( ) [2( H ]]/
2 2 2 a+b
[(a—b) -(a+b) (3+m) AppellFl[lJr—m, m, 1, 3+m, —Tan[l (c+dx”2,
2 2 2
a-b)Tan[L (c+dx)]?
| ) {2( )] ]+2{(—a+b) AppellFl{M, m, 2, 5+_m)
a+b 2 2

_Tan[1 (c+dx)]%, 2 o) Tenl, (ex )]

2 a+b

| + (a+b) mAppellF1]|

,1em, 1, —, -Tan[ = (c+dx) ]|,

3+m 5+m 1 2 (a—b)Tan[;(c+dxH2]
2 2 2 a+b

Tan[l (c+dx”2J [a (—1+Tan[

2

N |

(c+dx”2] -b (1+Tan[1 (c+dx)]2))]] +

2

1 Zl*mmTan[l(CerxH

Tan[i (c+dx)] Jhm
a? (1+m) 2 ]

1+Tan[§ (c+dx> 2

- +

Sec[i(c+dXH2Tan[§(c+dx)]2 Sec[i(cﬂjxﬂz J
(1+Tan[i(c+dx)]2)2 2(1+Ta”[i(c+dx”2)

. 1+m 3+m 1 2 1 2\ ™
Hypergeometric2F1[~——, 1+m, ——, -Tan[ = (c+dXx)|"| [1+Tan[— (c+dx) ]| -
2 2 2 2
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{Zab2 (a+b) (3+m) AppellFl[lﬂ, m, 2, 3+m)
2 2

a-b)Tan[L (c+dx)]?
Tan[ (c-ax)]7, Sl a[jb( - }J/
[(ab) -(a+b) (3+m) AppellFl[ﬂ, m, 2, B%m’ —Tan[% (c+dx”2,
(a-b) Tan[i(c+dx)} ]+2{2(ab) Appe11F1[3+m,m, ], 5+_m,
a+b 2

(a-b) Tan[i (c+dx)]2

1 2
“Tan[= (c+dx) %,
an[z(c+ x” -

3em 5m 1 2 (ab>Ta”[§(C+dXHZ]J

| + (a+b) mAppellF1|

,1em, 2, ——, -Tan|[ = (c+dx) ]|,
2 2 2 a+b

Tan{% (c+dx)]2

[a (—1+Tan[l (c+dxH2] b (1+Tan{l (c+dx)]2)]z] -

2 2

_1+m’ m, 1, _3+m, —Tan[l (c+dx”2,
2

{Za b (a+b) (3+m) AppellF1|
2

(a-b) Tan[% <c+dx)]2

}]/[(a—b) [—(a+b) (3+m) AppellF1|

a+b

a-b)Tan[L (c+dx)]?
1+m,m’1,3+m’ —Tan[1<c+dx)]2, ( > [2( H ]+
2 2 2 a+b

5+m

3+m 1 2
2| (-a+b) AppellF1| ,m, 2, A ,—Tan[;(c+dx)] s

a-b) Tan[L (c+dx)]?
( ) [2< )] ]+(a+b)mAppellF1[3+—m,1+m,1,5+m,

a+b 2 2
(a—b) Tan[i (c+dx)]2}

1 2
“Tan[= (c+dx)]%,
an[z(c+ XH -

2

Tan[l (c+dx”2]

(a (—1+Tan[1 (c+dx)]2) -b (1+Tan[l (c+dx>]2]) +

N 5 b? (a+b) (3+m)

a-b)Tan[L (c+dx)]?
popet1r1 [, 1, 20 a7, 20 () ]]/
2 2 2 a+b
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[(ab) -(a+b) (3+m) AppellFl[lJr—m, m, 1, 3+m, 7Tan[£ (c+dx”2,
2 2
a-b)Tan[L (c+dx)]?
( ) [2( )] ]+2[(—a+b) AppellFl[ﬂ, m, 2, 5+_m,
a+b 2 2

_Tan[i e vax) 1%, (a-b) Tana[?b(c+dx)]2

| + (a+b) mAppellF1]|
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1 2
-T — d R
an[z(c+ x” .

3em 5.m 1 2 (a‘b>Ta”E(C+dXH2]J

| + (a+b) mAppellF1]|

,1em, 1, ——, -Tan|[= (c+dx) ],
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(c+dx)]® {(a+b)

(a-b) Tan[% <c+dx)]2
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Problem 262: Result more than twice size of optimal antiderivative.

dx

3
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Optimal (type 6, 580 leaves, 7 steps):
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Problem 268: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.
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Problem 269: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.
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1 2
+3 AppellF1[2, n, -n, 3, 2Cos[g <c+dx)] ,
ZaCos[i (c+dx)]2

1 2
-2anAppellFi[3, n,l—n,4,2Cos[*(c+dx)] s " ]+
2 a-

Sin| (c+dx”

N |

acCos[t (c+dx)]?
2ac [;<b ) ]Sec[%(c+dXH2Tan[§<c+dX>]

1 R 2aCos[l(c+dx)]2
2nAppellF1[3, 1+n, -n, 4, 2Cos|— (c+dx) ], 2 "
2 a-

|+

(a-b)

1 2
3 AppellF1[2, n, -n, 3, 2C05[; (c+dx)]7,
2aCos[i(c+dxH2 2

A }Sec[§<c+dx)]2

1 X 2aCos[l(c+dx)]2
4 AppellF1[3, n, -n, 4, 2Cos|[~ (c+dx)]|", 2 "
2 a-

]

{—an[— ! 8a (1-n) AppellF1[5, n, 2-n, 6,2Cos[1(c+dx”2,
5(a-b) 2

2acCos[l (c+dx)]?
I con 2 (e sinl 2 fean)] - S nappeniras,
a-b 2 2 5

2acCos[L (c+dx)]?
1+n,17n,6,2Cos[1(c+dxH2, [2( )] ]Cos[l(c+dx)}
2 a-b 2
Sin{1 (c+dx)] (a-b) ZSec[1 (c dx)]2 3anAppellFi|4
- + + - - + >
2 2 2 (a-b)

2aCos[§ (c+dx”2

Cos[1 (c+dx)]

—

n,1-n, 5, 2Cos[1 (c+dx”2,

2 a-b 2
o1 3 1 2
Sin[ =~ (c+dx) ]| —EnAppe11F1[4, 1+n, -n, 5, 2Cos[g (c+dx)],
2
2acCos[i(c+dx)]?
[2< )] }Cos[l(c+dx)]$in[l<c+dx)] +n !
a-b 2 2 5(a-b)

1
8anAppellF1[5,1+n,1—n,6,2C05[g(c+dxH , . }
a_

Cos[l (c+dx)] Sin[l (c+dx)] 8 (1+n) AppellF1[5, 2+n, -n,
2 2 5
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2aCos[§ <c+dx)]2

6,2Cos[§<c+dx)]2, I ]Cos[%(c+dx”

1 2
+2AppellF1[3, n, -n, 4, 2Cos[g (c+dx)],

2aCos[§ <c+dx)]2

Sin[% (c+dx”

2aCos[§ (c+dx)]2

]Sec[% (c+dx”2Tan[§ (c+dx)]

a-b

2
~anAppellF1[4, n, 1-n,5,2Cos[~ (c+dx)]|", |+

N |

a-b

—

2

2aCos[§ (c+dx)]2

1
nAppellF1[4, 1+n, -n, 5, 2Cos|[ =~ (c+dx)|",

(aib) 2 a-b

1 2
2 AppellF1[3, n, -n, 4, 2Cos|[— (c+dx) ],

e

2) -2+n

2aCos[§ (c+dx”2

1
- }Sec[;<c+dx)]

4 (a-b)n(b+acCosfc+dx])" Sec[1 (c+dx)]
3 2

1 2
9 AppellF1[2, n, -n, 3, 2Cos[; (c+dx)],

2aCos[§(c+dx)]2 R

- ]Sec[%(cmx”

/

1
-2 anAppellFi|[3, n,1—n,4,2Cos[;(c+dx)] s " |+
a_

2

2aCos[§ (c+dx”2

1
2nAppellF1[3, 1+n, -n, 4, 2Cos|[~ (c+dx) ],

(a—b) 2 a-b

1

A (c+dx)]2,

)

5 2aCos[§ (c+dx)]2]]/

3 AppellFi[2, n, -n, 3, 2Cos]

2aCos[§ (c+dx)]2

| sec| (CerxH2

N |

a-b

1
4 AppellF1[3, n, -n, 4, 2Cos[~ (c+dx) ],
2 a-b

] +
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1 , 2aCos[t (c+dx)]’
~anAppellF1[4, n, 1-n, 5, 2Cos[~ (c+dx)]|", : b ] +
2 a-

—_—

nAppellF1[4, 1+n, -n, 5,2Cos[1(c+dx” s |+

(a—b) 2 a-b

1 2
2 AppellF1[3, n, -n, 4, 2Cos|[ = (c+dx)]",

2
1
—Cos[; (c+dx) ] secic+dx]

2aCos[§ (c+dx)]2

- ]Sec[%(c+dx”

1 2 -1+n
Cos[; (c+dx)] Sec[c+dx})

Sin[% (c+dx)]+

2
Cos[~ (c+dx)]| Sec[c+dx] Tan[c+dx])

N |

Problem 270: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J(a+b$ec[c+dx])”sin[c+dx] dx

Optimal (type 5, 48 leaves, 2 steps):

. bSec[c+dx]
bHyper‘geometr‘1c2F1[2J 1+n,2+n,1+ —m—

_ a+rbSec[c+dx])¥"
a’d (1+n) a ]< [ })

Result (type 6, 1849 leaves):

<c+dx)]2, 2aCos[§ <c+dx)]2

2 (a-b) AppellF1[1, n, -n, 2, 2Cos]|

]

1
2 a-b

(b+acCos[c+dx])"Sec[c+dx]" (a+bSec[c+dx])"Sin[c+dx] /

2aCos|? (c+dx)]2

[d {anAppellFl[Z, n,1-n, 3,2Cos[1<c+dx)]2, 2 |+
2 a-b
1 R 2aCos[l(c+dx>]2
(a-b) [nAppellF1[2, 1+n, -n, 3, 2Cos|[~ (c+dx)], 2 " |+
2 a-
2acCos[L (c+dx)]?
AppellF1[1, n, -n, 2,2Cos[1(c+dx)]2, [2 <b )] }Sec[l(c+dx”2J
2 a- 2
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|

anAppellF1l [2, n,1-n,

2 (a-b) (b+aCos[c+dx])“Sec[c+dx]”{ "
a7

aCos[X (c+dx)]?
3,2Cos[§(c+dx”2, 2ac [:(b )] ]Cos[%(cmx)]sin[

1 (c+dx)] -nAppellF1[2, 1+n, -n, 3, 2Cos[1 (c+dx)]2,
2 2

1 X 2aCos[l(c+dxH2
-anAppellF1[2, n, 1-n, 3,2Cos[—(c+dx” , 2

N o b ]+(a—b>

2aCos[§ (c+dx)]2

- ]Cos{%(c+dx”$in[§(c+dx”

2aCos[§ (c+dx”2

1 2
nAppellF1[2, 1+n, -n, 3, 2Cos[; (c+dx) ], | + AppellF1]|

1)

a-b

2aCos[§ (c+dxH2

1 2 1
1, n, -n, 2, 2Cos |~ d , Sec| = d
n, -n 05[2(c+ x)} - ] ec[z(c+ x)]

R ZaCos[i (c+dx”2

)

{Za (a-b) nAppellFi[1, n, -n, 2, 2Cos|

N |

(c+dx” o

(b+acCos[c+dx]) " Sec[c+dx]"Sin[c+dX] /

[—anAppellFl[Z, n,1-n, 3, 2Cos[l (c+dx”2, |+ (a-b)
2

1 " 2aCos[l(c+dx
nAppellF1[2, 1+n, -n, 3, 2Cos |~ (c+dx)] B 2

2 a-b

| + AppellF1]1,

] _

2aCos[§(c+dxH2 R

n, -n, 2, 2Cos[1 (c+dx>]2,
2

1
- ]Sec[g(c+dx)}

2aCos[§ (c+dx”2

{2 (a-b) nAppellFi[1, n, -n, 2, 2Cos[l (c+dXHZ, . ]
2 a-

(b+aCos[c+dx])"Sec[c+dx]*"Sin[c+dx] /

[anAppellFl[Z, n,1-n, 3,2Cos[l(c+dx”2, " |+ (a-b)
2 a-
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1 R 2aCos[l(c+dx)]2
nAppellF1[2, 1+n, -n, 3, 2Cos |~ (c+dx>] , 2 | + AppellF1]1,

2 a-b
2]
N

2acCos[L(c+dx)]?
n,—n,2,2Cos[1(c+dx>]2, {2< )] ]Sec[l(c+dx”
2 a-b 2

1 R 2aCos[l(c+dx)]2
2 (a-b) AppellF1[1, n, -n, 2, 2Cos|~ (c+dx)] s 2 ]

2 a-b

(b+acCos[c+dx])"Sec[c+dx]"

_an [_ 1 4. (1-n) AppellF1[3, n, 2-n, 4,
3(a-b

acos[L (c+dx)]?
2Cos[§(c+dx)]2, 22t [:(b )] ]Cos[%(c+dx)}sin[§(c+dx”7

2aCos[% (c+dx”2

4 1 2
—nAppellF1[3, 1+n,1-n, 4, 2Cos[ = (c+dx)]",
3 2 a-b

]

Sec[l (c+dx”2

Cos[l(c+dx)]sin[1<c+dx)] A

5 N +(a—b)

2aCos[§ (c+dx)]2

]

1 1 2
[ anAppellF1[2, n, 1-n, 3, 2Cos[ =~ (c+dx)]|",
a-b 2 a-b

Cos[1 (c+dx)] Sin[l (c+dx)] -nAppellF1[2, 1+n, -n, 3, 2Cos[1 (c+
2 2 2

2aCos[§ (c+dx)]2

2 1 1
d R C — d Sin| — d
x) | - ] 05[2 (c+dx)] 1n[2 (c+dx)]]|+
1 1 2
n{ 4anAppellF1[3,1+n,1-n,4,2Cos|~ (c+dx)],
3(afb) 2

2aCos[§ (c+dx)]2

. ]Cos[%(c+dx)}Sin[§(c+dx”—4;(1+n)

X 2aCos[§ (c+dx)]2

(c+dx)] ,

AppellF1[3, 2+n, -n, 4, 2Cos| | Cos|

1
2 a-b

%(c+dx” Sin[% (c+dx) ]| +AppellFi[1, n, -n, 2, 2Cos[§ (c+dx)]2,
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1
[—anAppellFl[Z, n,1-n, 3,2Cos[;(c+dx” , X ]+
a_

nAppellF1[2, 1+n, -n, 3,2C05[1(C+dx)} , b J+
2 a-

Problem 271: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

(a-b)

2
AppellF1[1, n, -n, 2, 2Cos]| <c+dx)] s

N | =

2aCos[%(c+dx)]2 1 R
- ]Sec[;(c+dx”

JCsc[c+dx] (a+bsec[c+dx])"dx

Optimal (type 5, 115leaves, 6 steps):

Hypergeometric2F1[1, 1+n, 2 +n, a*b%b“ﬂw (a+bSec[c+dx] )1”'

2 (a-b)d(1+n)

. a+bSec[c+dx]
(Hyper‘geometr‘chFl (1, 1+n, 2+n, ]

(a+bSec[c+dx])1+”)/

a+b
(2 (a+b)d(1+n))

Result (type 6, 3438 leaves):

b (-2+n) AppellF1[1-n, -n, 1, 2-n,

(-a+b) Cos[c+dx] Sec[i (c+dx>]2

1 2
, C d S — d
- os[c+dx] ec[2<c+ x)]7]

(b+aCos[c+dx])"Cot]|

N |

(c+dx”2Csc[c+dX] Sec[c+dx] " (a+bSec[c+dx])" /

(-a+b) Cos[c+dx] Sec[% (c+dx”2

)

[d (-1+n) [2b(—2+n) AppellF1[1-n, -n, 1, 2-n, "
2

Cos[c+dx] Sec[1 (c+dx)]2] Cos[1 (c+dx)]2+
2 2

(-a+b) Cos[c+dx] Sec[% (c+dx)]2

3

{— (a-b) nAppellF1[2-n,1-n,1,3-n,
2b

1 2
os[c+dx] Sec|— (c+dx - ppe -n, -n, 2, 3-n,
Cos[c+dx] Sec[~ (c+dx)]"] -2bAppellF1|2 2,3
2
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(-a+b) Cos[c+dx] Sec[i (c+dx”2

1 2
, Cos[c+dx] Sec[ =~ (c+dx) ]| }}Cos[c+dx]
2b 2

(-a+b) Cos[c+dx] Sec[% <c+dx)]2

b (-2+n) AppellF1[1-n, -n, 1, 2-n, " s
2

{_

Cos[c+dx] Sec[1 (c+dx)]2] (b+aCos[c+dx])nCo‘c[l (c+dx)] Csc[1 (c+dx)]2
2 2 2

/{<1+n>

(-a+b) Cos[c+dx] Sec[% (c+dxH2

Sec[c+dx] 1" 2b (-2+n) AppellFi[1-n, -n, 1, 2-n,

1 2
, Cos[c+dx] Sec|— (c+dx
. e vdx) sec| ~ (crdx)]’]

Cos[l (c+dx”2 [—(a—b) nAppellF1[2-n,1-n,1,3-n,
2

—a+b) Cos[c+dx] Sec|[L (c+dx 2
( ) [2< )] ,Cos[c+dx]Sec[1(c+dx)]2]—2
2b 2
(-a+b) Cos[c+dx] Sec[> (c+dxH2
bAppellF1[2-n, -n, 2, 3-n, 2 s

2b
(-a+b) Cos[c+dx] Sec[% (c+dx)}2

[ab<—2+n)nAppellF1[1—n,—n, 1, 2-n, " s
2

Cos[c+dx]

Cos[c+dx] Sec[1 <c+dx)]2}
2

Cos[c+dx] Sec:[1 (c+dx)]2] (b+aCos[c+dx]) "
2

(-a+b) Cos[c+dx] Sec[i (c+dx>]2

2b (-2+n) AppellF1[1-n, -n, 1, 2-n, " B
2

Cot | <c+dx)]ZSec[c+dx]‘1+”Sin[c+dx]

N |

(—1+n)

Cos[c +dx] Sec[l (c+dx”2} Cos[l (c+dxH2 {—(a—b) nAppellF1[2-n, 1-n,
2 2

—a+b) Cos[c+dx]Sec[L (c+dx)]?
1, 3-n, ( ) " [2< )] ,Cos[c+dx]Sec[1(c+dx)]2}—
2 2

(-a+b) Cos[c+dx] Sec{% (c:+dx”2

2bAppellF1[2-n, -n, 2, 3-n, s
2b
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(c+dx)]2] Cos[c+dx]||+

N |

Cos[c+dx] Sec]|

(-a+b) Cos[c+dx] Sec| > (c+dx)]2
b (-2+n) AppellF1[1-n, -n, 1, 2-n, 2 s

2b

Cos[c+dx] Sec| (c+dx)]2]

N |

(b+aCos[c+dx])"Co‘c[1 (c+dx>]ZSec[c+dx]”Sin[c+dx]J/
2

(-a+b) Cos[c+dx] Sec[i <c+dx)]2

2b (-2+n) AppellF1[1-n, -n, 1, 2-n, - s
Cos[c +dx] Sec[1 (c+dx”2} Cos[1 (C+dXH2 {(ab) nAppellF1[2-n, 1-n, 1,
2 2

—a+b) Cos[c+dx]Sec|[t (c+dx)]?
( > [2< )] , Cos[c+dx] Sec[l(c+dx”2]f

2b 2
(-a+b) Cos[c+dx] Sec[% (c+dx”2

2bAppellFi[2-n, -n, 2, 3-n, s
2b

3-n,

1 2
Cos[c+dx] Sec[~ (c+dx)| || Cos[c+dx] |+

2

(c+dx)}25ec[c+dx}‘1*”

N |

{b (-2+n) (b+aCos[c+dx])"Cot|

[2 (1—n) AppellFl[Z—n, -n, 2,3-n,
-n

—a+b) Cos[c+dx]Sec[L (c+dx)]?
( ) [2( )] , Cos[c+dx] Sec[l(c+dx>]2}

2b 2
7Sec[l (c+dx)}zsin[c+dx} +Cos[c+dx] Sec[1 (CertzTan[1 (c+dx)]|-
2 2 2
(-a+b) Cos[c+dx] Sec| > (c+dx)]2
(1-n) nAppellF1[2-n,1-n,1,3-n, " 2 ,
2

2-n

(-a+b) Sec[i (c+dx”2sin[c+dx]
.

Cos[c+dx}Sec[1(c+dxH ] |- "
2 2

1 1 2 1
— (- b) C d S — d T — d
2b( a+b) Cos[c+dx] ec[z(c+ x) | an[z(c+ x) |

|/
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(-a+b) Cos[c+dx] Sec[? (c+dx>]2
2b (-2+n) AppellF1[1-n, -n, 1, 2-n, 2 s

(—1+n) b

Cos[c+dx] Sec[1 (c+dx”2} Cos[1 (c+dx”2 {—(a—b) nAppellF1[2-n, 1-n,
2 2

(-a+b) Cos[c+dx] Sec[i (c+dx>]2

1 2
1, 3-n, ,Cos[c+dx]Sec[—(c+dx)] | -
2b 2
(-a+b) Cos[c+dx] Sec[? (c+dx”2
2bAppellF1[2-n, -n, 2, 3-n, " 2 s
2

Cos[c+dx] Sec[1 <c+dx)]2]
2

Cos[c+dx]

(-a+b) Cos[c+dx] Sec[* (c+dx)]2
b (-2+n) AppellF1[1-n, -n, 1, 2-n, " 2 s
2

Cos[c+dx] Sec:[1 (c+dx)]2] (b+aCos[c+dx])nCo‘c[1 <c+dx)]25ec[c+dx]’1*”
2 2

(-a+b) Cos[c+dx] Sec[l(c+dx)]2
~2b (-2+n) AppellF1[1-n, -n, 1, 2-n, 2 s
2b
Cos[c +dx] Sec[l(c+dx”2} Cos[l(c+dxHSin[1(c+dxH—
2 2 2
(-a+b) Cos[c+dx] Sec[l(c+dx”2
-(a-b) nAppellF1[2-n,1-n,1,3-n, " 2 s
2
1 2
Cos[c +dx] Sec[;<c+dx)] | -2bAppellF1[2-n, -n, 2, 3-
—a+b) Cos[c+dx]Sec[t (c+dx 2
n, ( > [2< )] , Cos[c+dx] Sec[l(c+dx)]2]

2b 2

Sin[c+dx] +2b (-2+n) Cos[l <c+dx)]2
2

(1-n) AppellF1[2-n, -n,

2-n

—a+b) Cos[c+dx] Sec|[ (c+dx 2
2,3-n, ( ) " [2< )] ,Cos[c+dx]Sec[1(c+dx)]2}
2 2

1 2 . 1 2
—Sec[g (c+dx) ] sin[c+dx] +Cos[c+dx] Sec[g (c+dx)]

Tan[l(c+dx)] - (1—n)nAppellFl[Z—n,l—n,l,B—n,
2

2-n
(-a+b) Cos[c+dx] Sec[i (c+dx)]2

- ,Cos[c+dx]Sec[§(c+dx)]2]
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—a+b)sec[L (c+dx)]*Sin[c+dx]
2

- +—(-a+b) Cos[c+dx]
2b 2b
Sec[l(Cerx)]zTan[l(c+dx)} +Cos[c+dx] Zb{ !
2 2 3-n
(-a+b) Cos[c+dx] Sec[? (c+dxH2
2 (2-n) AppellF1[3-n, -n, 3, 4-n, " 2 s
2

Cos[c +d x] Sec[l (c+dx”2] —Sec[l (c+dx)}zsin[c+dx} +

2 2
Cos[c+dx]5ec[1(c+dx)]2Tan[£(c+dx” - (2-n)n
2 2 3-n
(-a+b) Cos[c+dx] Sec[* (c+dx)]2
AppellF1(3-n, 1-n, 2, 4-n, " 2 ,
2

Cos[c+dx] Sec[l (c+dx”2]

{ (-a+b) Sec[i (c+dx)}zsin[c+dx}
2

2 1 !
(c+dx)] Tan[= (c+dx)]||- (a-b)n 3.n

(-a+b) Cos[c+dx] Sec|
2

N |

(2-n) AppellF1[3-n, 1-n, 2, 4-n (~a+b) Cosfe+dx] sec[} (c+dx] ]’
S 2b ’

Cos[c +dx] Sec[l (c+dx”2] —Sec[l (c+dx)}zsin[c+dx] +

2 2
Cos[c+dx]Sec[1(c+dx)]2Tan[l(c+dxH + (1-n) (2-n)
2 2 3-n
(-a+b) Cos[c+dx] Sec[? (c+dx)]2
AppellF1[3-n, 2-n, 1, 4-n, 2 ,

2b

—a+b)Sec[t (c+dx Zsin[c+dx}
Cos[c+dx]Sec[l(c+dxH2] {( ) [z( )] .
2

B

(-a+b) Cos[c+dx] Sec[i (c+dx>]2

1 1 2 1
— (- b) C d S — d T — d
Zb( a+b) Cos[c+dx] ec[2<c+ x) | an[z(c+ x) |

2b 2b

(-1+n) |2b (-2+n) AppellF1[1-n, -n, 1, 2-n,

2b

Cos[c +dx] Sec[1 (c+dx)]2] Cos[1 (c+dx)]2+
2 2

{‘(a—b>nAppellF1{2_n 1on 1 3.1 (—a+b>Cos[c+dx] Sec{%<C+dX)]z
, o 2b ?
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cos[c+dx] Sec[l (c+dx)}2] -2b
2

(-a+b) Cos[c+dx] Sec[i (c+dx)]2

AppellFl[Z—n, -n, 2, 3-n,

)

2b

|

Problem 272: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

Cos[c+dx] Sec[l (c+dx”2]

2
Cos[c+dx]
2

JCsc[c+dx13 (a+bsec[c+dx])"dx

Optimal (type 5, 231 leaves, 9 steps):

Hypergeometric2F1[1, 1+n, 2 +n, &se;%] (a+bSec[c+dXx] )1*”

4 (a-b)d(1+n)

a+bSec[c+dx]

(Hyper‘geometr‘icZFl{l, 1+n,2+n, | (a+bSecc+dx] )1*"]/

a+b

(4 (a+b)d(1+n))+

a+bSec[c+dx]
a-b

(b Hypergeometric2F1[2, 1+n, 2+n,

] (a+bSec[c+dx})1*“J/
(4 (a-b)%d (1+n)]+

a+bSec[c+dx]

(b Hypergeometric2F1[2, 1+n, 2+n,

] (a+bSec[c+dx])1*“J/

a+b
(4(a+b)2d(1+n))
Result (type 6, 7420 leaves):
1+Tan[l(c+dx”2 " a—aTan[l(c+dx>]2 "
Csc[c+dx]? (a+bSec[c+dx])" 2 b+ 2
1—Tan[i(c+dx)}2 1+Tan[i(c+dx)]2
a+b)cot|[L (c+dx)]?
[[[(ab) AppellFl[l, n, -n, 2, Cot[l(c+dx”2, ( ) [2< )] }]/
2 a-b

(a+b) Cot[i (c+dx)]2

|+

1 2
[—n[(a+b) AppellF1[2, n, 1-n, 3, Cot[;(c+dx” s "
a_

(-a+b) AppellF1[2, 1+n, -n, 3, cOt[1 (c+dx)],

, (a+b) Cot[i (CerxH2
2 a-b ] '

(a+b) Cot[i (c+dx”2

2 (a-b) AppellFi[1, n, -n, 2, Cot[1 (c+dx) ]2, "
2 a-

]
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Tan[

N |

(c+dx”2J]+

(a+b) AppellF1[1, n, -n, 2, Tan| = (c+dx) ]|, ]

1 X (a—b)Tan[i(CerxHZ
2 a+b

Tan[% (c+dx)]

N/

, (a-b) Tan[% (c+dx)]2

a+b

2 (a+b) AppellFi[1, n, -n, 2, Tan[l(c+dx” s |+
2

1 2
n[(—a+b)AppellF1[2, n,1-n, 3, Tan[;(c+dx)] s "
a+

(a+b) AppellF1[2, 1+n, -n, 3, Tan{l (c+dxH2,
2

(a—b) Tan[% <c+dx)]2

Tan[% (c+dx)]2

]

a+b

(a—b) (—1+Tan[l (c+dx)]2)
2b (-2+n) AppellFi[1-n, -n, 1, 2-n, " 2 s
2

2 2 2

1—Tan[1 <c+dx)]2} Cot[1 <c+dx)]2 [—1+Tan[1 <c+dx)]2JJ/

(a-b) (—1+Tan[i (c+dx)]2)

(-1+n) |2b (-2+n) AppellF1[1-n, -n, 1, 2-n,

2b

1—Tan{l (c+dx”2] + [(a—b) nAppellF1[2-n, 1-n, 1, 3-
2

(a-b) (—1+Tan[§ (c+dx”2)

1 2
> ,1-T - d
n - an[z(c+ x)]°] +
a-b) (-1+Tan[% (c+dx)]?
2bAppellFl[2-n, -n, 2, 3-n, ( )( b[2< H),lf
2

Tan[% (c+dx)]2}J [—1+Tan[§ <c+dx)]2JJ

V

aSec[i (c+dx)]2Tan[§ (c+dx)]

1+Tan[% (c+dxH2

2\n
1
—n
4

1+Tan[Y (c+dx
N 2 (evax)

2

1—Tan[% (c+dx)]

3
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Sec[i (c+dx>]2Tan[§ (c+dx)] (afaTan[i (c+dx)]2)]

(1+Tan[§ (c+dx)]2)

afaTan[i (c+dx”2 e

b+

1+Tan[§ <c+dx)]2

_ [[(a—b) AppellF1[1, n, -n, 2, Cot[% <C+dx)]2’ (a+b) Cota[_ib(udx”z]]/

(a+b) Cot[i (c+dx”2

|+

1 2
{—n {(a+b) AppellF1[2, n, 1-n, 3, Cot| =~ (c+dx)], "
2 a-

(-a+b) AppellF1[2, 1+n, -n, 3, Cot[1 (c+dxH2,
2

(a+b) Cot[i (c+dXH2

}

+2 (a-b) AppellF1|1, n, -n, 2,
a-b

(a+b) Cot[% (c+dx)]2

[ 1 s (a—b)Tan[§<c+dx)]2

1 , (a-b)Tan[t (c+dx]]®
2 (a+b) AppellFi[1, n, -n, 2, Tan[ = (c+dx) ], 2 ]+
5 a+b
a-b) Tan[% (c+dx
n[(_a+b)Appe11F1[2, n,1-n, 3, Tan[l(“dxﬂz' _— [2b< - J
2 a+

(a+b) AppellF1[2, 1+n, -n, 3, Tan[1 (c+dx) ]2,
2

(a-b) Tan[% (c+dx”2

Tan[% (c+dxH2

]

a+b

(a—b) (—1+Tan[l (c+dx)]2)
2b (-2+n) AppellF1[1-n, -n, 1, 2-n, bz s
2

2 2 2

1—Tan{l (c+dx”2]Co‘c{l (c+dx”2 (—1+Tan[l (c+dx)}2)]/
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(a-b) (—1+Tan[i (c+dx)}2)

{(1+n> {2b(2+n) AppellF1[1-n, -n, 1, 2-n, "
2

1-Tan 1 c+dx 2 +|(a-b)nAppellF1|2-n,1-n, 1, 3-n,
[2

(a-b) (—1+Tan[§ (c+dx)]2)

- ,1—Tan[§(c+dx”2]+

a-b) [-1+Tan[% (c+dx)]?
2bAppellF1[2-n, -n, 2, 3-n, < ) ( 5 | )] )

(—1+Tan[§ (c+dx”2)”] +

Sec[% (c+dxH2Tan[§ (c+dx) ]

2b

1—Tan[§ (c+dx)]2]

-1+
ln 1+Tan[§(c+dx)]2 "
4

+

1—Tan[§(c+dx)]2 1—Tan[i(c+dx”2

Sec[% (c+dx)]2Tan[i (c+dx)] (1+Tan[§ (c+dx)]2) a—aTan[i (c+dx)}2 "

b+

(1—Tan[i(c+dx)]2)2 1+Tan[§(c+dx)]2

/

(a+b) Cot[i (CerxH2

(a+b) Cot[% (c+dx”2

]

[_ [[(a—b) AppellFi[1, n, -n, 2, Cot[% (c+dx) ]2,

a-b

1 2
{n{(aer)AppellFl[Z, n,1-n, 3, Cot[g<c+dx)] s N
a7

] +

(-a+b) AppellF1[2, 1+n, -n, 3, Cot[l (c+dx”2,
2

(a+b) Cot[i (CerxH2

J

+2 (a-b) AppellF1[1, n, -n, 2,

a-b

, (a+b) Cot[% (c+dx)]2

Cot[l(c+dx”, ]Tan[l(c+dx”2

2 a-b 2
a-b) Tan[L (c+dx
[(a+b) AppellF1[1, n, -n, 2, Tan[% (“dxﬂz) ) a[fb< )] ]

Tan{% (c+dx)]

'/

{2 (a+b) AppellF1[1, n, -n, 2, Tan|

<C+dx)] R

N |
Q
+
o
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n [(—a+b) AppellF1[2, n, 1-n, 3, Tan[l (C+dx”2, (a-b) Tan[i <c+dx)]2} +

2 a+b

(a+b) AppellF1[2, 1+n, -n, 3, Tan[1 (c+dx) ]2,
2

(a-b) Tan[% (c+dx”2

Tan[i (c+dxH2

]

a+b

(a-b) (71+Tan[l (c+dx)]2)
2b (-2+n) AppellF1[1-n, -n, 1, 2-n, bz s
2

R e L
{(—1+n) {2b (-2 +n) AppellF1[1-n, -n, 1, 2-n, (a-b) (—1+Tznb[i (c+dxH2) ’

1—Tan[1 (c+dx)]2} + [(ab) nAppellF1[2-n,1-n,1,3-n,
2

(a-b) (—1+Tan[§ <c+dx)]2)

, l—Tan[E (c+dx”2] +

o )
2ompetiri2 n, 2,3, 02T (0]
1-Tan[ > (e dx) )] (1+Tan[§<c+dx>}2)]}]+

1 1+qu§(c+d@}2“[b+a_aTaq§<c+d@]2”

4{1man[2(ceax)]?] [ avTan[t(cax)]?

[—[[(a—b> 2<alb> (a+b) nappellFa[2, n, 1-n, 3, Cot (crdx]]’,

(a+b) Cot[i (c+dx)]2

a b ]Cot[%(c+dxHCsc[§(C+dXH27%n

(a+b) Cot[% (c+dx)]2

1 2
AppellF1[2, 1+n, -n, 3, Cot[; (c+dx)], "
a_

s }/

]

Cot[% (c+dx)] Csc[% <c+dx)]

-n [(a+b) AppellF1[2, n, 1-n, 3,
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(a+b) Cot[i (c+dx)]2

COt[l (c+dx>]2, | + (-a+b) AppellF1[2, 1+n,
2

a-b
(a+b) Cot[% (c+dx)]2

]

+2 (a-b) AppellFi[1,

2J+

-n, 3, Co‘c[l (c+dx”2,
2

a-b

n, -n, 2, Cot[1 (c+dx”2, (a+b) COt[i (C+dx)]2} Tan[1 (c+dx)]

2 a-b 2

(a-b) Tan[% <c+dx)]2

(c+dx”2,

]

[(a +b) AppellF1[1, n, -n, 2, Tan|

N |

a+b

Sec[l (c+dx)}2Tan[1 (c+dx)] /

2 2

(a-b) Tan[% (c+dx”2

{2 (a+b) AppellFi[1, n, -n, 2, Tan[l (c+dx) ]2, ]+
2 a+b
a-b)Tan[L (c+dx)]?
n{(a+b) AppellF1[2, n, 1-n, 3, Tan[l(c+dx”2, ( ) [2< )] |+
2 a+b
(a+b) AppellF1[2, 1+n, -n, 3, Tan[l (c+dx) ]2,

2

a-b)Tan[L (c+dx)]?

( ) [2( H ] Tan[l(CerxH2 +

a+b 2

1 1 2
- (a-b) nAppellF1[2, n, 1-n, 3, Tan[ = (c+dX) ]|,
2(a+b) 2

[(a+b) Tan[i (c+dx)}2

(a-b) Tan[i (CerxH2

o ]Sec[§<c+dx)]2Tan[§(c+dx”+

(a-b) Tan[% (c+dx)]2

1 1 2
—nAppellF1[2, 1+n, -n, 3, Tan[ = (c+dx) ]|,
2 2 a+b

/

{2 (a+b) AppellFi[1, n, -n, 2, Tan[l (c+dx) ]2,

Sec[% (c+dx)]2Tan[§ (c+dx)]

(a-b) Tan[% (c+dx)}2

|+

2 a+b

n {(a+b) AppellF1[2, n, 1-n, 3, Tan[l (c+dx”2, (2-0) Tan[% <C+dX)]2} +

2 a+b
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(a+b) AppellF1[2, 1+n, -n, 3, Tan[1 (c+dx) ]2,
2

(a-b) Tan[% (c+dx”2 Tan[% (c+dxH2

]

+

a+b

(c+dx”2, (a+b) Cot[i <c+dx)]2

N |

]

[(a - b) AppellF1[1, n, -n, 2, Cot| "
a7

{—n [(a+b) [—3 (alb)z (a+b) (1-n) AppellF1[3, n, 2-n, 4, Cot[i (c+dx”2,

(a+b) Cot[i (c+dx)]2

a-b }COt[i(C*dx)]CSC[i(mdx)]z,

2 1 2
~nAppellF1[3,1+n, 1-n, 4, Co‘t[g (c+dx)] s
3

(a+b) Cot[i (c+dx)]2

a-b ]COt[i(C+dxHCsc[§(c+dXH2 .

2 (a+b) nAppellF1[3, 1+n, 1-n, 4, Co‘c[l (c+dx)]2,

AL Py 2

(a+b) Cot[% (c+dx)]2

1 1 2 2
Cot| — d C - d _Zn
a_b ] 0[2(C+ x) | sc[z(c+ x) ] 3( +n)
a+b)Cot[L (c+dx)]?
Appe11F1[3,2+n,7n, 4, Cot[l(c+dx)]2, ( ) [zb( H
2 a-

Co‘c[l (c+dx)] Csc[l (c+dx)]2 +2 (a-b) AppellFi[1, n, -n, 2,
2 2

a+b)cot[® (c+dx)]?
Cot[i(c+dx”2, ( )Cta[_zb< )] ]Sec[%(c+dx”2Tan[§(c+dx)]+

1

2 (a-b) 2 (b

1 2
(a+b) nAppellF1[2, n, 1-n, 3, Cot[~ (c+dx)]|’,
2

(a+b) Cot[% (c:+dx”2

1 2
(c+dx)] Csc[; (c+dx)]|" -

(a+b) Cot[i (c+dx)]2

| cot|

N |

a-b

]

1 1 2
—nAppellF1[2, 1+n, -n, 3, Cot[ = (c+dx)]|",
2 2 a-b
Tan[E (CerxH2 ]/

Cot[l(c+dx)]Csc[l(c+dxH2 A

2 2
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{n {(aer) AppellF1[2, n, 1-n, 3, Cot[l (C+dx)]2, (a+b) Cot[i (c+dx”z] +

2 a-b

(-a+b) AppellF1[2, 1+n, -n, 3, Cot[l (c+dx) ]2,
2

(a+b) Cot[i <c+dx)]2

" || +2 (a-b) AppellFi[1, n, -n, 2,
a7

(a+b) Cot[% (c+dx”2

1 2
A - }Tan[;(c+dx)]

(a-b) (—1+Tan[l (c+dx)]2)
2b (-2+n) AppellF1[1-n, -n, 1, 2-n, b2 s
2

17Tan[l (Certz]Csc[l (c+dx)] Sec[l (c+dx”J/

2 2 2

{(1+n> {Zb (-2+n) AppellF1[1-n, -n, 1, 2-n, (a-b) (*1+Tan[i (c+dx>}2)1

2b

1-Tan 1 c+dx 2 +|(a-b)nAppellF1|2-n,1-n, 1, 3-n,
[2

a-b) [-1+Tan[L (c+dx)]?
( ) ( - T2b[2< )] ),1Tan[§(c+dx”2]+

(a-b) (—1+Tan[% (c+dx)]2)

2bAppellF1[2-n, -n, 2, 3-n, s
2b

1—Tan[§ (c+dx)]2]

(a-b) (—1+Tan[l (c+dx)]2)
2b (-2+n) AppellFi[1-n, -n, 1, 2-n, bz s
2

17Tan[§ (c+dx)}2]Cot[§ (c+dx)] Csc[% (C+dXH2 (71+Tan[§ (c+dx”2]]/

(a-b) (—1+Tan[i (c+dx)}2)

{(1+n> {2b(2+n) AppellF1[1-n, -n, 1, 2-n, . ,
2

1—Tan[1 (c+dx)]2} + [(a—b) nAppellF1[2-n,1-n,1,3-n,
2
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(a-b) (—1+Tan[§ (c+dx)]2)

T cTan[ (erdx) ]
a-b) [-1+Tan[% (c+dx)]?
2 appettra [z, -n, 2, 3-n, L 2T (€090 T

2b
(c+dx”2)]J

(a-b) (1-n) nAppellF1[2-n,

1—Tan[§ (c+dx)]2]

(—1+Tan[

N |

2b(2+n)Cot[i(c+dx)]2[2b<2_n>
1-n,1,3-n, (2-¢) (—1+Tznb[;(C+dX)] ),1—Tan{%(c+dx”2]

Sec[l (c+dx)]2Tan[1 (c+dx)] _L(l—n>AppellF1[2—n, -n,
2 2 2-n

(a-b) (—1+Tan[i (c+dx)]2)

B 1—Tan[1 (c+dx>]2}

230 2b 2
Sec[% (c+dx)]2Tan[§ (c+dx)] (—1+Tan[§ (c+dx”2] /

(a-b) (—1+Tan[§ (c+dx”2)

[(1+n> {2b(2+n) AppellF1[1-n, -n, 1, 2-n, "
2

1 2
1—Tan[; (c+dx)]7] + [(a—b) nAppellF1[2-n, 1-n, 1, 3-n,

(a-b) (71+Tan[§ (c+dx)]2)

2b ’1‘Ta“[§(c+dxﬂz]+
a-b) (-1+Tan[% (c+dx)]?
2bappettrafz n, 2,3, 02T (8]

2b
1—Tan{%(c+dx)]2] (—1+Tan[§(c+dx”2)”-
[<a+b) AppellFi[1, n, -n, 2, Tan[% (c+dx”2, 2-°) Tana[+§b<c+dx)] ]
1 2
Tan[g(c+dx”
n[(—a+b) AppellF1[2, n, 1-n, 3, Tan[%(c+dx)]2, 2-0) Tan[%b(C+dXH |+




210 | Mathematica 11.3 Integration Test Results for 4.5.1.3 (d sin)”n (a+b sec)”~m.nb

a-b)Tan[L (c+dx)]?
(a+b) AppellFl[Z, 1+n, -n, 3, Tan[l (C+dx)]2, < ) {zb( H
2 a+

Sec[% (c+dx)]2Tan[§ (c+dx)]+2(a+b) [2 <a1+b) (a-b) nAppellFi|2,

, (a-b ani c+dx) |’ X
n,1-n, 3, Tan[%(c+dx” s ( )T a[+b< )] }Sec[i(cmx”
1

Tan[l <c+dx>] +1nAppellF1[2, l+n, -n, 3, Tan[ <C+dx)]2’
2

2
(a-b) Tan[i (CerxH2

N

| sec| <c+dx)]2Tan[ +

N |

(c+dx”

N |

a+b

nTan[l (c+dx”2

2 (a-b) (1-n) AppellFi[3, n,
2

(a—b) Tan[i (CerxH2

2—n,4,Tan[§(c+dx)]2, N ]Sec[%(c+dx)]2
a+

1 2 1 2
Tan[; (c+dx)] +;nAppe11F1[3, 1+n,1-n, 4, Tan[g (c+dx)],

(a-b) Tan[i (c+dx)]2

]Sec{l (c+dx”2Tan[1 (c+dx)]]|+

a+b 2 2
(a+b) |- ! Z(a—b)nAppellFl[B,1+n,1—n,4,Tan[l(c+dx)]2,

3(a+b) 2
(a—b)Tan[i(c+dx)]2 1 , 1

S — d T — d

- ] ec[z(c+ x) | an[z(c+ x) ]+

2 1 2
g <1+n)Appe11F1[3,2+n, -n, 4, Tan[g (c+dx)] B

(a-b) Tana[fb(de)] ]Sec[%(c+dx”2Tan[§ (codx)]

Il
(a-b) Tan[i (CerxH2

{2 (a+b) AppellFi[1, n, -n, 2, Tan[l (c+dx) ]2’ J+

2 a+b

(a-b) Tan[i (c+dx”2

|+

1 2
n[(a+b)AppellF1[2, n,1-n, 3, Tan[£<c+dx)] s "
a+

(a+b) AppellF1[2, 1+n, -n, 3, Tan[1 (c+dx”2,
2
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(a—b)Tan[i(Cerx)]z 2

+

Tan[% (c+dx)]2

]

a+b

(a-b) (—1+Tan[% (c+dx)]2)

2b (-2+n) AppellFi[1-n, -n, 1, 2-n, "
2

(c+dx)}2)

(a-b) (71+Tan[§ (c+dx)]2)

1-Tan| (c+dx)}2]C0t[

N |
N |

(CerxH2 (—1+Tan[

N |

{[(a—b) nAppellF1[2-n,1-n,1,3-n,
2b

1—Tan{1 (c+dx)]2] +2bAppellF1[2-n, -n, 2, 3-n,
2

(a-b) (—1+Tan[§ (c+dx)]2)

Sec[1 (c+dx)]2

,17Tan[l(c+dx”2] A

2b 2

Tan[% (c+dx)]+2b(-2+n) —2b<27n) (a-b) (1-n) nAppellF1|
a-b) [-1+Tan[L (c+dx)]? 5
2-n,1-n, 1, 3-n, ( )( ! sz[Z( H>,1—Tan[%(c+dx)]}

Sec[i (c+dx>]2Tan[§ (c+dx)] - (1-n) AppellF1[2-n,

2-n
(a-b) (—1+Tan{§ (c+dx”2)

1
-n, 2, 3-n, - ,1—Tan[;(c+dx)]2]

Sec[% (c+dx)]2Tan[§ (c+dx) ]|+ (—1+Tan[% (c+dx”2) (a-b)n

(a-b) (—1+Tan[i (c+dx”2>

1 (2-n) AppellF1[3-n, 1-n, 2, 4-n,
3-n 2b

17Tan[§ (c+dx)]2] Sec[% (c+dx)]2Tan[§ (c+dx)]+
1

2b (3-n)

(a-b) (1-n) (2-n) AppellF1[3-n,2-n,1,4-n,

(a-b) (—1+Tan[§ (c+dx”2)

2b 2

Sec[% (c+dx”2Tan[§ (c+dx)]

nAppellF1[3—n, 1-n,2,4-n,
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1—Tan[%(c+dx)]2]5ec[%(c+dx)]2Tan[§(c+dxH—3_n
2 (2-n) AppellFi[3-n, -n, 3, 4-n, 2-b) (_1”1[2 (crdx)] ),
1 2 1 2 1
1—Tan[;(c+dx)} }Sec[;(c+dx” Tan[;(c+dx)] ]]]/
2b (72+n) AppellFl[lfn, a1 2on (a—b) (1+Tznb[§ (c+dXH2) ,

{(1+n>

1—Tan[l (c+dx)]2] + [(a—b) nAppellF1[2-n,1-n,1,3-n,

1—Tan[1 (c+dx)] ]

2 2

2
(a-b) (1+Tznb[2 (c+dx)] ),1Tan[§ <c+dx>]2] )
2bAppellFL[2 n, n, 2,3 n, (a-b) (—1+Tan[% (c+dXH2)’
2b
| et ooy ]

Problem 275: Result more than twice size of optimal antiderivative.
JCsc[c+dx}2 (a+bsec[c+dx])"dx

Optimal (type 6, 136 leaves, 4 steps):
Cot[c+dx] (a+bSec[c+dx])"

+

a+b

d
b(1-5S d
(\EbnAppellFl[l, 1,17n, E)l(lfsec[CerX])) ( ec[c+ x})]
2 2 2 2 a+b
(a+bSecic+dx])" a+bSec[c+dx] 7nTan[C+dX] /((a+b)d\/1+5ec[c+dx}

Result (type 6, 4339 leaves):

(a+b) (b+aCos[c+dx])"Csc[c+dx]*Sec[c+dx]" (a+bSec[c+dx])"

5 (a—b)Tan[;(c+dx>] ]Tan[g(“dx)]/

1 3
3AppellF1[;, n, -n, S’ Tan[g(c+dx)] , "
a+
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(a-b) Tan[% (c:+dx”2

|+

1 3 1 2
[3 (a+b) AppellFl[;, n, -n, S’ Tan[g(c+dx)] , -
+

a-b)Tan[L (c+dx)]?
2”[(_a+b>App‘311F1[i: n,1-n, 5, Tan[l(c+dx”2) ( ) [2< )] 1.
2 2 2 a+b
(a-+b) appe1tri[ >, 1om, -n, 2, Tan| Y (crax) |7,
2 2 2

(afb)Tan[;<c+dx)] Tan[l(“dx)]z

|

a+b 2
a-b)Tan[L (c+dx)]?
AppellFl{_lJ n, -n, l) Tan[l(c+dx)]2, ( ) [2< >] ]/
2 2 2 a+b
a-b)Tan[L (c+dx)]?
(ob) moper1ea [, m, n, 2, ran L (crax) ], B2 0L (€ X T
2 2 2 a+b

Tan[E (c+dx” +2n [(—a+b) AppellFl[l, n,1-n, i, Tan[E (c+dx”2,
2 2 2 2

a-b)Tan[L (c+dx)]?
( ) [2 < )] } + (a+b) AppellFl[l, 1+n; _nJ E)
a+b 2 2

(a-b) Tan[% (c+dx)]2

1 2
T — d
an[z(c+ XH, .

1 -1+n necs
2d|-=a(a+b)n(b+aCos[c+dx]) Sec[c+dx]"Sin[c +dXx]
2

(a-b) Tan[i (c+dx)]2

1 3 1 2
3AppellF1[ =, n, -n, =, Tan[~ (c+dx) ], ]
2 2 2 a+b
Tan[l(c+dx” /{3 (a+b)Appe11F1[1, n, -n, i, Tan[l(c+dx”2,
2 2 2 2
a-b)Tan[L (c+dx)]?
( ) [2< )] }+2n[(—a+b)Appe11F1[i,n,1—n, E,
a+b 2 2

Tan[% (c+dx)]2, (a-b) Tar;[fb(c+dx”

(a-b) Tan[% (c+dx)]2

3
| + (a+b) AppellF1[ =, 1+n,
2

Tan{l (c+dxH2

-n, 5, Tan[l (c+dxH2,
2

2 2 a+b

]




214 | Mathematica 11.3 Integration Test Results for 4.5.1.3 (d sin)”n (a+b sec)”~m.nb

(a-b) Tan[% (c+dx)]2
a+b }/

(a-b) Tan[% (c+dx)]2

1 1 1 2
AppellFl[—E, n, -n, S’ Tan[; (c+dx)]7,

1 1 1 2
(a+b) AppellF1[-—, n, -n, =, Tan| = (c+dx) ],
2 2 2 a+b

]

Tan[1 (c+dx)] +2n|(-a+b) AppellFl[l, n,1-n, i, Tan[1 (c+dx)]2,
2 2 2 2

(a-b) Tan[% (c+dx”2

|+ (a+b) AppellFl{l, 1+n, -n, i,
a+b 2 2
a-b)Tan[L (c+dx)]?
Tan[l(c+dx)]2, ( ) [2( )]
2 a+b

! 1
= (a+b) n (b+aCos[c+dX])“Sec[c+dx]1+nsin[c+dx] 3AppellF1[;, n,
2
a-b)Tan[% (c+dx)]?
-n %’ Tan[%(mdx”z, | | a[+2b< ! }Tan[i(c+dx)] /

(a-b) Tan[% (c+dx)]2

|+

{3 (a+b) AppellFl[%, n, -n, z, Tan[%(c+dx)]2, a+b
N

a-b)Tan[L (c+dx)]?
o) mppettea[2, 1 ST L (g, e
2 2 2 a+b

2n

(a+b) AppellFl[i, 1+n, -n, 5, Tan{l (c+dx”2,
2 2 2

(a—b) Tan[i (CerxH2

Tan[% (CerxH2

]

a+b

a-b)Tan[L (c+dx)]?
AppellFl[_l’ n, -n, 1) Tan[_ (C+dx>}2) ( ) [2 ( )]
2 2

; a+b }/

(a-b) Tan[i (c+dx)]2

1 1 1 2
(a+b) AppellF1[- =, n, -n, =, Tan| = (c+dx) ],
2 2 2 a+b
Tan[l (c+dx)|+2n|(-a+b) AppellFl[l, n,1-n, i, Tan[l (c+dx)]2,
2 2 2 2

(a-b) Tan[% (c+dx”2

|+ (a+b) AppellFl[l, 1+n, -n, i,
a+b 2 2
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(a-b) Tan[% (c+dxH2

Tan[% (c+dx)]2,

]

Tan{% (c+dx)]

a+b

1 (a+b) (b+aCos[c+dx])"Sec[c+dx]"
2

3

1 3
3 AppellF1[—, n, -n, =~
2

, la-b)Tan i c+dx)]?
Tan[i(c+dx)] s ( )T a[+b( )] ]Sec[i(c+dx)]

N/

(a-b) Tan[% (c+dx)}2

(c+dx)]2,

|+

N |

1 3
{2 [3 (a+b) AppellF1l[ =, n, -n, =, Tan|
2 2 a+b

3 5 1 2
2n [(a+b) AppellFl[;, n,1-n, S’ Tan[g (c+dx)] ,

(a-b) Tan[% (c+dxH2

3 5
| + (a+b) AppellF1[=, 1+n, -n, =

atb ) )
tan( a2, ST SIS e ]

3Tan[§(c+dx” 3<a1+b> (a—b)nAppellFl[g, n,1om, 3,Tan[§(c+dx>]2,
<""‘b“""?i<““”2]SEC[g<c+dx)rTan[§(MXW

(a—b) Tan[i <c+dx)]2

1 3 5 1 2
~nAppellF1[ =, 1+n, -n, =, Tan[= (c+dx) |,
3 2 2 2 a+b

/

1 3 1 2
{3 (a+b) AppellFl[g, n, -n, S’ Tan[;(c+dx)] B "
a+

]

Sec[i (c+dx)]2Tan[§ (c+dx)]

a-b)Tan[L (c+dx)]?
(—a+b)Appe11F1[i) n,1-n, E, Tan[l(c+dx)]2_‘ ( ) {2( H
2 2 2 a+b

2n

3 5 1 2
(a+b) AppellFl[;J 1+n, -n, S’ Tan[; (c+dx)],

(a-b) Tan[% (c+dx)}2

Tan[% (c+dxH2

]

a+b
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a-b)Tan[L (c+dx)]?
(a-b) nAppellF1[ =, n, 1-n, >, Tan| = (c+dx]]’, (2-b) Tanl; | )]
a+b 2 2 2 a+b

]

1 1 1 3 1
Sec[; (c+dx)]2Tan[; (c+dx)} 7nAppellF1[E, 1+n, -n, ;, Tan[; (c+dx”2,

(a-b) Tan[% <c+dx)]2

1 2 1
Sec| — d Tan|— d /
b ] ec[z(c+ x) | an[z(c+ x) |
a-b) Tan[L (c+dx)]?

{(a*b) AppellF1[- =, n, -n, =, Tan[ > (c+dx)]%, [2-0) Tan fc+dx)] ]

2 2 2 a+b
Tan[l(c+dX)]+2n (—a+b)Appe11F1[l, n,1-n, z,Tan[l(Cerx)]z,

2 2 2 2

(a-b) Tan[i (c+dx”2

|+ (a+b) AppellFl[l, 1+n, -n, 3,
a+b 2 2
a-b)Tan[L (c+dx)]?
Tan[l(c+dX)]2, (2-°) L | )] ]
2 a+b

3

+

Tan[% (c+dx)]

a-b)Tan[% (c+dx
AppellFl[il’ n, -n, 1) Tan[l(CerX)]z: ( ) [2< >]
2 2 2 a+b
a-b) Tan[L (c+dx)]?
{l<a+b) Appe11F1[_5, n, -n, lJ Tan[l(c+dx)]2, ( ) [2( H }
2 2 2 2 a+b

Sec[1 (c+dx)]2+3n [<a+b) AppellFl[l, n,1-n, i, Tan[l (c+dx)]2,
2 2 2 2

(a-b) Tan{% (c+dx”2

|+ (a+b) AppellFl[l, 1+n, -n, i,
a+b 2 2

(a-b) Tan[% (c+dx)]2

Tan[§<C+dX>]2: } Sec{i(c+dx”2

a+b

1
(a-b) nAppellF1]—,

a+b 2

Tan[i (c+dx)]2+ (a+b) Tan[% (c+dx)] [

(a-b) Tan[% (c+dx>]2

3 1 2 1 )
>y 1-n, =, T - d B S - d
n n A an{z(c+ x) ] - ] ec[z(c+ x) |

1 1 3 1 2
Tan[= (c+dx)] -nAppellF1[=, 1+n, -n, =, Tan[= (c+dx)]",
an[z(c+ X)] n Appe [2 +Nn, -n N an[z(c+ x”

(a-b) Tan[i (c:erxH2

+

<c+dx)]2Tan[l (c+dx)]

| sec| )

N R

a+b
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2nTan[1(c+dxH3 (a-b) (17n)Appe11F1[i, n,
2

2

(7a+b) [

3(a+b)

, (a-b)Tan i c+dx)]? R
2-n, 3, Tan[%(c+dx)] , < )T a[+b( H ]Sec[%(cmx)]

1 1 3 5 1 2
Tan[= (c+dx) |+ —nAppellF1[=, 1+n,1-n, =, Tan| = (c+dx) ],
2 3 2 2 2

a-b)Tan[! (c+dx 2
( ) a[+2b< H ]Sec[%(c+dx”2Tan[§(c+dx)] +
(a+b) |- (a—b)nAppellFl[i,1+n,1—n, E, Tan[l<c+dx)]2,
3 (a+b) 2 2 2
a-b)Tan[L (c+dx)]?
( ) a[+2b( H }Sec[%(c+dx)]2Tan[§(c+dx)]+
1 <1+n> AppellFl[E, 2+n, -n, E, Tan[1 (c+dx)]2,
3 2 2 2

(a-b) Tana[+;b(c+dx)] ]Sec{% (c+dxHZTan[§ (cdx)]

V

]

(a-b) Tan[i (c+dx)]2

2
d B
(c+ XH b

N |

1 1
(a+b) AppellF1[- =, n, -n, =, Tan|
2 2

Tan[ = (c+dx)] +2n | (~a+b) AppellF1[ >, n, 1-n, >, Tan[~ (c+dx]]%,
5 2 2 2

(a—b) Tan[i (c+dx)]2

|+ (a+b) AppellFl[l, 1+n, -n, i,

a+b 2 2
a-b) Tan[L (c+dx)]? 2
o (e an 7, (20Tl (e 3
2 a+b

Tan| <c+dx)]

]

1
2

(a—b) Tan[i (Cerx”2

]

1 3 1 2
3AppellF1[;, n, -n, >’ Tan[;(c+dx)] s "
a+

2

3 5 1
2n {(—a+b> AppellFl{;, n,1-n, >’ Tan[ = (c+dx) ]|,

1
Tan{;(c+dx” A

(a-b) Tan[i (c+dx)}2

|+ (a+b) AppellFl[i, 1+n, -n, E,
a+b 2 2

a-b)Tan[L (c+dx)]?
Tan[%(c+dx)]2, ( )T a[+2b( )] ] Sec[%(c+dx”2
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Tan[i (c+dx)]+3 (a+b) 73(a+b)

3
(a-b) nAppellF1| =, n, 1-n,
2

5 a-b) Tan i c+dx)]? 2
3, Tan[§<c+dx)] s ( )T a[+b( ) ]Sec[%(c+dx)]

1 1 3 5 1 2
Tan[= (c+dx) |+ = nAppellF1[=, 1+n, -n, =, Tan|— (c+dx) ],
2 3 2 2 2
a-b) Tan[L (c+dx 2
( ) [2( )] }Sec[1<c+dx)]2Tan[l(c+dx” +

a+b 2 2
2nTan[§(c+dxH2[(—a+b) S(al+b)3<a_b> (l—n)AppellFl[z, n,
, (a-b)Tan i c+dx)]? R
2-n, %, Tan[i(c+dx)] s < )T a[+b( )] ]Sec[%(cmx)]

1 3 5 7 1 2
Tan[ = (c+dx) ]|+ = nAppellF1[=, 1+n,1-n, —, Tan[ =~ (c+dx)]",
2 5 2 2 2

(a-b) Tan[% (c+dx)]2

2 b ]Sec[%(c+dx”2Tan[§(c+dx)] +

(a+b) |- 3 (a-b) nAppellFl[E, 1+n,1-n, Z, Tan[1 (c+dx)]2,

5(a+b) 2 2 2
a-b)Tan[L (c+dx)]?
| ) [2< )] }Sec[l(c+dx)]2Tan[l(c+dx)]+
a+b 2 2

3 5 7 1 2
= (1+n) AppellF1[ =, 2+n, -n, —, Tan|[= (c+dx) |,
5 2 2 2

(a-b) Tan[% (c+dx)]2

. ]Sec{%(c+dx”2Tan[§(c+dx)]

V

|+

(a-b) Tan[i (c+dx)]2

1 3 1 2
{3 (a+b) AppellFl[;, n, -n, >’ Tan[;(c+dx)] B "
a+

3 5 1 2
- b) A 11F1|—, n,1-n, —, T — d R
(-a+b) Appe [2 n n A an[z(c+ x) |

2n

a-b)Tan[L (c+dx)]?
( ) [2 ( H ]+ (a+b) AppellFl[z, 1+n, -n, 5)
a+b 2 2

(a-b) Tan[% (c+dx)]2

Tan[1 (c+dx)]2,

Tan[
2 a+b

<C+dx)]

ll

N =



Mathematica 11.3 Integration Test Results for 4.5.1.3 (d sin)”n (a+b sec)”~m.nb | 219

Problem 276: Result more than twice size of optimal antiderivative.

JCsc[c+dx]4 (a+bsec[c+dx])"dx

Optimal (type 6, 424 leaves, ? steps):

1 1 5 1 1 b (1-Sec[c+dx])
- 3 AppellFl[- =, =, -n, =, — (1-Sec[c+dx]),
2+/2 d 2 2 2 2 a+b

]

-n

a+bSec[c+dx]

Cot[c+dx]V1+Sec[c+dx] (a+bSec[c+dx}>"(

a+b
b (1-Sec[c+dx])

]

5
» T —N, ——
2 2

AppellF1|[- (1-sec[c+dx]),

)

N W
N\I—‘

62 d a+b

-n
+

a+bSec[c+dx]

Cot[c+dx]® (1+Sec[c+dx])>? (a+bSec[c+dx])"

a+b
b (1-Sec[c+dx])

1 3 1
AppellFl[;, , -n, > (1-sec[c+dx]),

2 a+b

]
_nTan[c+dx]]/ (\Ed\/1+5ec[c+dx} )+

N W

a+bSec[c+dx]

(a+bSec[c+dx])”(

a+b

b(1-S d
i,l(l—Sec[Cerx}), < eclcrdx))
2 2 a+b

- /(Zx/fd\/1+5ec[c+dx])

> —h, ](a+bSec[c+dx])"

1 5
AppellF1[—, ~
2 2
(a+bSec[c+dx}

Tan[c +dXx]

a+b

Result (type 6, 8963 leaves):

2\ n n

1+Tan| (c+dx)] a—aTan[i(chdXHZ

b+

a n
(a+b) Csc[c+dx]* (a+bSec[c+dx]) ;

1-Tan[ (c+dx) ] 1+Tan[%<c+dx)]2

(a-b) Tan[i (c+dx)]2

27Appe11F1[§, n, -n, z, Tan[%(c+dx>]2, . }Tan[§<c+dx)]

/

a-b)Tan[% (c+dx)]?
[3 <a+b)Appe11F1[l, n, -n, E: Tan[1<C+dX>]ZJ ( ) [2( H ]+
2 e 2 a+b
a-b)Tan[L (c+dx)]?
2n[(—a+b)Appe11F1[3, n,1-n, 5, Tan[l(c+dx)}2, (a-b) (3 )] .
2 2 2 a+b

(a+b) AppellFl[i, 1+n, -n, E, Tan[1 (c+dx)]7,
2 2

, (a-b) Tan[i (c+dx”2
2 a+b ]

Tan[;(c+dx”2J+ (c+dx)]2,

3 5
5AppellFl[ =, n, -n, =, Tan]
2 2

N |
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(a-b) Tan[i <c+dx)]2

1 3
Tan| = d /
b } an[z(c+ x”
a-b)Tan[L (c+dx)]?
[5 (a+b) Appe11F1[i, n, -n, E, Tan[l(c+dx>]2, ( ) {2( )] T
2 2 2 a+b
a-b)Tan[L (c+dx)]?
2”[(—a+b>Appe11F1[E, n,1-n, Z, Tan[l(c+dx”2) ( ) [2< )] }+
2 2 2 a+b
(a+b)AppellF1[E,1+n,_n, Z’ Tan[l(c+dx)]2,
2 2 2

(a—b) Tan[i <c+dx)]2

a+b

1 1 X (a—b)Tan[%(c+dxH2

9AppellF1[fl, n, -n, —, Tan[f(c+dx)] ’ ]]/
2 2 2 a+b

(a+b) AppellF1[-—, n, -n, =, Tan[ = (c+dx) ],
2 2

1 1 1 2 (a‘b“a“[%(“d")}z
2 a+b

Tan[E (c+dx” +2n [(—a+b) AppellFl[l, n,1-n, i, Tan[E (c+dx”2,
2 2 2 2

(a-b) Tan[% <c+dx)]2

|+ (a+b) AppellFl[l, 1+n, -n, i’
a+b 2 2

(a-b) Tan[% (c+dx)]2

]

Tan[%(c+dx”2, Tan[§<c+dx)]3 -

a+b
a-b) Tan[L (c+dx)]?
AppellFl[_i, n, _n:‘l: Tan[l(c+dXH2J ( ) [2< )] }/
2 2 2 a+b

a-b) Tan[L (c+dx)]?
(o b) appet1Fi (-2, my oy 2, Tan[E (cran )7, Lo (€T

2 2 2 a+b
Tan[l(c+dx>}3+2n (a*b)AppellFl[fl, n,1-n, lgTan[1<c+dxH2,

2 2 2 2

a-b)Tan[L (c+dx)]?
( ) [2 < )] |- (a+b) AppellFl[—l, 1+n, -n, 1:
a+b 2 2

(a-b) Tan[% (c+dx)]2

1 2
T — d )
an[z(c+ XH .
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(C+dXH2 " aSec[i(Cerx)]zTan[i(c+dx)]

1
— (a+b)n
< ) 1+Tan[i(c+dx”2

24

24d

2

{1+Tan[

N RN R

1-Tan| (c+dx)}

Sec[i (c+dx>]2Tan[§ (c+dx)] (a—aTan[% (c+dx)]2)]
(1+Tan[§ (c+dx)]2)2

-1+n

[b+a—aTan[§ (c+dx”2

1 3 1 2
27 AppellF1[ =, n, -n, =, Tan[ = (c+dx)]|",
2 2

2
a-b)Tan[L (c+dx)]?
{3 (a+b) Appellm[%, n, -n, S Tan[%(c+dx)]2, (2-°) a[2b< )] ] +
.

1+Tan[§ <c+dx)]2

(a-b) Tan[% (c+dx”2

b ]Tan[%(c+dx)]

3 5 1 2
(-a+b) AppellFl|[ =, n,1-n, =, Tan|[~ <c+dx)] B
2 2 2 a+b

2n

3 5 1 2
(a+b) AppellF1][ =, 1+n, -n, =, Tan|— (c+dx” ,
2 2 2 a+b

+

Tan| (c+dx)]2 5Appe11F1[i, n, -n, E, Tan[1 (c+dx)] s
2 2 2

'/

{5 (a+b) AppellFl[i, n, -n, E, Tan[l (c+dx) ]2,
2 2

N R

(a-b) Tan[i (c+dx”2

- ]Tan[i(c+dx)]

(a-b) Tan[% (c+dx)]2

|+

2 a+b

a-b)Tan[L (c+dx)]?
(—a+b)Appe11F1[5, n,1-n, Z,Tan[l(c+dx>]2, ( ) [2( )] B
2 2 2 a+b

2n

5 7 1 2
(a+b) AppellFl[;, 1+n, -n, >’ Tan[g (c+dx)],

(a-b) Tan[% (c+dx”2

Tan[% (c+dx”2

]

a+b

a-b)Tan[L (c+dx)]?
9Appe11F1[71, n, -n, l) Tan[l(chdXHZ’ ( ) [2 < >] ]]/
2 2 2 a+b




222 | Mathematica 11.3 Integration Test Results for 4.5.1.3 (d sin)”n (a+b sec)”~m.nb

1 1 1 2
(a+b) AppellF1[- =, n, -n, —, Tan| = (c+dx)} ,
2 2 2 a+b

(a-b) Tan[i (c+dx)]2

Tan[1 (c+dx>] +2n (,aer) AppellFl[l, n,1-n, i-‘ Tan[l (c+dx)]2,
2 2 2 2

a-b)Tan[* (c+dx)]?
( ) [2 ( H |+ (a+b) AppellFl[l, l1+n, -n, EJ
a+b 2 2

(a-b) Tan[i (c+dxH2}

Tan[l (c+dx”3

Tan[l(c+dx)]2, A

2 a+b

a-b)Tan[L (c+dx)]?
AppellFl[fg, n, 7””%: Tan[*(c+dx)]2, < ) [2( >}

i a+b ]/

(a-b) Tan[i (CerxH2

<c+dx)]2,

]

3 1 1
(a+b) AppellF1[- =, n, -n, - =, Tan[ =
2 2 2 a+b

Tan[1 (c+dx)]3+2n

A (a-b) AppellFl[—%, n,1-n, %, Tan[l(c+dx)]2,

2

(a-b) Tan[i (CerxH2

=

| - (a+b) AppellFl[—E, 1+n, -n, —,
a+b 2 2

2 a-b) Tan i c+dx)]? S
i(a+b)n 1+Ta”[i(c+dx)]2 o Sec[l(c+dx)]2Tan[l(c+dx” +
24 17Tan[%(c+dx)]2 17Tan[i<c+dx)]z

Sec[i (c+dx>]2Tan[i (c+dx)} (1+Tan[2

=
—
N
+
a
X
Na
-
N
"
—_

(1—Tan[% (c+dx)]2)2

2\ hn

1 3 1 2
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3nAppe11F1[7l’1+n: -n, l: Tan[1<c+dx)]2, ( > [2( >} ]
2 2 2 a+b

/

Sec[% (c+dx)]2Tan{§ (c+dx)]

(a-b) Tan[% (c+dx”2

3 1 1
(a+b) AppellFl[—;, n,—n,—g, Tan[;(c+dX)]2, aib ]
Tan[1 (c+dx)]3+2n (a—b) AppellFl[—l, n,1-n, 1, Tan[1 (c+dx)]2,
2 2 2 2

(a-b) Tan[% (c:+dx”2

|- (a+b) AppellFl[—E, 1+n, -n, l,
a+b 2 2

(a-b) Tan[i (c+dx”2

Tan[%(c+dx>]2, ] Tan[%(c+dx”5

+
a+b




Mathematica 11.3 Integration Test Results for 4.5.1.3 (d sin)”n (a+b sec)”~m.nb | 227

3 1 1 2
AppellFl[—;, n, -n, b Tan[; (c+dx” , "
a+

(a-b) Tan[i (c+dx)]2

(a-b) Tan[i (c+dx)]2

]

3 3 1 1 2
—la+ ppe -—, N, -n, -—, Tan| — (c+dXx] |,
{ (a+b) A 11F1] Tan| (c+d )]
2 2 2 2 a+b

Sec[1 (Cerx)]zTan{1 (c+dx)]2+5n {(a—b) AppellFl[—l, n,1-n, l,
2 2 2 2

a-b)Tan[L (c+dx)]?
Tan[l(c+dx>]2, ( ) [2< )] }—(a+b)Appe11F1[—l,1+n,
2 a+b 2

(a-b) Tan[i (c+dx)]2

1 1 2
- )_)T - d k)
n A an[z(c+ x)} -

]

Sec[% (c+dx)]2

1
- 3 (a-b) nAppellFi|-

Tan[l(C+dX)]4+<a+b>Tan[l(C+dXH3 a+b

2 2

N |
-

(a-b) Tan[i (c+dx)]2

n,1-n, %,Tan[%(ordx)}z, - }Sec[%(ordx)]z

1 1 1 1 2
Tan[~ (c+dx) | +3nAppellF1[- =, 1+n, -n, —, Tan| = (c+dx) ],
2 2 2 2

(a-b) Tan{% (c+dx”2

+

<c+dx)]2Tan[l (c+dx)]

| sec] A

N |

a+b

2nTan| (CerxH5

N R

(2-b) [

N (a-b) (1-n) AppellFl[%, n,2-n,
a+

, (a-b)Tan[t (c+dx)]® X
3, Tan[%(c+dx” s ( )T a[+2b< ) ]Sec[%(c+dx”

1 1 3 1 2
Tan[ = (c+dx)| -nAppellF1[=, 1+n,1-n, =, Tan| = (c+dx) ],
2 2 2 2

(a-b) Tan[i (c+dx)]2

| sec| (c+dx”2Tan[ (c+dx)] -

N |
N |

a+b

(a-b) nAppellFl[l, 1+n,1-n, i, Tan[1 (c+dx)]2,

(a+b)
a+b 2 2 2

(a-b) Tan[i (c+dx)]2

(CerxHZTan[1 (c+dx)] -

]Sec[ 5

N |

a+b

1 3 1 2
(1+n) AppellFl[ =, 2+n, -n, =, Tan| = (c+dx)] ,
2 2 2



228 | Mathematica 11.3 Integration Test Results for 4.5.1.3 (d sin)”n (a+b sec)”~m.nb

a-b)Tan[L (c+dx)]?
( )T a[jb< )] ]Sec[i(c+dx”2Tan[§(c+dx)]

V

, (a-b) Tan[i (CerxH2

<c+dx)] ,

3 1
(a+b) AppellF1[- =, n, -n, - =, Tan|
2 2

]

N |

a+b

Tan[l (c+dx”3+2n (a-b) AppellFl[—l, n,1-n, 1, Tan[1 (c+dx”2,
2 2 2 2

(a-b) Tan[i (c+dx)]2

1 1
| - (a+b) AppellFi[-~, 1+n, -n, =,
2 2

(a—b)Tan[;(c+dx)] Tan[1<c+dx)]5

]

+

2 a+b 2
a-b)Tan[L (c+dx)]?
9Appe11F1[71, n, -n, l: Tan[E(CerXHZ’ ( ) [2< >] }
2 2 2 a+b
a-b) Tan[L (c+dx)]?
1(a+b> App@llFl[—l, n, -n, 1, Tar’l[1 <C+dx)]2: ( ) {2( >} }
2 2 2 2 a+b

Sec[1 (c+dx)]2+3n [<a+b) AppellFl[l, n,1-n, i, Tan[1 (c+dx)]2,
2 2 2 2

a-b)Tan[L (c+dx)]?
( ) [2 ( )] |+ (a+b) AppellFl[l, l+n, -n, EJ
a+b 2 2

(a-b) Tan[i (c+dx)]2}

1 2
Tan|— (c+dx R
[~ (evax)] =

Sec{% (c+dx”2

Tan[% (c+dx)]2+ (a+b) Tan|

N |

(a-b)n AppellFl[l,
a+b 2

(c+dx” {

(a-b) Tan[% (c+dx)]2

3 1 2 1 2
,1-n, =, T N d > s o d
n n , an[z(c+ x)] h ] ec[z(c+ XH

1 1 3 1 2
Tan[= (c+dx)] -nAppellF1|[=, 1+n, -n, =, Tan[ = d ,
an[z(c+ x) ] - nAppe [2 +n, -n A an[z(c+ x) |

a-b)Tan[L (c+dx)]?
( ) [2( H <c+dx)]2Tan[

| sec| (c+dx)]

+

N |
N |

a+b

3
a-b) (1-n) AppellFl|—, n,
, (a=b] (1-n) AppellF1[”

2nTan[1 (c+dx”3 [(—a+b) [



Mathematica 11.3 Integration Test Results for 4.5.1.3 (d sin)”n (a+b sec)”~m.nb | 229

(a-b) Tan[; (c+dx) ] ]Sec[g (c+dx)]2

5 1 2
2-n, =, Tan[ = (c+dx) ]|,
2 2 a+b

1 1 3 5 1 2
Tan[ = (c+dx) | +;nAppe11F1[;, 1+n,1-n, >’ Tan{; (c+dx)],

(a-b) Tan[i (c+dx)]2

N |

| sec| (c+dx”2Tan[ (c+dx)] +

N |

a+b

3 5 1 2
(a-b) nAppellF1[—, 1+n,1-n, =, Tan[ = (c+dx) ],
2 2

LU i 2
(a-b) Tana[}b(chdX)]z}Sec[%<c+dx>]21—an[§(c+dx)]+
§<1+n> AppellFl[z, 240, n, 2 Tan[% (crdx) ],
(ab)Tana[+§b(c+dX)]2]Sec[§(C+dXH2Tan[§(c+dX)] ]]/
. Appeum[é, . % Tan[% cean)]’) (a-b) Tana[Eb(udx)]z}

Tan(2 (e ax)] 20 | (-2 0] mppentsd[ 2, m,1om, 2, man (S (e 1)
2 2 2 2

(a-b) Tan[i (c+dx)]2

1 3
|+ (a+b) AppellFl[;J 1+n, -n, S’

(a—b)Tan[%(Cerx)]z 1 R
Tan[g (c+dx)]

]

2 a+b

(a-b) Tan[i <c+dx)]2

]

2
d s
(c+ XH b

N R

1 3
27Appe11F1[f, n, -n, —, Tan[
2 2

Tan[i (c+dx)]

3 5 1 2
{Zn [(—a+b) AppellF1[=, n,1-n, =, Tan[ = (c+dXx) ]|,
2 2 2

(a—b) Tan[i (CerxH2

3 5
|+ (a+b) AppellFl[;, 1+n, -n, ;,

a+b
, la-b)Tan i c+dx)]? )
Tan[i(c+dx” B ( )T a[+b( H ] Sec[i(CerxH
Tan[%(c+dx)]+3(a+b) _3(a+b) (a—b)nAppellFl[z, n,1-n,




230 | Mathematica 11.3 Integration Test Results for 4.5.1.3 (d sin)”n (a+b sec)”~m.nb

, [(a-b)Tan i c+dx) |’ ,
2, Tan[i(c+dx)] , < )T a[+b( ) ]Sec[%(c+dx)]

1 1 3 5 1 2
Tan[ = (c+dx) |+ = nAppellF1[=, 1+n, -n, =, Tan|— (c+dx) ],
2 3 2 2 2

(a-b) Tan[i (CerxH2

| sec| <c+dx)]2Tan[

N |

(c+dx)]|+

N |

a+b

(—a+b) [

5
3 (a-b) (1-n) AppellF1i|—, n,
5 (a+b) 2

a-b)Tan[® (c+dx)]?
2-n, %, Tan[%(c+dx)]2, < )T a[+2b( ) ]Sec[%(Cerx)]z

1 3 5 7 1 2
Tan[~ (c+dx) ]|+ =nAppellF1[ =, 1+n,1-n, —, Tan[ =~ (c+dx)]",
2 5 2 2 2

(a-b) Tan[i (c+dx)]2

2 b ]SeC[i(C+dxH2Tan[§(C+dx)] "

(a+b) |- 3(a—b)nAppellF1[5,1+n,1—n, Z,Tan[l(c+dx)]2,
5(a+b) 2 2 2
(a—b)Tan[i(c+dx)]2 1 , 1
Sec[= (c+dx) ] Tan[= (c+d
. ] ec[z(c+ x) | an[z(c+ x) ]+
3 5 7 1 2
= <1+n>AppellF1[f, 2+n, -n, —, Tan|[— <c+dx)] s
5 2 2 2

(a-b) Tan[% (c+dx)]2

. ]Sec{%(c+dx”2Tan[§(c+dx)]

1 3 1 2
{3 (a+b) AppellFl[E, n, -n, >’ Tan[;(c+dx)] , "
a+

3 5 1 2
2n |(-a+b) AppellFl[;, n,1-n, >’ Tan{; (c+dx)],

(a-b) Tan[i (c+dx)]2

]+ (a+b) AppellFl[z, 1+n, -n, E,
a+b 2 2
a-b)Tan[L (c+dx)]?
Tan[l(c+dx)]2, ( ) [2< H
2 a+b

3 5 1 2
5AppellFl|[ =, n, -n, =, Tan|[ = (c+dx) ]|, "
2 2 2 a+



Mathematica 11.3 Integration Test Results for 4.5.1.3 (d sin)”n (a+b sec)”~m.nb | 231

Tan[% (c+dx”3

2n | (-a+b) AppellFl[E, n,1-n, Z, Tan[1 <c+dx)]2,
2

2 2

a-b)Tan[X (c+dx)]?
( ) [2 ( )] |+ (a+b) AppellFl[E, l+n, -n, Z’
2 2

(afb)Tan[i(c:erx)]2 1 5
Sec[; (c+dx)]

Tan[1 (c+dx)]+5 (a+b)

1 5
- 3 (a-b) nAppellF1[=, n, 1-n,
2 2

5(a+b)

(a-b) Tan[; (c+dx” ]Sec[l <c+dx)]2

2
d s
<C+ X)] a+b 2

7
-, Tan[
2

N R

1 3 5 7 1 2
Tan[= (c+dx) |+ =nAppellF1[=, 1+n, -n, —, Tan|— (c+dx) ],
2 5 2 2 2

(a—b) Tan[i (CerxH2

o }Sec%(de”zTan[%(c+dx)} .

2nTan[§ (c+dxH2 [(—a+b)

7
5(a-b) (1-n) AppellF1i|—, n,
7 (a+b) 2

a-b)Tan[% (c+dx)]?
2-n, 3, Tan[%(c+dx)]2, < )T a[jb( ) ]Sec[%(c+dx)]2

1 5 7 9 1 2
Tan[ = (c+dx) ]|+ =nAppellF1[—, 1+n,1-n, —, Tan| =~ (c+dx)]",
2 7 2 2 2

(a-b) Tan[% (c+dx)]2

2 b ]Sec[%(c+dx”2Tan[§(c+dx)] +

7 9 1 2
5(a-b) nAppellFl[—, 1+n, 1-n, —, Tan[~ (c+dx)] ,

(a+b) _7(a+b) 2 2 2

(a-b) Tan[% (c+dx)]2

= b }Sec[%(c+dx>]2Tan[§(c+dx)]+

5 7 9 1 2
= (1+n) AppellF1[—, 2+n, -n, =, Tan|[= (c+dx) |,
7 2 2 2

(a-b) Tan[% (c+dx)]2

- ]Sec{%(cndxHZTan[%(c+dx)]

I
(a-b) Tan[% (c+dx)]2

5(a+b)AppellF1[z, n, -n, 5, Tan[l(c+dx)]2, : |+
2 2 2 a+




232 | Mathematica 11.3 Integration Test Results for 4.5.1.3 (d sin)”n (a+b sec)”~m.nb

5 7 1 2
2n|(-a+b) AppellFl[;, n,1-n, >’ Tan[; (c+dx)],

(a-b) Tan[i <c+dx)]2

5 7
|+ (a+b) AppellFl[;, 1+n, -n, >’

(a-b) Tan[% (c+dx>]2

2 a+b

Problem 294: Result unnecessarily involves higher level functions.

])3/2

dx

(eCsclc+dx
Ja+aSec[c+dx]
Optimal (type 4, 145leaves, 8 steps):
4eCos[c+dx] VeCsc[c+dx]

- +

5ad
2eCot[c+dx] Csc[c+dx] VeCsc[c+dXx] 2eCsc[c+dx]2+eCsc[c+dx]
5ad S5ad
4e~eCsclc+dx] EllipticE[% (c—§+dx), 2] \/sin[c+dx]
S5ad

Result (type 5, 219leaves):

1 2 3/2 Si (cedx ieh (%
Cos[~ (c+dx)|" (eCsclc+dx]) 82 et l@d0 | ——
2 14 @2l (crdx)

[_1+(EZI'L(C+dX) + (1+‘EZJ'LC> 1_(621'1(C+dX) Hyper‘geometr‘icZFl[—l, 1, i, eZI'L((HdX)]
4’ 2’ 4
Sec[c+dx] / (d (1+e* ) Csclc+dx]??) -
2 (4Cos[dx] Sec[c] +Sec[> (c+dx>]2) Tan[c +d x]
dz /(5a(1+Sec[c+dx]))

Problem 296: Result unnecessarily involves higher level functions.
1

J\/GCSC[CerX] (a+asec[c+dx])

dx

Optimal (type 4, 99leaves, 7 steps):
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. . 1 s
2 Cot[c+dx] 2Csc[c+dx] 4E111pt1cE[;(c—;+dx),2]

- +

adveCsc[c+dx] ad+eCsclc+dx] ad+eCsclc+dx] V/Sin[c+dx]

Result (type 5, 82leaves):

2

21-Cot[c+dx] +Csc[c+dx] -

4 i Hypergeometric2F1[- i, %, i, @2t (crdx) ] ]J/

1- (621'1 (c+d x)

(adm)

Problem 298: Result unnecessarily involves higher level functions.

J ! dx
(e(:sc[Cerx])S/2 (a+asec[c+dx])

Optimal (type 4, 120leaves, 7 steps):
4ELLipticE[ (c- 2+ dx], 2] 25in[csdx]

- +

5ade?+/eCsc[c+dx] VSin[c+dx] 3ade?+/eCsc[c+dx] 5ade?+/eCsc[c+dx]
Result (type 5, 91 leaves):

2Cos[c+dx] Sin[c +dX]

48 i Hypergeometric2F1|[- i %, j’:, @21 (c+dx)

4/1_621'1(c+dx)
(30ade2\/eCsc[c+dx] )

24 1 -

+20Sin[c+dx] -6Sin[2 (c+dx) |

/

Problem 301: Result unnecessarily involves higher level functions.

dx
2

J (eCsclc+dx])??
(

a+aSec[c+dx])

Optimal (type 4, 250 leaves, 16 steps):
4eCos[c+dx] VeCsc[c+dx] 16eCot[c+dx] Csc[c+dx] VveCsc[c+dXx]
+

15a2%d 45a%d
2eCot[c+dx]3Csc[c+dx] VeCsc[c+dx] 4eCsc[c+dx]?~/eCsc[c+dx]
9a%d ) 5a%d )
2eCot[c+dx] Csc[c+dx]3eCsc[c+dx] 4eCsclc+dx]*eCsclc+dx]
9a%d ' 9a%d .
4e~/eCsclc+dx] EllipticE[? (c—§+dx), 2] +/Sin[c+dx]
15a%d

Result (type 5, 238 leaves):
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Cos| (c+dx>]4(eCsc[c+dx}>3/ZSec[c+dx] 16 /2 et (c+dx)

N =

s (EZIL (c+d x) ]

[—1 + 2@, (14 e?21¢) \[1-e?t (<9 Hypergeometric2F1[-

N =

FNQ
.
N w

Sec[c+dx] / (d (1+e* ) Csc[c+dx]??) g
3

2(24cOs[dx]Sec[c]+(8+13Cos[c+dx})5ec[ (c+dx”4 Tan[c +d x] /

N R

(15a2 (1+Sec[c+dx])2)

Problem 303: Result unnecessarily involves higher level functions.

1

J\/eCsc[c+dx] (a+aSec[c+dx])2

dx

Optimal (type 4, 199 leaves, 14 steps):

16 Cot[c + d x] 2Cot[c+dx]3 4Csclc+dx]
5a2d+eCsclc+dx] 5a2d+eCsclc+dx] a?d+eCsc[c+dx]
. . 1 s
2Cot[c+dx] Csc[c+dx]?2 4Csc[c+dx]3 28E111pt1ch(c—;+dx),2]

+ +
5a2d+eCscl[c+dx] 5a2d+eCsclc+dx] 5a2d+eCsc[c+dx] +/Sin[c+dx]
Result (type 5, 241 leaves):

<c+dx)]4\/Csc[c+dx] Sec[c +dx]?

4 Cos |

N |

. i +d
_ 1 28 ,/2 e—j (c+d x) ie’ (exd 14 eZJ‘l (c+d x) "
1+e211c _1+(EZJ'1(C+dX)
. . 1 1 3 .
(1+e*'¢) \/1-e?* (<9 Hypergeometric2F1[-~, —, =, e** “‘*dx)}) ++/Csclc+dx]
4 2 4

[— (-23+5Cos[2c]) Cos[dx] Sec[c] +2 (—10+Sec[ (c+dx)]2+551n[c] Sin[dx]

N |

/

(Sazd\/eCsc[c+dx1 (1+Sec[c+dx}>2)
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Problem 305: Result unnecessarily involves higher level functions.

1

dx
J(eCsc[c+dx])5/2 (a+asec[c+dx])?
Optimal (type 4, 215leaves, 13 steps):
2Cot[c+dx] 2Cos[c+dx]2Cot[c+dx] 4Csc[c+dx]
_ _ " _
a’de?+eCsc[c+dx] a’de?+eCsc[c+dx] a’de?+eCsc[c+dx]
44EllipticE[i(c7§+dx),2} N 4Sin[c+dx] 12Cos[c+dx] Sin[c+dx]

5a2de?+/eCsc[c+dx] Sin[c+dx] 3a2de?-+/eCsc[c+dx] 5a2de?+/eCsc[c+dx]

Result (type 5, 351 leaves):

. i et (¢+dx) c dx,a
176 /2 et (ed | —— Cos[7+f} Csclc+dx]®?
_1 4 @21 (c+dx) 2 2
21 (c+dx) 2ic 21 (c+dx) s 1 1 3 21 (c+dx)
“l+e +(1+e®' ) \J1-e Hypergeometric2F1[- =, =, =, e ]
4 2 4

Sec[c+dx]? /(5d(1+e”°) (eCsclc+dx])®? (a+aSec[c+dx])2)+

56 8Cos[2c]Cos[2dx] 2Cos[3c] Cos[3dx]
—_— - +

d
(Cos[chX]ACsc[c+dx]3Sec[c+dx]2 +

2 2 3d 3d 5d
(-129+47Cos[2c]) Cos[dx] Sec[c] 94Sin[c]Sin[dx] 8Sin[2c] Sin[2dx]
_ N _
5d 5d 3d
2Sin[3¢] sln[sdx}) /((QCSC[“dXHS/z <a+aSec[c+dx})2)
5d

Problem 306: Result more than twice size of optimal antiderivative.

1

dx
J(e(ﬁsc[Cerx])W2 (a+aSec[c+dx])2
Optimal (type 4, 172leaves, 13 steps):
4 26 Cos[c +dx] 2Cos[c+dx]3
- + + +
a’de3+eCsclc+dx] 21a2de3>+/eCsc[c+dx] 7a*de3+eCsclc+dx]
52 EllipticF[ [c- 2 +dx], 2] ) asinfc+dx]?

21a2de3+/eCsc[c+dx] V/Sin[c+dx] 5a®de3+/eCsclc+dx]
Result (type 4, 365leaves):
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c dx
Cos[—+—}“Csc[c+dx1“Sec[c+dx12

[SSCOS[de] Sin[2c] 2Cos[dx] Sec[c] (-520Sin[c] +357Sin[2c])

21d 1e5d

4Cos[3dx] Sin[3c] . Cos[4dx] Sin[4c] B 4 (—260+357 COS[C]) Sin[dx] .
5d 7d 1e5d

58 Cos[2c] Sin[2dx] 4Cos[3c]Sin[3dx] Cos[4c] Sin[4dX]

+

21d 5d 7d

/

((eCsc[c+dx])7/2 (a+aSec[c+dx])2) - (104Cos[£+d—XrCsc[c+dx}7/25ec[c+dx}2
2 2

, 2] Vsin[c+dx] + (2Cos[c+dx}25ec[c})/

)/

1 L. 1 7T

=2~/Csc[c+dx] EllipticF|[= (—c+ —-dx

d 2 2
(dx/Csc[c+dx] J(—1+Csc[c+dx]2) Sin[c+dx]? \/1—Sin[c+dxj2

(21 <eCsc[c+dx])7/2 (a+aSec[c+dx])2)
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Summary of Integration Test Results

306 integration problems

A - 197 optimal antiderivatives

B - 58 more than twice size of optimal antiderivatives
C - 41 unnecessarily complex antiderivatives

D - 10 unable tointegrate problems

E - Ointegration timeouts



